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List of Frequently Used Symbols and Notation

A text such as Intermediate Financial Theory is, by nature, relatively nota-
tion intensive. We have adopted a strategy to minimize the notational burden
within each individual chapter at the cost of being, at times, inconsistent in our
use of symbols across chapters. We list here a set of symbols regularly used
with their specific meaning. At times, however, we have found it more practical
to use some of the listed symbols to represent a different concept. In other in-
stances, clarity required making the symbolic representation more precise (e.g.,
by being more specific as to the time dimension of an interest rate).

Roman Alphabet

a Amount invested in the risky asset;
in Chapter 14, fraction of wealth invested in the risky asset or portfolio

AT Transpose of the matrix (or vector)A

c Consumption; in Chapter 14 only, consumption is represented by C,
while ¢ represents In C

c’g Consumption of agent k in state of nature 6

CE Certainty equivalent

Cy Price of an American call option

Cg Price of a European call option

d Dividend rate or amount

A Number of shares in the replicating portfolio (Chapter xx
E The expectations operator

Endowment of agent k in state of nature 6

f Futures position (Chapter 16);

pf Price of a futures contract (Chapter 16)

F,G Cumulative distribution functions associated with densities:
f,g Probability density functions

K The strike or exercise price of an option
K(z) Kurtosis of the random variable &

L A lottery

L Lagrangian

m Pricing kernel

M The market portfolio

M Ué“ Marginal utility of agent k in state 6

P Price of an arbitrary asset

P Measure of Absolute Prudence

q Arrow-Debreu price

q° Price of risk-free discount bond, occasionally denoted p"f
q° Price of equity

Ty Rate of return on a risk-free asset

Ry Gross rate of return on a risk-free asset

r Rate of return on a risky asset

R Gross rate of return on a risky asset
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Absolute risk aversion coefficient

Relative risk aversion coefficient

Usually denotes the amount saved

In the context of discussing options, used to denote the price of the underlying stock
Skewness of the random variable &

Transition matrix

Utility function

von Neuman-Morgenstern utility function

Usually denotes variance-covariance matrix of asset returns;

occasionally is used as another utility function symbol; may also signify value as in
The value of portfolio P or

The value of the firm

Portfolio weight of asset i in a given portfolio

Initial wealth

Greek Alphabet

Intercept coefficient in the market model (alpha)
The slope coefficient in the market model (beta)
Time discount factor

Elasticity

Lagrange multiplier

Mean

State probability of state 6

Risk-neutral probability of state 0

Risk premium

Correlation of random variables Z and g
Elasticity of intertemporal substitution (Chapter 14)
Standard deviation

Covariance between random variables ¢ and j
Index for state of nature

Rate of depreciation of physical capital
Compensating precautionary premium

Numerals and Other Terms

Vector of ones

Is strictly preferred to

Is preferred to (non strictly, that is allowing for indifference)
Geometric Brownian Motion stochastic process

First-order stochastic dominance

Second-order stochastic dominance



Preface

The market for financial textbooks is crowded at both the introductory and
doctoral levels, but much thinner at the intermediate level. Teaching opportu-
nities at this level, however, have greatly increased with the advent of masters of
science programs in finance (master in computational finance, in mathematical
finance, and the like) and the strengthening demand for higher-level courses in
MBA programs.

The Master in Banking and Finance Program at the University of Lausanne
admitted its first class in the fall of 1993. One of the first such programs of its
kind in Europe, its objective was to provide advanced training to finance spe-
cialists in the context of a one-year theory-based degree program. In designing
the curriculum, it was felt that students should be exposed to an integrated
course that would introduce the range of topics typically covered in financial
economics courses at the doctoral level. Such exposure could, however, ignore
the detailed proofs and arguments and concentrate on the larger set of issues
and concepts to which any advanced practitioner should be exposed.

Our ambition in this text is, accordingly, first to review rigorously and con-
cisely the main themes of financial economics (those that students should have
encountered in prior courses) and, second, to introduce a number of fron-
tier ideas of importance for the evolution of the discipline and of relevance
from a practitioner’s perspective. We want our readers not only to be at ease
with the main concepts of standard finance (MPT, CAPM, etc.) but also to be
aware of the principal new ideas that have marked the recent evolution of the
discipline. Contrary to introductory texts, we aim at depth and rigor; contrary
to higher-level texts, we do not emphasize generality. Whenever an idea can be
conveyed through an example, this is the approach we chose. We have, similarly,
ignored proofs and detailed technical matters unless a reasonable understanding
of the related concept mandated their inclusion.

Intermediate Financial Theory is intended primarily for master level stu-
dents with a professional orientation, a good quantitative background, and a
preliminary education in business and finance. As such, the book is targeted
for masters students in finance, but it is also appropriate for an advanced MBA
class in financial economics, one with the objective of introducing students to
the precise modeling of many of the concepts discussed in their capital mar-
kets and corporate finance classes. In addition, we believe the book will be a
useful reference for entering doctoral candidates in finance whose lack of prior
background might prevent them from drawing the full benefits of the very ab-
stract material typically covered at that level. Finally, it is a useful refresher
for well-trained practitioners.

As far as prerequisites go, we take the view that our readers will have com-
pleted at least one introductory course in Finance (or have read the correspond-
ing text) and will not be intimidated by mathematical formalism. Although the
mathematical requirements of the book are not large, some confidence in the
use of calculus as well as matrix algebra is helpful.

In preparing the second edition of this text, we have emphasized the overrid-



ing concern of modern finance for the valuation of risky cash flows: Intermediate
Financial Theory’s main focus is thus on asset pricing. (In addition, we exclu-
sively consider discrete time methodologies). The new Chapter 2 makes clear
this emphasis while simultaneously stressing that asset pricing does not repre-
sent the totality of modern finance. This discussion then leads to a new struc-
turing of the book into five parts, and a new ordering of the various chapters.
Our goal here is to make a sharper distinction between valuation approaches
that rely on equilibrium principles and those based on arbitrage considerations.
We have also reorganized the treatment of Arrow-Debreu pricing to make clear
how it accommodates both perspectives. Finally, a new chapter entitled “Port-
folio Management in the Long Run” is included that covers recent developments
that we view as especially relevant for the contemporary portfolio manager. The
two appendices providing brief overviews of option pricing and continuous time
valuation methods are now assigned to the text website.

Over the years, we have benefited from numerous discussions with colleagues
over issues related to the material included in this book. We are especially
grateful to Paolo Siconolfi, Columbia University, Rajnish Mehra, U. of Cal-
ifornia at Santa Barbara, and Erwan Morellec, University of Lausanne, the
latter for his contribution to the corporate finance review of Chapter 2. We are
also indebted to several generations of teaching assistants — Frangois Christen,
Philippe Gilliard, Tomas Hricko, Aydin Akgun, Paul Ehling, Oleksandra Hubal
and Lukas Schmid — and of MBF students at the University of Lausanne who
have participated in the shaping-up of this material. Their questions, correc-
tions and comments have lead to a continuous questioning of the approach we
have adopted and have dramatically increased the usefulness of this text. Fi-
nally we reiterate our thanks to the Fondation du 450éme of the University of
Lausanne for providing “seed financing” for this project.

Jean-Pierre Danthine,
Lausanne, Switzerland

John B. Donaldson
New York City



N’estime ’argent ni plus ni moins qu’il ne vaut :
c’est un bon serviteur et un mauvais maitre

(Value money neither more nor less than it is worth:
It is a good servant and a bad master)

Alexandre Dumas, fils, La Dame auz Camélias (Préface)
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Chapter 1 : On the Role of Financial Markets
and Institutions

1.1 Finance: The Time Dimension

Why do we need financial markets and institutions? We chose to address this
question as our introduction to this text on financial theory. In doing so we
touch on some of the most difficult issues in finance and introduce concepts that
will eventually require extensive development. Our purpose here is to phrase
this question as an appropriate background for the study of the more technical
issues that will occupy us at length. We also want to introduce some important
elements of the necessary terminology. We ask the reader’s patience as most of
the sometimes-difficult material introduced here will be taken up in more detail
in the following chapters.

A financial system is a set of institutions and markets permitting the ex-
change of contracts and the provision of services for the purpose of allowing the
income and consumption streams of economic agents to be desynchronized —
that is, made less similar. It can, in fact, be argued that indeed the primary
function of the financial system is to permit such desynchronization. There are
two dimensions to this function: the time dimension and the risk dimension.
Let us start with time. Why is it useful to dissociate consumption and income
across time? Two reasons come immediately to mind. First, and somewhat
trivially, income is typically received at discrete dates, say monthly, while it is
customary to wish to consume continuously (i.e., every day).

Second, and more importantly, consumption spending defines a standard
of living and most individuals find it difficult to alter their standard of living
from month to month or even from year to year. There is a general, if not
universal, desire for a smooth consumption stream. Because it deeply affects
everyone, the most important manifestation of this desire is the need to save
(consumption smaller than income) for retirement so as to permit a consumption
stream in excess of income (dissaving) after retirement begins. The lifecycle
patterns of income generation and consumption spending are not identical, and
the latter must be created from the former. The same considerations apply to
shorter horizons. Seasonal patterns of consumption and income, for example,
need not be identical. Certain individuals (car salespersons, department store
salespersons) may experience variations in income arising from seasonal events
(e.g., most new cars are purchased in the spring and summer), which they
do not like to see transmitted to their ability to consume. There is also the
problem created by temporary layoffs due to business cycle fluctuations. While
temporarily laid off and without substantial income, workers do not want their
family’s consumption to be severely reduced.

Box 1.1

Representing Preference for Smoothness

The preference for a smooth consumption stream has a natural counterpart
in the form of the utility function, U( ), typically used to represent the relative



benefit a consumer receives from a specific consumption bundle. Suppose the
representative individual consumes a single consumption good (or a basket of
goods) in each of two periods, now and tomorrow. Let ¢; denote today’s con-
sumption level and ¢z tomorrow’s, and let U(cy) + U(cz) represent the level of
utility (benefit) obtained from a given consumption stream (c1, c3).

Preference for consumption smoothness must mean, for instance, that the
consumption stream (c1,c3) = (4,4) is preferred to the alternative (c¢1,ca) =
(3,5), or

U4)+U(4) >U(3)+U(b),
Dividing both sides of the inequality by 2, this implies

U4) > %U(Z’)) + %U(5).

As shown in Figure 1.1, when generalized to all possible alternative con-
sumption pairs, this property implies that the function U(-) has the rounded
shape that we associate with the term “strict concavity.” O

Insert Figure 1.1 about here

Furthermore, and this is quite crucial for the growth process, some people
- entrepreneurs, in particular - are willing to accept a relatively small income
(but not consumption!) for a period of time in exchange for the prospect of
high returns (and presumably high income) in the future. They are operating
a sort of ‘arbitrage’ over time. This does not disprove their desire for smooth
consumption; rather they see opportunities that lead them to accept what is
formally a low income level initially, against the prospect of a higher income
level later (followed by a zero income level when they retire). They are investors
who, typically, do not have enough liquid assets to finance their projects and,
as a result, need to raise capital by borrowing or by selling shares.

Therefore, the first key element in finance is time. In a timeless world,
there would be no assets, no financial transactions (although money would be
used, it would have only a transaction function), and no financial markets or
institutions. The very notion of a (financial) contract implies a time dimension.

Asset holding permits the desynchronization of consumption and income
streams. The peasant putting aside seeds, the miser burying his gold, or the
grandmother putting a few hundred dollar bills under her mattress are all desyn-
chronizing their consumption and income, and in doing so, presumably seeking
a higher level of well-being for themselves. A fully developed financial system
should also have the property of fulfilling this same function efficiently. By
that we mean that the financial system should provide versatile and diverse
instruments to accommodate the widely differing needs of savers and borrowers
in so far as size (many small lenders, a few big borrowers), timing and matu-
rity of loans (how to finance long-term projects with short-term money), and



the liquidity characteristics of instruments (precautionary saving cannot be tied
up permanently). In other words, the elements composing the financial system
should aim at matching as perfectly as possible the diverse financing needs of
different economic agents.

1.2 Desynchronization: The Risk Dimension

We argued above that time is of the essence in finance. When we talk of the
importance of time in economic decisions, we think in particular of the relevance
of choices involving the present versus the future. But the future is, by essence,
uncertain: Financial decisions with implications (payouts) in the future are
necessarily risky. Time and risk are inseparable. This is why risk is the second
key word in finance.

For the moment let us compress the time dimension into the setting of a
“Now and Then” (present vs. future) economy. The typical individual is moti-
vated by the desire to smooth consumption between “Now” and “Then.” This
implies a desire to identify consumption opportunities that are as smooth as pos-
sible among the different possibilities that may arise “Then.” In other words,
ceteris paribus — most individuals would like to guarantee their family the same
standard of living whatever events transpire tomorrow: whether they are sick
or healthy; unemployed or working; confronted with bright or poor investment
opportunities; fortunate or hit by unfavorable accidental events.! This charac-
teristic of preferences is generally described as “aversion to risk.”

A productive way to start thinking about this issue is to introduce the notion
of states of nature. A state of nature is a complete description of a possible
scenario for the future across all the dimensions relevant for the problem at hand.
In a “Now and Then” economy, all possible future events can be represented
by an exhaustive list of states of nature or states of the world. We can thus
extend our former argument for smoothing consumption across time by noting
that the typical individual would also like to experience similar consumption
levels across all future states of nature, whether good or bad.

An efficient financial system offers ways for savers to reduce or eliminate, at
a fair price, the risks they are not willing to bear (risk shifting). Fire insurance
contracts eliminate the financial risk of fire, while put contracts can prevent the
loss in wealth associated with a stock’s price declining below a predetermined
level, to mention two examples. The financial system also makes it possible to
obtain relatively safe aggregate returns from a large number of small, relatively
risky investments. This is the process of diversification. By permitting economic
agents to diversify, to insure, and to hedge their risks, an efficient financial
system fulfills the function of redistributing purchasing power not only over
time, but also across states of nature.

Box 1.2
Representing Risk Aversion

1 Ceteris paribus” is the latin expression for ”everything else maintained equal”. It is part
of the common language in economics.



Let us reinterpret the two-date consumption stream (cq, c2) of Box 1.1 as the
consumption levels attained “Then” or “Tomorrow” in two alternative, equally
likely, states of the world. The desire for a smooth consumption stream across
the two states, which we associate with risk aversion, is obviously represented
by the same inequality

U4) > %U(?») 4 %U(S),

and it implies the same general shape for the utility function. In other
words, assuming plausibly that decision makers are risk averse, an assumption
in conformity with most of financial theory, implies that the utility functions
used to represent agents’ preferences are strictly concave. O

1.3 The Screening and Monitoring Functions of the Fi-
nancial System

The business of desynchronizing consumption from income streams across time
and states of nature is often more complex than our initial description may
suggest. If time implies uncertainty, uncertainty may imply not only risk, but
often asymmetric information as well. By this term, we mean situations where
the individuals involved have different information, with some being potentially
better informed than others. How can a saver be assured that he will be able
to find a borrower with a good ability to repay - the borrower himself knows
more about this, but he may not wish to reveal all he knows -, or an investor
with a good project, yielding the most attractive return for him and hopefully
for society as well? Again, the investor is likely to have a better understanding
of the project’s prospects and of his own motivation to carry it through. What
do “good” and “most attractive” mean in these circumstances? Do these terms
refer to the highest potential return? What about risk? What if the anticipated
return is itself affected by the actions of the investors themselves (a phenomenon
labeled “moral hazard”)? How does one share the risks of a project in such a way
that both investors and savers are willing to proceed, taking actions acceptable
to both? An efficient financial system not only assists in these information
and monitoring tasks, but also provides a range of instruments (contractual
arrangements) suitable for the largest number of savers and borrowers, thereby
contributing to the channeling of savings toward the most efficient projects.

In the terms of the preeminent economist, Joseph Schumpeter (1961) ” Bankers
are the gatekeepers of capitalist economic development. Their strategic function
is to screen potential innovators and advance the necessary purchasing power to
the most promising.” For highly risky projects, such as the creation of a new
firm exploiting a new technology, venture capitalists provide a similar function
today.



1.4 The Financial System and Economic Growth

The performance of the financial system matters at several levels. We shall
argue that it matters for growth, that it impacts the characteristics of the
business cycle, and most importantly, that it is a significant determinant of
economic welfare. We tackle growth first. Channeling funds from savers to
investors efficiently is obviously important. Whenever more efficient ways are
found to perform this task, society can achieve a greater increase in tomorrow’s
consumption for a given sacrifice in current consumption.

Intuitively, more savings should lead to greater investment and thus greater
future wealth. Figure 1.2 indeed suggests that, for 90 developing countries over
the period 1971 to 1992, there was a strong positive association between saving
rates and growth rates. When looked at more carefully, however, the evidence
is usually not as strong.? One important reason may be that the hypothesized
link is, of course, dependent on a ceteris paribus clause: It applies only to the
extent savings are invested in appropriate ways. The economic performance
of the former Union of Soviet Socialist Republics reminds us that it is not
enough only to save; it is also important to invest judiciously. Historically, the
investment/GDP (Gross Domestic Product) ratio in the Soviet Union was very
high in international comparisons, suggesting the potential for very high growth
rates. After 1989, however, experts realized that the value of the existing stock
of capital was not consistent with the former levels of investment. A great deal
of the investment must have been effectively wasted, in other words, allocated to
poor or even worthless projects. Equal savings rates can thus lead to investments
of widely differing degrees of usefulness from the viewpoint of future growth.
However, in line with the earlier quote from Schumpeter, there are reasons to
believe that the financial system has some role to play here as well.

Insert Figure 1.2 about here

The following quote from Economic Focus (UBS Economic Research, 1993)
is part of a discussion motivated by the observation that, even for high-saving
countries of Southeast Asia, the correlation between savings and growth has not
been uniform.

” The paradox of raising saving without commensurate growth performance
may be closely linked to the inadequate development of the financial system in
a number of Asian economies. Holding back financial development (‘financial
repression’) was a deliberate policy of many governments in Asia and elsewhere

2In a straightforward regression in which the dependent variable is the growth rate in real
per capita GNP, the coefficient on the average fraction of real GNP represented by investment
(I/y) over the prior five years is positive but insignificant. Together with other results, this is
interpreted as suggesting a reverse causation from real per capita GNP growth to investment
spending. See Barro and Sala-i-Martin (1995), Chapter 12, for a full discussion. There is also a
theoretically important distinction between the effects of increasing investment (savings) (as a
proportion of national income) on an economy’s level of wealth and its growth rate. Countries
that save more will ceteris paribus be wealthier, but they need not grow more rapidly. The
classic growth model of Solow (1956) illustrates this distinction.



who wished to maintain control over the flow of savings. (...) Typical mea-
sures of financial repression still include interest rate requlation, selective credit
allocation, capital controls, and restricted entry into and competition within the
banking sector”.

These comments take on special significance in light of the recent Asian cri-
sis, which provides another, dramatic, illustration of the growth-finance nexus.
Economists do not fully agree on what causes financial crises. There is, however,
a consensus that in the case of several East-Asian countries, the weaknesses of
the financial and banking sectors, such as those described as “financial repres-
sion,” must take part of the blame for the collapse and the ensuing economic
regression that have marked the end of the 1990s in Southern Asia.

Let us try to go further than these general statements in the analysis of the
savings and growth nexus and of the role of the financial system. Following
Barro and Sala-i-Martin (1995), one can view the process of transferring funds
from savers to investors in the following way.? The least efficient system would
be one in which all investments are made by the savers themselves. This is
certainly inefficient because it requires a sort of “double coincidence” of inten-
tions: Good investment ideas occurring in the mind of someone lacking past
savings will not be realized. Funds that a non-entrepreneur saves would not be
put to productive use. Yet, this unfortunate situation is a clear possibility if
the necessary confidence in the financial system is lacking with the consequence
that savers do not entrust the system with their savings. One can thus think of
circumstances where savings never enter the financial system, or where only a
small fraction do. When it does, it will typically enter via some sort of deposi-
tory institution. In an international setting, a similar problem arises if national
savings are primarily invested abroad, a situation that may reach alarming pro-
portions in the case of underdeveloped countries.* Let FS/S represent, then,
the fraction of aggregate savings (S) being entrusted to the financial system
(FS).

At a second level, the functioning of the financial system may be more or
less costly. While funds transferred from a saver to a borrower via a direct
loan are immediately and fully made available to the end user, the different
functions of the financial system discussed above are often best fulfilled, or
sometimes can only be fulfilled, through some form of intermediation, which
typically involves some cost. Let us think of these costs as administrative costs,
on the one hand, and costs linked to the reserve requirements of banks, on the
other. Different systems will have different operating costs in this large sense,

3For a broader perspective and a more systematic connection with the relevant literature
on this topic, see Levine (1997).

4The problem is slightly different here, however. Although capital flight is a problem from
the viewpoint of building up a country’s home capital stock, the acquisition of foreign assets
may be a perfectly efficient way of building a national capital stock. The effect on growth may
be negative when measured in terms of GDP (Gross Domestic Product), but not necessarily
so in terms of national income or GNP (Gross National product). Switzerland is an example
of a rich country investing heavily abroad and deriving a substantial income flow from it. It
can be argued that the growth rate of the Swiss Gross National Product (but probably not
GDP) has been enhanced rather than decreased by this fact.



and, as a consequence, the amount of resources transferred to investors will
also vary. Let us think of BOR/FS as the ratio of funds transferred from the
financial system to borrowers and entrepreneurs.

Borrowers themselves may make diverse use of the funds borrowed. Some,
for example, may have pure liquidity needs (analogous to the reserve needs of
depository institutions), and if the borrower is the government, it may well be
borrowing for consumption! For the savings and growth nexus, the issue is
how much of the borrowed funds actually result in productive investments. Let
I/BOR represent the fraction of borrowed funds actually invested. Note that
BOR stands for borrowed funds whether private or public. In the latter case
a key issue is what fraction of the borrowed funds are used to finance public
investment as opposed to public consumption.

Finally let EFF denote the efficiency of the investment projects undertaken
in society at a given time, with EFF normalized at unity; in other words, the
average investment project has FFF = 1, the below-average project has FFF
< 1, and conversely for the above average project(a project consisting of building
a bridge leading nowhere would have an EFF = 0); K is the aggregate capital
stock and (2 the depreciation rate. We may then write

K=FEFF.1-QK (1.1)
or, multiplying and dividing I with each of the newly defined variables
K = EFF - (I/BOR) - (BOR/FS) - (FS/S)-(S/Y)-Y — QK (1.2)

where our notation is meant to emphasize that the growth of the capital stock
at a given savings rate is likely to be influenced by the levels of the various ratios
introduced above.? Let us now review how this might be the case.

One can see that a financial system performing its matching function effi-
ciently will positively affect the savings rate (S/Y") and the fraction of savings
entrusted to financial institutions (F'S/S). This reflects the fact that savers can
find the right savings instruments for their needs. In terms of overall services
net of inconvenience, this acts like an increase in the return to the fraction of
savings finding its way into the financial system. The matching function is also
relevant for the 7/BOR ratio. With the appropriate instruments (like flexible
overnight loan facilities) a firm’s cash needs are reduced and a larger fraction of
borrowed money can actually be used for investment.

By offering a large and diverse set of possibilities for spreading risks (in-
surance and hedging), an efficient financial system will also positively influence
the savings ratio (S/Y) and the FS/S ratio. Essentially this works through
improved return/risk opportunities, corresponding to an improved trade-off be-
tween future and present consumption (for savings intermediated through the
financial system). Furthermore, in permitting entrepreneurs with risky projects
to eliminate unnecessary risks by using appropriate instruments, an efficient
financial system provides, somewhat paradoxically, a better platform for under-
taking riskier projects. If, on average, riskier projects are also the ones with the

5K = dK/dt7 that is, the change in K as a function of time.



highest returns, as most of financial theory reviewed later in this book leads us
to believe, one would expect that the more efficiently this function is performed,
the higher (ceteris paribus), the value of EFF; in other words, the higher, on av-
erage, the efficiency of the investment undertaken with the funds made available
by savers.

Finally, a more efficient system may be expected to screen alternative invest-
ment projects more effectively and to better and more cost efficiently monitor
the conduct of the investments (efforts of investors). The direct impact is to
increase EFF. Indirectly this also means that, on average, the return/risk char-
acteristics of the various instruments offered savers will be improved and one
may expect, as a result, an increase in both S/Y and F'S/S ratios.

The previous discussion thus tends to support the idea that the financial
system plays an important role in permitting and promoting the growth of
economies. Yet growth is not an objective in itself. There is such a thing
as excessive capital accumulation. Jappelli and Pagano (1994) suggest that
borrowing constraints,® in general a source of inefficiency and the mark of a less
than perfect financial system, may have led to more savings (in part unwanted)
and higher growth. While their work is tentative, it underscores the necessity
of adopting a broader and more satisfactory viewpoint and of more generally
studying the impact of the financial system on social welfare. This is best done
in the context of the theory of general equilibrium, a subject to which we shall
turn in Section 1.6.

1.5 Financial Intermediation and the Business Cycle

Business cycles are the mark of all developed economies. According to much
of current research, they are in part the result of external shocks with which
these economies are repeatedly confronted. The depth and amplitude of these
fluctuations, however, may well be affected by some characteristics of the finan-
cial system. This is at least the import of the recent literature on the financial
accelerator. The mechanisms at work here are numerous, and we limit ourselves
to giving the reader a flavor of the discussion.

The financial accelerator is manifest most straightforwardly in the context
of monetary policy implementation. Suppose the monetary authority wishes to
reduce the level of economic activity (inflation is feared) by raising real interest
rates. The primary effect of such a move will be to increase firms’ cost of capital
and, as a result, to induce a decrease in investment spending as marginal projects
are eliminated from consideration.

According to the financial accelerator theory, however, there may be further,
substantial, secondary effects. In particular, the interest rate rise will reduce
the value of firms’ collateralizable assets. For some firms, this reduction may
significantly diminish their access to credit, making them credit constrained.
As a result, the fall in investment may exceed the direct impact of the higher

6By ‘borrowing constraints’ we mean the limitations that the average individual or firm may
experience in his or her ability to borrow, at current market rates, from financial institutions.



cost of capital; tighter financial constraints may also affect input purchases or
the financing of an adequate level of finished goods inventories. For all these
reasons, the output and investment of credit-constrained firms will be more
strongly affected by the action of the monetary authorities and the economic
downturn may be made correspondingly more severe. By this same mechanism,
any economy-wide reduction in asset values may have the effect of reducing
economic activity under the financial accelerator.

Which firms are most likely to be credit constrained? We would expect that
small firms, those for which lenders have relatively little information about the
long-term prospects, would be principally affected. These are the firms from
which lenders demand high levels of collateral. Bernanke et al. (1996) provide
empirical support for this assertion using U.S. data from small manufacturing
firms.

The financial accelerator has the power to make an economic downturn, of
whatever origin, more severe. If the screening and monitoring functions of the
financial system can be tailored more closely to individual firm needs, lenders
will need to rely to a lesser extent on collateralized loan contracts. This would
diminish the adverse consequences of the financial accelerator and perhaps the
severity of business cycle downturns.

1.6 Financial Markets and Social Welfare

Let us now consider the role of financial markets in the allocation of resources
and, consequently, their effects on social welfare. The perspective provided here
places the process of financial innovation in the context of the theory of general
economic equilibrium whose central concepts are closely associated with the
Ecole de Lausanne and the names of Léon Walras, and Vilfredo Pareto.

Our starting point is the first theorem of welfare economics which defines
the conditions under which the allocation of resources implied by the general
equilibrium of a decentralized competitive economy is efficient or optimal in the
Pareto sense.

First, let us define the terms involved. Assume a timeless economy where a
large number of economic agents interact. There is an arbitrary number of goods
and services, n. Consumers possess a certain quantity (possibly zero) of each
of these n goods (in particular, they have the ability to work a certain number
of hours per period). They can sell some of these goods and buy others at
prices quoted in markets. There are a large number of firms, each represented
by a production function — that is, a given ability (constrained by what is
technologically feasible) to transform some of the available goods or services
(inputs) into others (outputs); for instance, combining labor and capital to
produce consumption goods. Agents in this economy act selfishly: Individuals
maximize their well-being (utility) and firms maximize their profits.

General equilibrium theory tells us that, thanks to the action of the price
system, order will emerge out of this uncoordinated chaos, provided certain con-
ditions are satisfied. In the main, these hypotheses (conditions) are as follows:
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H1: Complete markets. There exists a market on which a price is established
for each of the n goods valued by consumers.

H2: Perfect competition. The number of consumers and firms (i.e., de-
manders and suppliers of each of the n goods in each of the n markets), is large
enough so that no agent is in a position to influence (manipulate) market prices;
that is, all agents take prices as given.

H3: Consumers’ preferences are convex.
H4: Firms’ production sets are convex as well.

H3 and H4 are technical conditions with economic implications. Some-
what paradoxically, the convexity hypothesis for consumers’ preferences ap-
proximately translates into strictly concave utility functions. In particular, H3
is satisfied (in substance) if consumers display risk aversion, an assumption cru-
cial for understanding financial markets, and one that will be made throughout
this text. As already noted (Box 1.2), risk aversion translates into strictly con-
cave utility functions (See Chapter 4 for details). H4 imposes requirements on
the production technology. It specifically rules out increasing returns to scale in
production. While important, this assumption is not at the heart of things in
financial economics since for the most part we will abstract from the production
side of the economy.

A general competitive equilibrium is a price vector p* and an allocation
of resources, resulting from the independent decisions of consumers and produc-
ers to buy or sell each of the n goods in each of the n markets, such that, at the
equilibrium price vector p*, supply equals demand in all markets simultaneously
and the action of each agent is the most favorable to him or her among all those
he/she could afford (technologically or in terms of his/her budget computed at
equilibrium prices).

A Pareto optimum is an allocation of resources, however determined,
where it is impossible to redistribute resources (i.e., to go ahead with further
exchanges), without reducing the welfare of at least one agent. In a Pareto
efficient (or Pareto optimal - we will use the two terminologies interchangeably)
allocation of resources, it is thus not possible to make someone better off with-
out making someone else worse off. Such a situation may not be just or fair,
but it is certainly efficient in the sense of avoiding waste.

Omitting some purely technical conditions, the main results of general equi-
librium theory can be summarized as follows:

1. The existence of a competitive equilibrium: Under H1 through H4, a
competitive equilibrium is guaranteed to exist. This means that there indeed
exists a price vector and an allocation of resources satisfying the definition of a
competitive equilibrium as stated above.

2. First welfare theorem: Under H1 and H2, a competitive equilibrium, if it
exists, is a Pareto optimum.

3. Second welfare theorem: Under H1 through H4, any Pareto-efficient allo-
cation can be decentralized as a competitive equilibrium.
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The Second welfare theorem asserts that, for any arbitrary Pareto-efficient
allocation there is a price vector and a set of initial endowments such that
this allocation can be achieved as a result of the free interaction of maximizing
consumers and producers interacting in competitive markets. To achieve a spe-
cific Pareto-optimal allocation, some redistribution mechanism will be needed
to reshuffle initial resources. The availability of such a mechanism, function-
ing without distortion (and thus waste) is, however, very much in question.
Hence the dilemma between equity and efficiency that faces all societies and
their governments.

The necessity of H1 and H2 for the optimality of a competitive equilibrium
provides a rationale for government intervention when these hypotheses are not
naturally satisfied. The case for antitrust and other “pro-competition” policies
is implicit in H2; the case for intervention in the presence of externalities or in
the provision of public goods follows from H1, because these two situations are
instances of missing markets.”

Note that so far there does not seem to be any role for financial markets
in promoting an efficient allocation of resources. To restore that role, we must
abandon the fiction of a timeless world, underscoring, once again, the fact that
time is of the essence in finance! Introducing the time dimension does not
diminish the usefulness of the general equilibrium apparatus presented above,
provided the definition of a good is properly adjusted to take into account not
only its intrinsic characteristics, but also the time period in which it is available.
A cup of coffee available at date t is different from a cup of coffee available at
date t+1 and, accordingly, it is traded on a different market and it commands a
different price. Thus, if there are two dates, the number of goods in the economy
goes from n to 2n.

It is easy to show, however, that not all commodities need be traded for
future as well as current delivery. The existence of a spot and forward market for
one good only (taken as the numeraire) is sufficient to implement all the desirable
allocations, and, in particular, restore, under H1 and H2, the optimality of the
competitive equilibrium. This result is contained in Arrow (1964). It provides a
powerful economic rationale for the existence of credit markets, markets where
money is traded for future delivery.

Now let us go one step further and introduce uncertainty, which we will
represent conceptually as a partition of all the relevant future scenarios into
separate states of nature. To review, a state of nature is an exhaustive descrip-
tion of one possible relevant configuration of future events. Using this concept,

7Our model of equilibrium presumes that agents affect one another only through prices. If
this is not the case, an economic externality is said to be present. These may involve either
production or consumption. For example, there have been substantial negative externalities
for fishermen associated with the construction of dams in the western United States: The
catch of salmon has declined dramatically as these dams have reduced the ability of the fish
to return to their spawning habitats. If the externality affects all consumers simultaneously,
it is said to be a public good. The classic example is national defense. If any citizen is
to consume a given level of national security, all citizens must be equally secure (and thus
consume this public good at the same level). Both are instances of missing markets. Neither
is there a market for national defense, nor for rights to disturb salmon habitats.
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the applicability of the welfare theorems can be extended in a fashion similar
to that used with time above, by defining goods not only according to the date
but also to the state of nature at which they are (might be) available. This
is the notion of contingent commodities. Under this construct, we imagine the
market for ice cream decomposed into a series of markets: for ice cream today,
ice cream tomorrow if it rains and the Dow Jones is at 10,000; if it rains and . .
., etc. Formally, this is a straightforward extension of the basic context: there
are more goods, but this in itself is not restrictive® [Arrow (1964) and Debreu
(1959)].

The hypothesis that there exists a market for each and every good valued
by consumers becomes, however, much more questionable with this extended
definition of a typical good, as the example above suggests. On the one hand,
the number of states of nature is, in principle, arbitrarily large and, on the
other, one simply does not observe markets where commodities contingent on
the realization of individual states of nature can routinely be traded . One
can thus state that if markets are complete in the above sense, a competitive
equilibrium is efficient, but the issue of completeness (H1) then takes center
stage. Can Pareto optimality be obtained in a less formidable setup than one
where there are complete contingent commodity markets? What does it mean
to make markets “more complete?”

It was Arrow (1964), again, who took the first step toward answering these
questions. Arrow generalized the result alluded to earlier and showed that
it would be enough, in order to effect all desirable allocations, to have the
opportunity to trade one good only across all states of nature. Such a good
would again serve as the numeraire. The primitive security could thus be a claim
promising $1.00 (i.e., one unit of the numeraire) at a future date, contingent on
the realization of a particular state, and zero under all other circumstances. We
shall have a lot to say about such Arrow-Debreu securities (A-D securities from
now on), which are also called contingent claims. Arrow asserted that if there is
one such contingent claim corresponding to each and every one of the relevant
future date/state configurations, hypothesis H1 could be considered satisfied,
markets could be considered complete, and the welfare theorems would apply.
Arrow’s result implies a substantial decrease in the number of required markets.’
However, for a complete contingent claim structure to be fully equivalent to
a setup where agents could trade a complete set of contingent commodities,
it must be the case that agents are assumed to know all future spot prices,
contingent on the realization of all individual states of the world. Indeed, it is
at these prices that they will be able to exchange the proceeds from their A-D
securities for consumption goods. This hypothesis is akin to the hypothesis of
rational expectations.!?

A-D securities are a powerful conceptual tool and are studied in depth in

8Since n can be as large as one needs without restriction.

9Example: 2 dates, 3 basic goods, 4 states of nature: complete commodity markets require
12 contingent commodity markets plus 3 spot markets versus 4 contingent claims and 2 x 3
spot markets in the Arrow setup.

10For an elaboration on this topic, see Dreze (1971).
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Chapters 8 and 10. They are not, however, the instruments we observe being
traded in actual markets. Why is this the case, and in what sense is what we
do observe an adequate substitute? To answer these questions, we first allude
to a result (derived later on) which states that there is no single way to make
markets complete. In fact there is potentially a large number of alternative
financial structures achieving the same goal, and the complete A-D securities
structure is only one of them. For instance, we shall describe, in Chapter 10, a
context in which one might think of achieving an essentially complete market
structure with options or derivative securities. We shall make use of this fact
for pricing alternative instruments using arbitrage techniques. Thus, the failure
to observe anything close to A-D securities being traded is not evidence against
the possibility that markets are indeed complete.

In an attempt to match this discussion on the role played by financial markets
with the type of markets we see in the real world, one can identify the different
needs met by trading A-D securities in a complete markets world. In so doing, we
shall conclude that, in reality, different types of needs are met through trading
alternative specialized financial instruments (which, as we shall later prove, will
all appear as portfolios of A-D securities).

As we have already observed, the time dimension is crucial for finance and,
correspondingly, the need to exchange purchasing power across time is essen-
tial. It is met in reality through a variety of specific non contingent instruments,
which are promised future payments independent of specific states of nature, ex-
cept those in which the issuer is unable to meet his obligations (bankruptcies).
Personal loans, bank loans, money market and capital market instruments, so-
cial security and pension claims are all assets fulfilling this basic need for redis-
tributing purchasing power in the time dimension. In a complete market setup
implemented through A-D securities, the needs met by these instruments would
be satisfied by a certain configuration of positions in A-D securities. In reality,
the specialized instruments mentioned above fulfill the demand for exchanging
income through time.

One reason for the formidable nature of the complete markets requirement is
that a state of nature, which is a complete description of the relevant future for
a particular agent, includes some purely personal aspects of almost unlimited
complexity. Certainly the future is different for you, in a relevant way, if you
lose your job, or if your house burns, without these contingencies playing a very
significant role for the population at large. In a pure A-D world, the description
of the states of nature should take account of these individual contingencies
viewed from the perspective of each and every market participant! In the real
world, insurance contracts are the specific instruments that deal with the need
for exchanging income across purely individual events or states. The markets
for these contracts are part and parcel of the notion of complete financial mar-
kets. While such a specialization makes sense, it is recognized as unlikely that
the need to trade across individual contingencies will be fully met through in-
surance markets because of specific difficulties linked with the hidden quality of
these contingencies, (i.e., the inherent asymmetry in the information possessed
by suppliers and demanders participating in these markets). The presence of
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these asymmetries strengthens our perception of the impracticality of relying
exclusively on pure A-D securities to deal with personal contingencies.

Beyond time issues and personal contingencies, most other financial instru-
ments not only imply the exchange of purchasing power through time, but are
also more specifically contingent on the realization of particular events. The
relevant events here, however, are defined on a collective basis rather than be-
ing based on individual contingencies; they are contingent on the realization of
events affecting groups of individuals and observable by everyone. An example
of this is the situation where a certain level of profits for a firm implies the pay-
ment of a certain dividend against the ownership of that firms’ equity. Another
is the payment of a certain sum of money associated with the ownership of an
option or a financial futures. In the later cases, the contingencies (sets of states
of nature) are dependent on the value of the underlying asset itself.

1.7 Conclusion

To conclude this introductory chapter, we advance a vision of the financial sys-
tem progressively evolving toward the complete markets paradigm, starting with
the most obviously missing markets and slowly, as technological innovation de-
creases transaction costs and allows the design of more sophisticated contracts,
completing the market structure. Have we arrived at a complete market struc-
ture? Have we come significantly closer? There are opposing views on this
issue. While a more optimistic perspective is proposed by Merton (1990) and
Allen and Gale (1994), we choose to close this chapter on two healthily skepti-
cal notes. Tobin (1984, p.10), for one, provides an unambiguous answer to the
above question:

“New financial markets and instruments have proliferated over the last decade,
and it might be thought that the enlarged menu now spans more states of na-
ture and moves us closer to the Arrow-Debreu ideal. Not much closer, I am
afraid. The new options and futures contracts do not stretch very far into the
future. They serve mainly to allow greater leverage to short-term speculators
and arbitrageurs, and to limit losses in one direction or the other. Collectively
they contain considerable redundancy. FEwvery financial market absorbs private
resources to operate, and government resources to police. The country cannot
afford all the markets the enthusiasts may dream up. In deciding whether to
approve proposed contracts for trading, the authorities should consider whether
they really fill gaps in the menu and enlarge the opportunities for Arrow-Debreu
insurance, not just opportunities for speculation and financial arbitrage.”

Shiller (1993, pp. 2-3) is even more specific with respect to missing markets:

“It is odd that there appear to have been no practical proposals for establish-
ing a set of markets to hedge the biggest risks to standards of living. Individuals
and organizations could hedge or insure themselves against risks to their stan-
dards of living if an array of risk markets — let us call them macro markets
— could be established. These would be large international markets, securities,
futures, options, swaps or analogous markets, for claims on major components
of incomes (including service flows) shared by many people or organizations.
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The settlements in these markets could be based on income aggregates, such as
national income or components thereof, such as occupational incomes, or prices
that value income flows, such as real estate prices, which are prices of claims
on real estate service flows.”
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Complementary Readings

As a complement to this introductory chapter, the reader will be interested
in the historical review of financial markets and institutions found in the first
chapter of Allen and Gale (1994) . Bernstein (1992) provides a lively account
of the birth of the major ideas making up modern financial theory including
personal portraits of their authors.

Appendix: Introduction to General Equilibrium Theory

The goal of this appendix is to provide an introduction to the essentials of
General Equilibrium Theory thereby permitting a complete understanding of
Section 1.6 of the present chapter and facilitating the discussion of subsequent
chapters (from Chapter 8 on). To make this presentation as simple as possible
we’ll take the case of a hypothetical exchange economy (that is, one with no
production) with two goods and two agents. This permits using a very useful
pedagogical tool known as the Edgeworth-Bowley box.

Insert Figure A.1.1 about here

Let us analyze the problem of allocating efficiently a given economy-wide
endowment of 10 units of good 1 and 6 units of good 2 among two agents, A
and B. In Figure Al.1, we measure good 2 on the vertical axis and good 1 on
the horizontal axis. Consider the choice problem from the origin of the axes for
Mr.A, and upside down, (that is placing the origin in the upper right corner),
for Ms.B. An allocation is then represented as a point in a rectangle of size 6 x
10. Point F' is an allocation at which Mr. A receives 4 units of good 2 and 2
units of good 2. Ms.B gets the rest, that is, 2 units of good 2 and 8 units of good
1. All other points in the box represent feasible allocations, that is, alternative
ways of allocating the resources available in this economy.

Pareto Optimal Allocations

In order to discuss the notion of Pareto optimal or efficient allocations, we
need to introduce agents’ preferences. They are fully summarized, in the graph-
ical context of the Edgeworth-Bowley box, by indifference curves (IC) or utility
level curves. Thus, starting from the allocation E represented in Figure Al.1,
we can record all feasible allocations that provide the same utility to Mr. A.
The precise shape of such a level curve is person specific, but we can at least
be confident that it slopes downward. If we take away some units of good 1,
we have to compensate him with some extra units of good 2 if we are to leave
his utility level unchanged. It is easy to see as well that the ICs of a consistent

17



person do not cross, a property associated with the notion of transitivity (and
with rationality) in Chapter 3. And we have seen in Boxes 1.1 and 1.2 that
the preference for smoothness translates into a strictly concave utility function,
or, equivalently, convex-to-the-origin level curves as drawn in Figure A1.1. The
same properties apply to the IC of Ms. B, of course viewed upside down with
the upper right corner as the origin.

Insert Figure A.1.2 about here

With this simple apparatus we are in a position to discuss further the concept
of Pareto optimality. Arbitrarily tracing the level curves of Mr.A and Ms.B as
they pass through allocation E, (but in conformity with the properties derived
in the previous paragraph), only two possibilities may arise: they cross each
other at E or they are tangent to one another at point E. The first possibility is
illustrated in Figure A1.1, the second in Figure A1.2. In the first case, allocation
FE cannot be a Pareto optimal allocation. As the picture illustrates clearly, by the
very definition of level curves, if the ICs of our two agents cross at point F there
is a set of allocations (corresponding to the shaded area in Figure Al.1) that
are simultaneously preferred to E by both Mr. A and Ms. B. These allocations
are Pareto superior to F, and, in that situation, it would indeed be socially
inefficient or wasteful to distribute the available resources as indicated by FE.
Allocation D, for instance, is feasible and preferred to E by both individuals.

If the ICs are tangent to one another at point E’ as in Figure Al.2, no
redistribution of the given resources exists that would be approved by both
agents. Inevitably, moving away from E’ decreases the utility level of one of the
two agents if it favors the other. In this case, E’ is a Pareto optimal allocation.
Figure A1.2 illustrates that it is not generally unique, however. If we connect
all the points where the various ICs of our two agents are tangent to each other,
we draw the line, labeled the contract curve, representing the infinity of Pareto
optimal allocations in this simple economy.

An indifference curve for Mr.A is defined as the set of allocations that provide
the same utility to Mr.A as some specific allocation; for example, allocation E:
{(cf',¢4) : U(cq',c8') = U(E)} . This definition implies that the slope of the IC
can be derived by taking the total differential of U(c!, ¢5") and equating it to
zero (no change in utility along the IC), which gives:

oU(ci', c3) OU(ci', c3')

A A _
e e + 5ei ded =0, (1.3)
and thus A
U (c1 ,¢5)
deg Ocft  _ A
7@ - m = MRSLQ' (14)

A
[o2S

That is, the negative (or the absolute value) of the slope of the IC is the
ratio of the marginal utility of good 1 to the marginal utility of good 2 specific
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to Mr.A and to the allocation (cf!,cs') at which the derivatives are taken. It
defines Mr.A’s Marginal Rate of Substitution (MRS) between the two goods.

Equation (1.4) permits a formal characterization of a Pareto optimal alloca-
tion. Our former discussion has equated Pareto optimality with the tangency
of the ICs of Mr.A and Ms.B. Tangency, in turn, means that the slopes of the
respective ICs are identical. Allocation FE, associated with the consumption
vector(cft, ¢5)¥ for Mr.A and (cP, c8)F for Ms.B, is thus Pareto optimal if and
only if

oU(cit,c)?  OU(cr cf)”
A of _ 9ef B
MRST, = (A — DU (cP,eB)E = MRS7,. (1.5)
Och ock

Equation (1.5) provides a complete characterization of a Pareto optimal allo-
cation in an exchange economy except in the case of a corner allocation, that is,
an allocation at the frontier of the box where one of the agents receives the en-
tire endowment of one good and the other agent receives none. In that situation
it may well be that the equality could not be satisfied except, hypothetically, by
moving to the outside of the box, that is to allocations that are not feasible since
they require giving a negative amount of one good to one of the two agents.

So far we have not touched on the issue of how the discussed allocations
may be determined. This is the viewpoint of Pareto optimality which analysis
is exclusively concerned with deriving efficiency properties of given allocations,
irrespective of how they were achieved. Let us now turn to the concept of
competitive equilibrium.

Competitive equilibrium

Associated with the notion of competitive equilibrium is the notion of mar-
kets and prices. One price vector (one price for each of our two goods), or
simply a relative price taking good 1 as the numeraire, and setting p; = 1, is
represented in the Edgeworth-Bowley box by a downward sloping line. From
the viewpoint of either agent, such a line has all the properties of the budget
line. It also represents the frontier of their opportunity set. Let us assume
that the initial allocation, before any trade, is represented by point I in Figure
A1.3. Any line sloping downward from I does represent the set of allocations
that Mr.A, endowed with I, can obtain by going to the market and exchang-
ing (competitively, taking prices as given) good 1 for 2 or vice versa. He will
maximize his utility subject to this budget constraint by attempting to climb to
the highest IC making contact with his budget set. This will lead him to select
the allocation corresponding to the tangency point between one of his ICs and
the price line. Because the same prices are valid for both agents, an identical
procedure, viewed upside down from the upper right-hand corner of the box,
will lead Ms.B to a tangency point between one of her ICs and the price line.
At this stage, only two possibilities may arise: Mr.A and Ms.B have converged
to the same allocation, (the two markets, for good 1 and 2, clear — supply and
demand for the two goods are equal and we are at a competitive equilibrium);
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or the two agents’ separate optimizing procedures have lead them to select two
different allocations. Total demand does not equal total supply and an equilib-
rium is not achieved. The two situations are described, respectively, in Figures
A1.3 and Al1.4.

Insert Figures A.1.3 and A.1.4 about here

In the disequilibrium case of Figure A1.4, prices will have to adjust until an
equilibrium is found. Specifically, with Mr.A at point A and Ms.B at point B,
there is an excess demand of good 2 but insufficient demand for good 1. One
would expect the price of 2 to increase relative to the price of good 1 with the
likely result that both agents will decrease their net demand for 2 and increase
their net demand for 1. Graphically, this is depicted by the price curve tilting
with point I as the axis and looking less steep (indicating, for instance, that if
both agents wanted to buy good 1 only, they could now afford more of it). With
regular ICs, the respective points of tangencies will converge until an equilibrium
similar to the one described in Figure A1.3 is reached.

We will not say anything here about the conditions guaranteeing that such a
process will converge. Let us rather insist on one crucial necessary precondition:
that an equilibrium exists. In the text we have mentioned that assumptions H1
to H4 are needed to guarantee the existence of an equilibrium. Of course H4
does not apply here. H1 states the necessity of the existence of a price for each
good, which is akin to specifying the existence of a price line. H2 defines one of
the characteristics of a competitive equilibrium: that prices are taken as given
by the various agents and the price line describes their perceived opportunity
sets. Our discussion here can enlighten the need for H3. Indeed, in order for
an equilibrium to have a chance to exist, the geometry of Figure A1.3 makes
clear that the shapes of the two agents’ ICs is relevant. The price line must be
able to separate the “better than” areas of the two agents’ ICs passing through
a same point — the candidate equilibrium allocation. The better than area is
simply the area above a given IC. It represents all the allocations providing
higher utility than those on the level curve. This separation by a price line is
not generally possible if the ICs are not convex, in which case an equilibrium
cannot be guaranteed to exist. The problem is illustrated in Figure A1.5.

Insert Figure A.1.5 about here

Once a competitive equilibrium is observed to exist, which logically could be
the case even if the conditions that guarantee existence are not met, the Pareto
optimality of the resulting allocation is ensured by H1 and H2 only. In substance
this is because once the common price line at which markets clear exists, the
very fact that agents optimize taking prices as given, leads them to a point of
tangency between their highest IC and the common price line. At the resulting
allocation, both MRS are equal to the same price line and, consequently, are
identical. The conditions for Pareto optimality are thus fulfilled.
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Chapter 2 : The Challenges of Asset Pricing: A
Roadmap

2.1 The main question of financial theory

Valuing risky cash flows or, equivalently, pricing risky assets is at the heart of
financial theory.

Our discussion thus far has been conducted from the perspective of society
as a whole, and it argues that a progressively more complete set of financial
markets will generally enhance societal welfare by making it easier for economic
agents to transfer income across future dates and states via the sale or purchase
of individually tailored portfolios of securities. The desire of agents to construct
such portfolios will be as much dependent on the market prices of the relevant
securities as on their strict availability, and this leads us to the main topic of
the text.

Indeed, the major practical question in finance is “how do we value a risky
cash flow?”, and the main objective of this text is to provide a complete and up-
to-date treatment of how it can be answered. For the most part, this textbook
is thus a text on asset pricing. Indeed, an asset is nothing else than the right
to future cash flows, whether these future cash flows are the result of interest
payments, dividend payments, insurance payments, or the resale value of the
asset. Conversely, when we compute the risk-adjusted present value (PV), we
are, in effect, asking the question: If this project’s cash flow were traded as
though it were a security, at what price would it sell given that it should pay the
prevailing rate for securities of that same systematic risk level? We compare its
fair market value, estimated in this way, with its cost, Py. Evaluating a project
is thus a special case of evaluating a complex security.

Viewed in this way and abstracting from risk for the moment, the key object
of our attention, be it an asset or an investment project, can be summarized as
in Table 2.1.

Table 2.1 : Valuing a Risk-Free Cash Flow

t=0 |t=1 |[t=2 | t=T
R? | CF, | CFy, |CF. | CFr
CF, CFy CF, CFr

() | D)2 | QD) | ()T

In Table 2.1, t = 0,1,2,...7,..T represents future dates. The duration of
each period, the length of time between 7 — 1 and 7 is arbitrary and can be
viewed as one day, one month, one quarter or one year. The expression CF;
stands for the possibly uncertain cash flows in period 7 (whenever useful, we will
identify random variables with a tilde), rf is the risk free, per-period interest
rate prevailing between date 7 — 1 and 7, and Py denotes the to-be-determined



current price or valuation of the future cash flow. If the future cash flows will be
available for sure, valuing the flow of future payments is easy. It requires adding
the future cash flows after discounting them by the risk-free rate of interest, that
is, adding the cells in the last line of the Table. The discounting procedure is
indeed at the heart of our problem: it clearly serves to translate future payments
into current dollars (those that are to be used to purchase the right to these
future cash flows or in terms of which the current value of the future cash flow
is to be expressed); in other words, the discounting procedure is what makes
it possible to compare future dollars (i.e., dollars that will be available in the
future) with current dollars.

If, however, the future cash flows will not be available for certain but are sub-
ject to random events - the interest payments depend on the debtor remaining
solvent, the dividend payments depend on the financial strength of the equity
issuer, the returns to the investment project depend on its commercial success
-, then the valuation question becomes trickier, so much so that there does not
exist a universally agreed way of proceeding that dominates all others.

In the same way that one dollar for sure tomorrow does not generally have
the same value as one current dollar, one dollar tomorrow under a set of more
or less narrowly defined circumstances, that is, in a subset of all possible states
of nature, is also not worth one current dollar, not even one current dollar
discounted at the risk free rate. Assume the risk free rate of return is 5% per
year, then discounting at the risk free rate one dollar available in one year yields
% >~ $.95. This equality is an equality: it states that $1 tomorrow will have
a market price of $.95 today when one year risk free securities earn 5%. It is
a market assessment to the extent that the 5% risk free rate is an equilibrium
market price. Now if $1 for sure tomorrow is worth $.95, it seems likely that $1
tomorrow “maybe”, that is, under a restrictive subset of the states of nature,
should certainly be worth less than $.95. One can speculate for instance that if
the probability of $1 in a year is about %, then one should not be willing to pay
more than %x $.95 for that future cash flow. But we have to be more precise
than this. To that end, several lines of attack will be pursued. Let us outline
them.

2.2 Discounting risky cash flows: various lines of attack

First, as in the certainty case, it is plausible to argue (and it can be formally
demonstrated) that the valuation process is additive: the value of a sum of future
cash flows will take the form of the sum of the values of each of these future
cash flows. Second, as already anticipated, we will work with probabilities, so
that the random cash flow occurring at a future date 7 will be represented by
a random variable: CF .+, for which a natural reference value is its expectation

ECF,. Another would be the value of this expected future cash flow discounted
ECF,

(14ri)m"
the solution to our problem, although it is intuitively understandable that it
will be when the risk issue does not matter; that is, when market participants

at the risk free rate: Now the latter expression cannot generally be



can be assumed as risk neutral. In the general case where risk needs to be
taken into account, which typically means that risk bearing behavior needs
to be remunerated, alterations to that reference formula are necessary. These
alterations may take the following form:

1. The most common strategy consists of discounting at a rate that is higher
than the risk free rate, that is, to discount at a rate which is the risk free
rate increased by a certain amount 7 as in

ECF,
L+ri+m)7

The underlying logic is straightforward: To price an asset equal to the
present value of its expected future cash flows discounted at a particular
rate is to price the asset in a manner such that, at its present value price,
it is expected to earn that discount rate. The appropriate rate, in turn,
must be the analyst’s estimate of the rate of return on other financial
assets that represent title to cash flows similar in risk and timing to that
of the asset in question. This strategy has the consequence of pricing
the asset to pay the prevailing competitive rate for its risk class. When
we follow this approach, the key issue is to compute the appropriate risk
premium.

2. Another approach in the same spirit consists of correcting the expected
cash flow itself in such a way that one can continue discounting at the
risk free rate. The standard way of doing this is to decrease the expected
future cash flow by a factor IT that once again will reflect some form of
risk or insurance premium as in

ECF, — 11,
()

3. The same idea can take the form, it turns out quite fruitfully, of distort-
ing the probability distribution over which the expectations operator is
applied so that taking the expected cash flow with this modified probabil-
ity distribution justifies once again discounting at the risk free rate:

ECF,
(1+ Tqu)T ’

Here E denotes the expectation taken with respect to the modified prob-
ability distribution.

4. Finally, one can think of decomposing the future cash flow C'F, into its
state by state elements. Denote (CF(6,)) the actual payment that will
occur in the specific possible state of nature .. If one is able to find the
price today of $1 tomorrow conditional on that particular state 6, being



realized, say q(6;), then surely the appropriate current valuation of CF.

S q(6:)CF ),

0-€0,

where the summation take place over all the possible future states 6. .

The procedures described above are really alternative ways of attacking the
difficult valuation problem we have outlined, but they can only be given content
in conjunction with theories on how to compute the risk premia (cases 1 or 2), to
identify the distorted probability distribution (case 3) or to price future dollars
state by state (case 4). For strategies 1 and 2, this can be done using the
CAPM, the CCAPM or the APT; strategy 3 is characteristic of the Martingale
approach; strategy 4 describes the perspective of Arrow-Debreu pricing.

2.3 Two main perspectives: Equilibrium vs. Arbitrage

There is another, even more fundamental way of classifying alternative valuation
theories. All the known valuation theories borrow one of two main methodolo-
gies : the equilibrium approach or the arbitrage approach.

The traditional equilibrium approach consists of an analysis of the factors
determining the supply and demand for the cash flow (asset) in question. The
arbitrage approach attempts to value a cash flow on the basis of observations
made on the various elements making up that cash flow.

Let us illustrate this distinction with an analogy. You are interested to
price a bicycle. There are two ways to approach the question. If you follow
the equilibrium approach you will want to study the determinants of supply
and demand. Who are the producers? How many bicycles are they able to
produce? What are the substitutes, including probably the existing stock of
old bicycles potentially appearing on the second-hand market? After dealing
with supply, turn to demand: Who are the buyers? What are the forecasts on
the demand for bicycles? Etc.. Finally you will turn to the market structure.
Is the market for bicycles competitive ? If so, we know how the equilibrium
price will emerge as a result of the matching process between demanders and
suppliers. The equilibrium perspective is a sophisticated, complex approach,
with a long tradition in economics, one that has also been applied in finance, at
least since the fifties. We will follow it in the first part of this book, adopting
standard assumptions that simplify, without undue cost, the supply and demand
analysis for financial objects: the supply of financial assets at any point in
time is assumed to be fixed and financial markets are viewed as competitive.
Our analysis can thus focus on the determinants of the demand for financial
assets. This requires that we first spend some time discussing the preferences
and attitudes toward risk of investors, those who demand the assets (Chapters
3 and 4), before modeling the investment process, that is, how the demand for
financial assets is determined (Chapters 5 and 6). Armed with these tools we
will review the three main equilibrium theories, the CAPM in Chapter 7, AD
pricing in Chapter 8 and the CCAPM in Chapter 9.



The other approach to valuing bicycles starts from observing that a bicycle
is not (much) more than the sum of its parts. With a little knowledge, in
almost infinite supply, and some time (which is not and this suggests that the
arbitrage approach holds only as an approximation that may be rather imprecise
in circumstances where the time and intellectual power required to “assemble
the bicycle” from the necessary spare parts are non-trivial; that is, when the
remuneration of the necessary “engineers” matters), it is possible to re-engineer
or replicate any bicycle with the right components. It then follows that if you
know the price of all the necessary elements - frame, handle, wheel, tire, saddle,
break and gearshift - you can determine relatively easily the market value of the
bicycle.

The arbitrage approach is, in a sense, much more straightforward than the
equilibrium approach. It is also more robust: if the no arbitrage relation between
the price of the bicycle and the price of its parts did not hold, anyone with a little
time could become a bicycle manufacturer and make good money. If too many
people exploit that idea, however, the prices of parts and the prices of bicycles
will start adjusting and be forced into line. This very idea is powerful for the
object at hand, financial assets, because if markets are complete in the sense
discussed in section 1.6, then it can easily be shown that all the component prices
necessary to value any arbitrary cash flow are available. Furthermore, little
time and few resources (relative to the global scale of these product markets)
are needed to exploit arbitrage opportunities in financial markets.

There is, however, an obvious limitation to the arbitrage approach. Where
do we get the price of the parts if not through an equilibrium approach? That
is, the arbitrage approach is much less ambitious and more partial than the
equilibrium approach. Even though it may be more practically useful in the
domains where the price of the parts are readily available, it does not make
up for a general theory of valuation and, in that sense, has to be viewed as a
complement to the equilibrium approach. In addition, the equilibrium approach,
by forcing us to rationalize investors’ demand for financial assets, provides useful
lessons for the practice of asset management. The foundations of this inquiry
will be put in place in Chapters 3 to 6 - which together make up Part II of
the book - while Chapter 14 will extend the treatment of this topic beyond
the case of the traditional one-period static portfolio analysis and focus on
the specificities of long run portfolio management. Finally, the arbitrage and
equilibrium approaches can be combined. In particular, one fundamental insight
that we will develop in Chapter 10 is that any cash flow can be viewed as
a portfolio of, that is, can be replicated with Arrow-Debreu securities. This
makes it very useful to start using the arbitrage approach with A-D securities
as the main building blocks for pricing assets or valuing cash flows. Conversely
the same chapter will show that options can be very useful in completing the
markets and thus in obtaining a full set of prices for ”the parts” that will then be
available to price the bicycles. In other words, the Arrow-Debreu equilibrium
pricing theory is a good platform for arbitrage valuation. The link between
the two approaches is indeed so tight that we will use our acquired knowledge
of equilibrium models to understand one of the major arbitrage approaches,



the Martingale pricing theory (Chapters 11 and 12). We will then propose an
overview of the Arbitrage Pricing Theory (APT) in Chapter 13. Chapters 10
to 13 together make up Part IV of this book.

Part V will focus on three extensions. As already mentioned, Chapter 14
deals with long run asset management. Chapter 15 focuses on some implica-
tions of incomplete markets whose consequences we will illustrate from the twin
viewpoints of the equilibrium and arbitrage approaches. We will use it as a pre-
text to review the Modigliani-Miller theorem and, in particular, to understand
why it depends on the hypothesis of complete markets. Finally, in Chapter 16
we will open up, just a little, the Pandora’s box of heterogeneous beliefs. Our
goal is to understand a number of issues that are largely swept under the rug
in standard asset management and pricing theories and, in the process, restate
the Efficient Market hypothesis.

Table 2.2: The Roadmap

Equilibrium Arbitrage

L Utility theory - Ch.3-4

Preliminaries Investment demand -
Ch.5-6

ComPuting risk CAPM - Ch.7 APT - Ch. 13
premia CCAPM - Ch.9
Identifying distorted Martingale measure -
probabilities Ch. 11 & 12

Pricing future dollars | A _p pricing I - Ch. 8 A-D pricing II -
state by state Ch. 10

2.4 This is not all of finance!
2.4.1 Corporate Finance

Intermediate Financial Theory focuses on the valuation of risky cash flows. Pric-
ing a future (risky) dollar is a dominant ingredient in most financial problems.
But it is not all of finance! Our capital markets perspective in particular side-
steps many of the issues surrounding how the firm generates and protects the
cash flow streams to be priced. It is this concern that is at the core of corporate
financial theory or simply “corporate finance.”

In a broad sense, corporate finance is concerned with decision making at the
firm level whenever it has a financial dimension, has implications for the financial
situation of the firm, or is influenced by financial considerations. In particular
it is a field concerned, first and foremost, with the investment decision (what



projects should be accepted), the financing decision (what mix of securities
should be issued and sold to finance the chosen investment projects), the payout
decision (how should investors in the firm, and in particular the equity investors,
be compensated), and risk management (how corporate resources should be
protected against adverse outcomes). Corporate finance also explores issues
related to the size and the scope of the firm, e.g, mergers and acquisitions
and the pricing of conglomerates, the internal organization of the firm, the
principles of corporate governance and the forms of remuneration of the various
stakeholders.!

All of these decisions individually and collectively do influence the firm’s
free cash flow stream and, as such, have asset pricing implications. The decision
to increase the proportion of debt in the firm’s capital structure, for example,
increases the riskiness of its equity cash flow stream, the standard deviation of
the equilibrium return on equity, etc.

Of course when we think of the investment decision itself, the solution to
the valuation problem is of the essence, and indeed many of the issues typically
grouped under the heading of capital budgeting are intimately related to the
preoccupations of the present text. We will be silent, however, on most of the
other issues listed above which are better viewed as arising in the context of
bilateral (rather than market) relations and, as we will see, in situations where
asymmetries of information play a dominant role.

The goal of this section is to illustrate the difference in perspectives by
reviewing, selectively, the corporate finance literature particularly as regards
the capital structure of the firm, and contrasting it with the capital markets
perspective that we will be adopting throughout this text. In so doing we also
attempt to give the flavor of an important research area while detailing many
of the topics this text elects not to address.

2.4.2 Capital structure

We focus on the capital structure issue in Chapter 15 where we explore the
assumption underlying the famous Modigliani-Miller irrelevance result: in the
absence of taxes, subsidies and contracting costs, the value of a firm is indepen-
dent of its capital structure if the firm’s investment policy is fixed and financial
markets are complete. Our emphasis will concern how this result fundamentally
rests on the complete markets assumption.

The corporate finance literature has not ignored the completeness issue but
rather has chosen to explore its underlying causes, most specifically information
asymmetries between the various agents concerned, managers, shareholders etc.?

IThe recent scandals (Enron, WorldCom) in the U.S. and in Europe (Parmalat, ABB) place
in stark light the responsibilities of boards of directors for ultimate firm oversight as well as
their frequent failure in doing so. The large question here is what sort of board structure is
consistent with superior long run firm performance? Executive compensation also remains a
large issue: In particular, to what extent are the incentive effects of stock or stock options
compensation influenced by the manager’s outside wealth?

2Tax issues have tended to dominate the corporate finance capital structure debate until
recently and we will review this arena shortly. The relevance of taxes is not a distinguishing



While we touch on the issue of heterogeneity of information in a market context,
we do so only in our last Chapter (16), emphasizing there that heterogeneity
raises a number of tough modeling difficulties. These difficulties justify the fact
that most of capital market theory either is silent on the issue of heterogeneity
(in particular, when it adopts the arbitrage approach) or explicitly assumes
homogeneous information on the part of capital market participants.

In contrast, the bulk of corporate finance builds on asymmetries of informa-
tion and explores the various problems they raise. These are typically classified
as leading to situations of ‘moral hazard’ or ‘adverse selection’. An instance of
the former is when managers are tempted to take advantage of their superior
information to implement investment plans that may serve their own interests
at the expense of those of shareholders or debt holders. An important branch
of the literature concerns the design of contracts which take moral hazard into
account. The choice of capital structure, in particular, will be seen potentially
to assist in their management (see, e.g., Zwiebel (1996)).

A typical situation of ‘adverse selection’ occurs when information asymme-
tries between firms and investors make firms with ‘good’ investment projects
indistinguishable to outside investors from firms with poor projects. This sug-
gests a tendency for all firms to receive the same financing terms (a so-called
“pooling equilibrium” where firms with less favorable prospects may receive
better than deserved financing arrangements). Firms with good projects must
somehow indirectly distinguish themselves in order to receive the more favor-
able financing terms they merit. For instance they may want to attach more
collateral to their debt securities, an action that firms with poor projects may
find too costly to replicate (see, e.g., Stein (1992)). Again, the capital structure
decision may sometimes help in providing a resolution of the “adverse selection”
problem. Below we review the principal capital structure perspectives.

2.4.3 Taxes and capital structure

Understanding the determinants of a firm’s capital structure (the proportion of
debt and equity securities it has outstanding in value terms) is the ‘classical’
problem in corporate finance. Its intellectual foundations lie in the seminal work
of Modigliani and Miller (1958) who argue for capital structure irrelevance in
a world without taxes and with complete markets (an hypothesis that excludes
information asymmetries).

The corporate finance literature has also emphasized the fact that when one
security type receives favored tax treatment (typically this is debt via the tax
deductibility of interest), then the firm’s securities become more valuable in the
aggregate if more of that security is issued, since to do so is to reduce the firm’s
overall tax bill and thus enhance the free cash flow to the security holders. Since
the bondholders receive the same interest and principal payments, irrespective
of the tax status of these payments from the firm’s perspective, any tax based

feature of the corporate finance perspective alone. Taxes also matter when we think of valuing
risky cash flows although we will have very little to say about it except that all the cash flows
we consider are to be thought of as after tax cash flows.



cash flow enhancement is captured by equity holders. Under a number of further
specialized assumptions (including the hypothesis that the firm’s debt is risk-
free), these considerations lead to the classical relationship

Vi =Vuy +71D;

the value of a firm’s securities under partial debt financing (Vz,, where ‘L’ de-
notes leverage in the capital structure) equals its value under all equity financ-
ing (Vy, where ‘U’ denotes unlevered or an all equity capital structure) plus the
present value of the interest tax subsidies. This latter quantity takes the form
of the corporate tax rate (7) times the value of debt outstanding (D) when debt
is assumed to be perpetual (unchanging capital structure).

In return terms this value relationship can be transformed into a relationship
between levered and unlevered equity returns:

ry =15+ (1 =7)(D/E)(rp —ry);

i.e., the return on levered equity, ¢, is equal to the return on unlevered equity,
¢, plus a risk premium due to the inherently riskier equity cash flow that the
presence of the fixed payments to debt creates. This premium, as indicated,
is related to the tax rate, the firms debt/equity ratio (D/E), a measure of the
degree of leverage, and the difference between the unlevered equity rate and the
risk free rate, 7y. Immediately we observe that capital structure considerations
influence not only expected equilibrium equity returns via

Eri =Erg +(1—1)D/E(Erg —ry),

where E denotes the expectations operator, but also the variance of returns
since
072“2‘ =(1+1- T)D/E)Qafg > 035

under the mild assumption that r¢ is constant in the very short run. These
relationships illustrate but one instance of corporate financial considerations
affecting the patterns of equilibrium returns as observed in the capital markets.

The principal drawback to this tax based theory of capital structure is the
natural implication that if one security type receives favorable tax treatment
(usually debt), then if the equity share price is to be maximized the firm’s capital
structure should be composed exclusively of that security type — i.e., all debt,
which is not observed. More recent research in corporate finance has sought
to avoid these extreme tax based conclusions by balancing the tax benefits of
debt with various costs of debt, including bankruptcy and agency costs. Our
discussion broadly follows Harris and Raviv (1991).

2.4.4 Capital structure and agency costs

An important segment of the literature seeks to explain financial decisions by
examining the conflicts of interests among claimholders within the firm. While
agency conflicts can take a variety of forms, most of the literature has focused



on shareholders’ incentives to increase investment risk — the asset substitution
problem — or to reject positive NPV projects — the underinvestment problem.
Both of these conflicts increase the cost of debt and thus reduce the firm’s value
maximizing debt ratio.

Another commonly discussed determinant of capital structure arises from
manager-stockholder conflicts. Managers and shareholders have different objec-
tives. In particular, managers tend to value investment more than shareholders
do. Although there are a number of potentially powerful internal mechanisms
to control managers, the control technology normally does not permit the cost-
less resolution of this conflict between managers and investors. Nonetheless,
the cash-flow identity implies that constraining financing, hedging and payout
policy places indirect restrictions on investment policy. Hence, even though in-
vestment policy is not contractible, by restricting the firm in other dimensions,
it is possible to limit the manager’s choice of an investment policy. For instance,
Jensen (1986) argues that debt financing can increase firm value by reducing the
free cash flow. This idea is formalized in more recent papers by Stulz (1990) and
Zwiebel (1996). Also, by reducing the likelihood of both high and low cash flows,
risk management not only can control shareholders’ underinvestment incentives
but managers’ ability to overinvest as well.

More recently, the corporate finance literature has put some emphasis on
the cost that arises from conflicts of interests between controlling and minority
shareholders. In most countries, publicly traded companies are not widely held,
but rather have controlling shareholders. Moreover, these controlling share-
holders have the power to pursue private benefits at the expense of minority
shareholders, within the limits imposed by investor protection. The recent “law
and finance” literature following Shleifer and Vishny (1997) and La Porta et al.
(1998) argues that the expropriation of minority shareholders by the controlling
shareholder is at the core of agency conflicts in most countries. While these con-
flicts have been widely discussed in qualitative terms, the literature has largely
been silent on the magnitude of their effects.

2.4.5 The pecking order theory of investment financing

The seminal reference here is Myers and Majluf (1984) who again base their work
on the assumption that investors are generally less well informed (asymmetric in-
formation) than insider-managers vis-a-vis the firm’s investment opportunities.
As a result, new equity issues to finance new investments may be so underpriced
(reflecting average project quality) that NPV positive projects from a societal
perspective may have a negative NPV from the perspective of existing share-
holders and thus not be financed. Myers and Majluf (1984) argue that this
underpricing can be avoided if firms finance projects with securities which have
more assured payout patterns and thus are less susceptible to undervaluation:
internal funds and, to a slightly lesser extent, debt securities especially risk free
debt. It is thus in the interests of shareholders to finance projects first with
retained earnings, then with debt, and lastly with equity. An implication of this
qualitative theory is that the announcement of a new equity issuance is likely
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to be accompanied by a fall in the issuing firm’s stock price since it indicates
that the firm’s prospects are too poor for the preferred financing alternatives to
be accessible.

The pecking order theory has led to a large literature on the importance
of security design. For example, Stein (1992) argues that companies may use
convertible bonds to get equity into their capital structures “through the back-
door” in situations where informational asymmetries make conventional equity
issues unattractive. In other words, convertible bonds represent an indirect
mechanism for implementing equity financing that mitigates the adverse selec-
tion costs associated with direct equity sales. This explanation for the use of
convertibles emphasizes the role of the call feature — that will allow good firms
to convert the bond into common equity — and costs of financial distress — that
will prevent bad firms from mimicking good ones. Thus, the announcement of
a convertible bond issue should be greeted with a less negative — and perhaps
even positive — stock price response than an equity issue of the same size by the
same company.

2.5 Conclusions

We have presented four general approaches and two main perspectives to the
valuation of risky cash flows. This discussion was meant as providing an orga-
nizing principle and a roadmap for the extended treatment of a large variety
of topics on which we are now embarking. Our brief excursion into corporate
finance was intended to suggest some of the agency issues that are part and par-
cel of a firm’s cash flow determination. That we have elected to focus on pricing
issues surrounding those cash flow streams does not diminish the importance of
the issues surrounding their creation.
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Part 11

The Demand For Financial Assets



Chapter 3: Making Choices in Risky Situations

3.1 Introduction

The first stage of the equilibrium perspective on asset pricing consists in de-
veloping an understanding of the determinants of the demand for securities of
various risk classes. Individuals demand securities (in exchange for current pur-
chasing power) in their attempt to redistribute income across time and states of
nature. This is a reflection of the consumption-smoothing and risk-reallocation
function central to financial markets.

Our endeavor requires an understanding of three building blocks:

1. how financial risk is defined and measured;

2. how an investor’s attitude toward or tolerance for risk is to be conceptu-
alized and then measured;

3. how investors’ risk attitudes interact with the subjective uncertainties
associated with the available assets to determine an investor’s desired portfolio
holdings (demands).

In this and the next chapter we give a detailed overview of points 1 and 2;
point 3 is treated in succeeding chapters.

3.2 Choosing Among Risky Prospects: Preliminaries

When we think of the “risk” of an investment, we are typically thinking of
uncertainty in the future cash flow stream to which the investment represents
title. Depending on the state of nature that may occur in the future, we may
receive different payments and, in particular, much lower payments in some
states than others. That is, we model an asset’s associated cash flow in any
future time period as a random variable.

Consider, for example, the investments listed in Table 3.1, each of which
pays off next period in either of two equally likely possible states. We index
these states by 6 = 1,2 with their respective probabilities labelled 7wy and ms.

Table 3.1: Asset Payoffs (8)

Costatt=0 | Valueat t =1

Ty = T = ]./2

P=1| =2

Investment 1 -1,000 1,050 | 1,200
Investment 2 -1,000 500 1,600
Investment 3 -1,000 1,050 | 1,600

First, this comparison serves to introduce the important notion of domi-
nance. Investment 3 clearly dominates both investments 1 and 2 in the sense
that it pays as much in all states of nature, and strictly more in at least one
state. The state-by-state dominance illustrated here is the strongest possible
form of dominance. Without any qualification, we will assume that all rational



individuals would prefer investment 3 to the other two. Basically this means
that we are assuming the typical individual to be non-satiated in consumption:
she desires more rather than less of the consumption goods these payoffs allow
her to buy.

In the case of dominance the choice problem is trivial and, in some sense,
the issue of defining risk is irrelevant. The ranking defined by the concept of
dominance is, however, very incomplete. If we compare investments 1 and 2, one
sees that neither dominates the other. Although it performs better in state 2,
investment 2 performs much worse in state 1. There is no ranking possible on the
basis of the dominance criterion. The different prospects must be characterized
from a different angle. The concept of risk enters necessarily.

On this score, we would probably all agree that investments 2 and 3 are
comparatively riskier than investment 1. Of course for investment 3, the domi-
nance property means that the only risk is an upside risk. Yet, in line with the
preference for smooth consumption discussed in Chapter 1, the large variation
in date 2 payoffs associated with investment 3 is to be viewed as undesirable in
itself. When comparing investments 1 and 2, the qualifier “riskier” undoubtedly
applies to the latter. In the worst state, the payoff associated with 2 is worse;
in the best state it is better.

These comparisons can alternatively, and often more conveniently, be repre-
sented if we describe investments in terms of their performance on a per dollar
basis. We do this by computing the state contingent rates of return (ROR)
that we will typically associate with the symbol r. In the case of the above
investments, we obtain the results in Table 3.2:

Table 3.2: State Contingent ROR (r)

[ 0=1]6=2
Investment 1 | 5% 20%
Investment 2 | -50% | 60%
Investment 3 | 5% 60%

One sees clearly that all rational individuals should prefer investment 3 to the
other two and that this same dominance cannot be expressed when comparing
1 and 2.

The fact that investment 2 is riskier, however, does not mean that all ra-
tional risk-averse individuals would necessarily prefer 1. Risk is not the only
consideration and the ranking between the two projects is, in principle, pref-
erence dependent. This is more often the case than not; dominance usually
provides a very incomplete way of ranking prospects. This is why we have to
turn to a description of preferences, the main object of this chapter.

The most well-known approach at this point consists of summarizing such
investment return distributions (that is, the random variables representing re-
2), i = 1,2,3. The variance (or its

turns) by their mean (Er;) and variance (o}
square root, the standard deviation) of the rate of return is then naturally used



as the measure of “risk” of the project (or the asset). For the three investments
just listed, we have:

Ery =125% ;0% = 3(5 - 12.5)% + 3(20 - 12.5)? = (7.5)2, or 01 = 7.5%
Ery = 5% ; 09 = 55% (similar calculation)
Ers = 325% ; 03 = 27.5%

If we decided to summarize these return distributions by their means and
variances only, investment 1 would clearly appear more attractive than invest-
ment 2: It has both a higher mean return and a lower variance. In terms of
the mean-variance criterion, investment 1 dominates investment 2; 1 is said to
mean-variance dominate 2. Our previous discussion makes it clear that mean-
variance dominance is neither as strong, nor as general a concept as state-by-
state dominance. Investment 3 mean-variance dominates 2 but not 1, although
it dominates them both on a state-by-state basis! This is surprising and should
lead us to be cautious when using any mean variance return criterion. We will,
later on, detail circumstances where it is fully reliable. At this point let us
anticipate that it will not be generally so, and that restrictions will have to be
imposed to legitimize its use.

The notion of mean-variance dominance can be expressed in the form of a
criterion for selecting investments of equal magnitude, which plays a prominent
role in modern portfolio theory:

1. For investments of the same Er, choose the one with the lowest o.

2. For investments of the same o, choose the one with the greatest Er.

In the framework of modern portfolio theory, one could not understand a
rational agent choosing 2 rather than investment 1.

We cannot limit our inquiry to the concept of dominance, however. Mean-
variance dominance provides only an incomplete ranking among uncertain prospects,
as Table 3.3 illustrates:

Table 3.3: State-Contingent Rates of Return

0=1 0=2
Investment 4 3% 5%
Investment 5 2% 8%

™ =Ty =1/
ERy = 4%; 04 = 1%
ERs = 5%; 05 = 3%

Comparing these two investments, it is not clear which is best; there is no
dominance in either state-by-state or mean-variance terms. Investment 5 is ex-
pected to pay 1.25 times the expected return of investment 4, but, in terms
of standard deviation, it is also three times riskier. The choice between 4 and
5, when restricted to mean-variance characterizations, would require specifying
the terms at which the decision maker is willing to substitute expected return
for a given risk reduction. In other words, what decrease in expected return is



he willing to accept for a 1% decrease in the standard deviation of returns? Or
conversely, does the 1 percentage point additional expected return associated
with investment 5 adequately compensate for the (3 times) larger risk? Re-
sponses to such questions are preference dependent (i.e., vary from individual
to individual).

Suppose, for a particular individual, the terms of the trade-off are well repre-
sented by the index F/o (referred to as the “Sharpe” ratio). Since (E/c)4 = 4
while (E/c)s = 5/3, investment 4 is better than investment 5 for that indi-
vidual. Of course another investor may be less risk averse; that is, he may be
willing to accept more extra risk for the same expected return. For example,
his preferences may be adequately represented by (E — 1/30) in which case he
would rank investment 5 (with an index value of 4) above investment 4 (with a
value of 32).!

All these considerations strongly suggest that we have to adopt a more gen-
eral viewpoint for comparing potential return distributions. This viewpoint is
part of utility theory, to which we turn after describing some of the problems
associated with the empirical characterization of return distributions in Box 3.1.

Box 3.1 Computing Means and Variances in Practice

Useful as it may be conceptually, calculations of distribution moments such
as the mean and the standard deviation are difficult to implement in practice.
This is because we rarely know what the future states of nature are, let alone
their probabilities. We also do not know the returns in each state. A frequently
used proxy for a future return distribution is its historical distribution. This
amounts to selecting a historical time period and a periodicity, say monthly
prices for the past 60 months, and computing the historical returns as follows:

rs,; = return to stock s in month j = ((ps,; + ds,j)/ps,j—1) — 1

where p; ; is the price of stock s in month j, and ds ; its dividend, if any,
that month. We then summarize the past distribution of stock returns by the
average historical return and the variance of the historical returns. By doing so
we, in effect, assign a probability of % to each past observation or event.

In principle this is an acceptable way to estimate a return distribution for
the future if we think the “mechanism” generating these returns is “station-
ary”: that the future will in some sense closely resemble the past. In practice,
this hypothesis is rarely fully verified and, at the minimum, it requires careful
checking. Also necessary for such a straightforward, although customary, ap-
plication is that the return realizations are independent of each other, so that

LObserve that the Sharpe ratio criterion is not immune to the criticism discussed above.
With the Sharpe ratio criterion, investment 3 (FE/o = 1.182) is inferior to investment 1
(E/o = 1.667). Yet we know that 3 dominates 1 since it pays a higher return in every state.
This problem is pervasive with the mean-variance investment criterion. For any mean-variance
choice criterion, whatever the terms of the trade-off between mean and variance or standard
deviation, one can produce a paradox such as the one illustrated above. This confirms this
criterion is not generally applicable without additional restrictions. The name Sharpe ratio
refers to Nobel Prize winner William Sharpe, who first proposed the ratio for this sort of
comparison.



today’s realization does not reveal anything materially new about the proba-
bilities of tomorrow’s returns (formally, that the conditional and unconditional
distributions are identical). O

3.3 A Prerequisite: Choice Theory Under Certainty

A good deal of financial economics is concerned with how people make choices.
The objective is to understand the systematic part of individual behavior and
to be able to predict (at least in a loose way) how an individual will react
to a given situation. FEconomic theory describes individual behavior as the
result of a process of optimization under constraints, the objective to be reached
being determined by individual preferences, and the constraints being a function
of the person’s income or wealth level and of market prices. This approach,
which defines the homo economicus and the notion of economic rationality,
is justified by the fact that individuals’ behavior is predictable only to the extent
that it is systematic, which must mean that there is an attempt at achieving a
set objective. It is not to be taken literally or normatively.?

To develop this sense of rationality systematically, we begin by summarizing
the objectives of investors in the most basic way: we postulate the existence of
a preference relation, represented by the symbol >, describing investors’ ability
to compare various bundles of goods, services, and money. For two bundles a
and b, the expression

a>b
is to be read as follows: For the investor in question, bundle a is strictly
preferred to bundle b, or he is indifferent between them. Pure indifference is
denoted by a ~ b, strict preference by a > b.
The notion of economic rationality can then be summarized by the following
assumptions:

Al Every investor possesses such a preference relation and it is com-
plete, meaning that he is able to decide whether he prefers a to b, b to a, or
both, in which case he is indifferent with respect to the two bundles. That is,
for any two bundles a and b, either a > b or b = a or both. If both hold, we say
that the investor is indifferent with respect to the bundles and write a ~ b.

A.2 This preference relation satisfies the fundamental property of tran-
sitivity: For any bundles a, b, and ¢, if a = b and b > ¢, then a > c.

A further requirement is also necessary for technical reasons:

A.3 The preference relation > is continuous in the following sense: Let
{zn} and {y,} be two sequences of consumption bundles such that z, — z and
Yn — y.3 If £, = y, for all n, then the same relationship is preserved in the

2By this we mean that economic science does not prescribe that individuals maximize,
optimize, or simply behave as if they were doing so. It just finds it productive to summarize
the systematic behavior of economic agents with such tools.

3We use the standard sense of (normed) convergence on RYN.



limit: = > y.
A key result can now be expressed by the following proposition.

Theorem 3.1:

Assumptions A.1 through A.3 are sufficient to guarantee the existence of
a continuous, time-invariant, real-valued utility function* u, such that for any
two objects of choice (consumption bundles of goods and services; amounts of
money, etc.) a and b,

b if and only if
u(b).

ARV

u(a)

Proof:
See, for example, Mas-Colell et. al. (1995), Proposition 3.c.1. O

This result asserts that the assumption that decision makers are endowed
with a utility function (which they are assumed to maximize) is, in reality,
no different than assuming their preferences among objects of choice define a
relation possessing the (weak) properties summarized in Al through A3.

Notice that Theorem 3.1 implies that if w( ) is a valid representation of an
individual’s preferences, any increasing transformation of u( ) will do as well
since such a transformation by definition will preserve the ordering induced by
u( ). Notice also that the notion of a consumption bundle is, formally, very
general. Different elements of a bundle may represent the consumption of the
same good or service in different time periods. One element might represent a
vacation trip in the Bahamas this year; another may represent exactly the same
vacation next year. We can further expand our notion of different goods to
include the same good consumed in mutually exclusive states of the world. Our
preference for hot soup, for example, may be very different if the day turns out
to be warm rather than cold. These thoughts suggest Theorem 3.1 is really quite
general, and can, formally at least, be extended to accommodate uncertainty.
Under uncertainty, however, ranking bundles of goods (or vectors of monetary
payofls, see below) involves more than pure elements of taste or preferences.
In the hot soup example, it is natural to suppose that our preferences for hot
soup are affected by the probability we attribute to the day being hot or cold.
Disentangling pure preferences from probability assessments is the subject to
which we now turn.

3.4 Choice Theory Under Uncertainty: An Introduction

Under certainty, the choice is among consumption baskets with known charac-
teristics. Under uncertainty, however, our emphasis changes. The objects of

4In other words, u: R® — R*



choice are typically no longer consumption bundles but vectors of state contin-
gent money payoffs (we’ll reintroduce consumption in Chapter 5). Such vectors
are formally what we mean by an asset that we may purchase or an investment.
When we purchase a share of a stock, for example, we know that its sale price
in one year will differ depending on what events transpire within the firm and in
the world economy. Under financial uncertainty, therefore, the choice is among
alternative investments leading to different possible income levels and, hence,
ultimately different consumption possibilities. As before, we observe that people
do make investment choices, and if we are to make sense of these choices, there
must be a stable underlying order of preference defined over different alterna-
tive investments. The spirit of Theorem 3.1 will still apply. With appropriate
restrictions, these preferences can be represented by a utility index defined on
investment possibilities, but obviously something deeper is at work. It is natural
to assume that individuals have no intrinsic taste for the assets themselves (IBM
stock as opposed Royal Dutch stock, for example); rather, they are interested
in what payoffs these assets will yield and with what likelihood (see Box 3.2,
however).

Box 3.2 Investing Close to Home

Although the assumption that investors only care for the final payoff of their
investment without any trace of romanticism is standard in financial economics,
there is some evidence to the contrary and, in particular, for the assertion that
many investors, at the margin at least, prefer to purchase the claims of firms
whose products or services are familiar to them. In a recent paper, Huberman
(2001) examines the stock ownership records of the seven regional Bell operat-
ing companies (RBOCs). He discovered that, with the exception of residents of
Montana, Americans are more likely to invest in their local regional Bell operat-
ing company than in any other. When they do, their holdings average $14,400.
For those who venture farther from home and hold stocks of the RBOC of a re-
gion other than their own, the average holding is only $8,246. Considering that
every local RBOC cannot be a better investment choice than all of the other six,
Huberman interprets his findings as suggesting investors’ psychological need to
feel comfortable with where they put their money. O

One may further hypothesize that investor preferences are indeed very simple
after uncertainty is resolved: They prefer a higher payoff to a lower one or,
equivalently, to earn a higher return rather than a lower one. Of course they do
not know ex ante (that is, before the state of nature is revealed) which asset will
yield the higher payoff. They have to choose among prospects, or probability
distributions representing these payoffs. And, as we saw in Section 3.2, typically,
no one investment prospect will strictly dominate the others. Investors will be
able to imagine different possible scenarios, some of which will result in a higher
return for one asset, with other scenarios favoring other assets. For instance, let
us go back to our favorite situation where there are only two states of nature;
in other words, two conceivable scenarios and two assets, as seen in Table 3.4.



Table 3.4: Forecasted Price per Share in One Period

State 1 State 2
IBM $100 $150
Royal Dutch $90 $160

Current Price of both assets is $100

There are two key ingredients in the choice between these two alternatives.
The first is the probability of the two states. All other things being the same, the
more likely is state 1, the more attractive IBM stock will appear to prospective
investors. The second is the ez post (once the state of nature is known) level
of utility provided by the investment. In Table 3.4 above, IBM yields $100 in
state 1 and is thus preferred to Royal Dutch, which yields $90 if this scenario
is realized; Royal Dutch, however, provides $160 rather than $150 in state 2.
Obviously, with unchanged state probabilities, things would look different if the
difference in payoffs were increased in one state as in Table 3.5.

Table 3.5: Forecasted Price per Share in One Period

State 1 State 2
IBM $100 $150
Royal Dutch $90 $200

Current Price of both assets is $100

Here even if state 1 is slightly more likely, the superiority of Royal Dutch in
state 2 makes it look more attractive. A more refined perspective is introduced
if we go back to our first scenario but now introduce a third contender, Sony,
with payoffs of $90 and $150, as seen in Table 3.6.

Table 3.6: Forecasted Price per Share in One Period

State 1 State 2
IBM $100 $150
Royal Dutch $90 $160
Sony $90 $150

Current Price of all assets is $100

Sony is dominated by both IBM and Royal Dutch. But the choice between
the latter two can now be described in terms of an improvement of $10 over
the Sony payoff, either in state 1 or in state 2. Which is better? The relevant
feature is that IBM adds $10 when the payoff is low ($90) while Royal Dutch
adds the same amount when the payoff is high ($150). Most people would
think IBM more desirable, and with equal state probabilities, would prefer IBM.
Once again this is an illustration of the preference for smooth consumption



(smoother income allows for smoother consumption).® In the present context
one may equivalently speak of risk aversion or of the well-known microeconomic
assumption of decreasing marginal utility (the incremental utility when adding
ever more consumption or income is smaller and smaller).

The expected utility theorem provides a set of hypotheses under which an
investor’s preference ranking over investments with uncertain money payoffs
may be represented by a utility index combining, in the most elementary way
(i-e., linearly), the two ingredients just discussed — the preference ordering on
the ex post payoffs and the respective probabilities of these payoffs.

We first illustrate this notion in the context of the two assets considered
earlier. Let the respective probability distributions on the price per share of
IBM and Royal Dutch (RDP) be described, respectively, by prgam = proa(6;)
and prpp = prpp(0;) together with the probability m; that the state of nature
0; will be realized. In this case the expected utility theorem provides sufficient
conditions on an agent’s preferences over uncertain asset payoffs, denoted >,
such that

DIBM = PRDP

if and only if there exists a real valued function U for which

EU(prem) = mU(prem(61)) + 72U (prem(62))
> mU(prpp(61)) +mU(prpp(02)) = EU(DPrDP)

More generally, the utility of any asset A with payoffs pa(61), pa(62),..., pa(On)
in the N possible states of nature with probabilities w1, 73,..., 75 can be repre-
sented by

U(A) = EU (pa (0;)) = Zﬂ-iU(pA (6:))

in other words, by the weighted mean of ex post utilities with the state
probabilities as weights. U(A) is a real number. Its precise numerical value,
however, has no more meaning than if you are told that the temperature is 40
degrees when you do not know if the scale being used is Celsius or Fahrenheit.
It is useful, however, for comparison purposes. By analogy, if it is 40 ° today,
but it will be 45° tomorrow, you at least know it will be warmer tomorrow
than it is today. Similarly, the expected utility number is useful because it
permits attaching a number to a probability distribution and this number is,
under appropriate hypotheses, a good representation of the relative ranking
of a particular member of a family of probability distributions (assets under
consideration).

50f course, for the sake of our reasoning, one must assume that nothing else important is
going on simultaneously in the background, and that other things, such as income from other
sources, if any, and the prices of the consumption goods to be purchased with the assets’
payoffs, are not tied to what the payoffs actually are.
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3.5 The Expected Utility Theorem

Let us discuss this theorem in the simple context where objects of choice take the
form of simple lotteries. The generic lottery is denoted (z,y, 7); it offers payoff
(consequence) x with probability 7 and payoff (consequence) y with probability
1 — 7. This notion of a lottery is actually very general and encompasses a huge
variety of possible payoff structures. For example, z and y may represent specific
monetary payoffs as in Figure 3.1.a, or  may be a payment while y is a lottery
as in Figure 3.1.b, or even x and y may both be lotteries as in Figure 3.1.c.
Extending these possibilities, some or all of the x;’s and y;’s may be lotteries,
etc. We also extend our choice domain to include individual payments, lotteries
where one of the possible monetary payoffs is certain; for instance,

(xz,y,m) = if (and only if) 7 = 1 (see axiom C.1).

Moreover, the theorem holds as well for assets paying a continuum of possi-
ble payoffs, but our restriction makes the necessary assumptions and justifying
arguments easily accessible. Our objective is a conceptual transparency rather
than absolute generality. All the results extend to much more general settings.

Insert Figure 3.1 about here

Under these representations, we will adopt the following axioms and con-
ventions:

C.1 a. (z,y,1) =2
b. (z,y,7) = (y,2,1 — )
C (x,z,w):(x,y,w—i—(l—w)ﬂ ifZ:(J),y,T)

C.1c informs us that agents are concerned with the net cumulative prob-
ability of each outcome. Indirectly, it further accommodates lotteries with
multiple outcomes; see Figure 3.2, for an example where p = (z, y, 7’), and

P T
g=(z, w, 7),and m = m + 7o = i et

Insert Figure 3.2 about here

C.2 There exists a preference relation =, defined on lotteries, which is com-
plete and transitive.

C.3 The preference relation is continuous in the sense of A.3 in the earlier
section.

By C.2 and C.3 alone we know (Theorem 3.1) that there exists a utility
function, which we will denote by U( ), defined both on lotteries and on specific
payments since, by assumption C.la, a payment may be viewed as a (degenerate)
lottery. For any payment x, we have

11



U(z) = U((z,y,1))

Our remaining assumptions are thus necessary only to guarantee that this
function assumes the expected utility form.

C.4 Independence of irrelevant alternatives. Let(z,y,w) and (z,z,7) be
any two lotteries; then, y>z if and only if (z,y, 7)>(x, z, 7).

C.5 For simplicity, we also assume that there exists a best (i.e., most pre-
ferred lottery), b, as well as a worst, least desirable, lottery w.

In our argument to follow (which is constructive, i.e., we explicitly exhibit
the expected utility function), it is convenient to use relationships that follow
directly from these latter two assumptions. In particular, we’ll use C.6 and C.7:

C.6 Let z, k, z be consequences or payoffs for which x > k > z. Then there
exists a 7 such that (z, z,7) ~ k.

C.7 Let ¢ > y. Then (z,y,m1) = (x,y,m) if and only if 73 > mo. This
follows directly from C.4.

Theorem 3.2:
If axioms C.1 to C.7 are satisfied, then there exists a utility function U
defined on the lottery space so that:

U(z, y, m) = xU(z) + (1 = m)U(y)

Proof:
We outline the proof in a number of steps:
1. Without loss of generality, we may normalize U( ) so that U(b) = 1,
U(w) =0.
2. For all other lotteries z, define U(z) = m,where 7, satisfies
(b, w, w,) ~ z
Constructed in this way U(z) is well defined since,
a. by C.6 , U(z) = 7, exists, and
b. by C.7, U(z) is unique. To see this latter implication, assume, to the
contrary, that U(z) = 7, and also U(z) = n, where 7, > 7. By
assumption C.4 ,

z ~ (byw, ) = (byw,7,) ~ z; a contradiction.

3. It follows also from C.7 that if m > n,U(m) = m,, > m, = U(n). Thus,
U( ) has the property of a utility function.

12



4. Lastly, we want to show that U( ) has the required property. Let z,y be
monetary payments, 7 a probability. By C.la, U(x), U(y) are well-defined real
numbers. By C.6,

(Z‘,y,ﬂ') ~ ((b?w7ﬂ-1})7 (bvwaﬂ-y)))ﬂ-)
~ (byw,mmy + (1 —m)m,), by C.1c.

Thus, by definition of U( ),

U((z,y,m)) =7mp + (1 —m)my = 7U(x) + (1 — m)U(y).

Although we have chosen x, y as monetary payments, the same conclusion
holds if they are lotteries. O

Before going on to a more careful examination of the assumptions underlying
the expected utility theorem, a number of clarifying thoughts are in order. First,
the overall Von-Neumann Morgenstern (VNM) utility function U( ) defined over
lotteries, is so named after the originators of the theory, the justly celebrated
mathematicians John von Neumann and Oskar Morgenstern. In the construc-
tion of a VNM utility function, it is customary first to specify its restriction
to certainty monetary payments, the so-called utility of money function or sim-
ply the wtility function. Note that the VNM utility function and its associated
utility of money function are not the same. The former is defined over uncer-
tain asset payoff structures while the latter is defined over individual monetary
payments.

Given the objective specification of probabilities (thus far assumed), it is the
utility function that uniquely characterizes an investor. As we will see shortly,
different additional assumptions on U( ) will identify an investor’s tolerance
for risk. We do, however, impose the maintained requirement that U( ) be
increasing for all candidate utility functions (more money is preferred to less).
Second, note also that the expected utility theorem confirms that investors are
concerned only with an asset’s final payoffs and the cumulative probabilities
of achieving them. For expected utility investors the structure of uncertainty
resolution is irrelevant (Axiom C.la).°

Third, although the introduction to this chapter concentrates on comparing
rates of return distributions, our expected utility theorem in fact gives us a tool
for comparing different asset payoff distributions. Without further analysis, it
does not make sense to think of the utility function as being defined over a rate
of return. This is true for a number of reasons. First, returns are expressed
on a per unit (per dollar, Swiss Francs (SF) etc.) basis, and do not identify
the magnitude of the initial investment to which these rates are to be applied.
We thus have no way to assess the implications of a return distribution for an
investor’s wealth position. It could, in principle, be anything. Second, the notion
of a rate of return implicitly suggests a time interval: The payout is received
after the asset is purchased. So far we have only considered the atemporal

6See Section 3.7 for a generalization on this score.
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evaluation of uncertain investment payoffs. In Chapter 4, we generalize the
VNM representation to preferences defined over rates of returns.

Finally, as in the case of a general order of preferences over bundles of com-
modities, the VNM representation is preserved under a certain class of linear
transformations. If U(-) is a Von-Neuman-Morgenstern utility function, then
V(-) = aU(-) + b where a > 0, is also such a function. Let (z,y,7) be some
uncertain payoff and let U( ) be the utility of money function associated with

U.

V((z,y,)) aU((z,y,m)) +b=a[rU(z) + (1 —m)U(y)] + b

= wlaU(z) +b]+ (1 — m)[aU(y) + b = 7V(z) + (1 — m)V(y)

Every linear transformation of an expected utility function is thus also an
expected utility function. The utility of money function associated with V is
[aU( ) +0b]; V() represents the same preference ordering over uncertain payoffs
as U( ). On the other hand, a nonlinear transformation doesn’t always respect
the preference ordering. It is in that sense that utility is said to be cardinal
(see Exercise 3.1).

3.6 How Restrictive Is Expected Utility Theory? The Al-
lais Paradox

Although apparently innocuous, the above set of axioms has been hotly con-
tested as representative of rationality. In particular, it is not difficult to find
situations in which investor preferences violate the independence axiom. Con-
sider the following four possible asset payoffs (lotteries):

L' = (10,000,0,0.1) L2 = (15,000,0,0.09)
L3 = (10,000,0,1) L* = (15,000, 0,0.9)

When investors are asked to rank these payoffs, the following ranking is
frequently observed:

L? - L',
(presumably because L?’s positive payoff in the favorable state is much greater
than L'’s while the likelihood of receiving it is only slightly smaller) and,
L3~ L%,

(here it appears that the certain prospect of receiving 10,000 is worth more
than the potential of an additional 5,000 at the risk of receiving nothing).

By the structure of compound lotteries, however, it is easy to see that:

L' = (L3,L°0.1)

L? = (L* L°0.1) where L° = (0,0,1)

14



By the independence axiom, the ranking between L' and L?on the one hand,
and L3and L*on the other, should thus be identical!

This is the Allais Paradox.” There are a number of possible reactions to it.

1. Yes, my choices were inconsistent; let me think again and revise them.

2. No, I'll stick to my choices. The following kinds of things are missing
from the theory of choice expressed solely in terms of asset payoffs:

- the pleasure of gambling, and/or

- the notion of regret.

The idea of regret is especially relevant to the Allais paradox, and its appli-
cation in the prior example would go something like this. L3 is preferred to L*
because of the regret involved in receiving nothing if L* were chosen and the
bad state ensued. We would, at that point, regret not having chosen L3, the
certain payment. The expected regret is high because of the nontrivial probabil-
ity (.10) of receiving nothing under L*. On the other hand, the expected regret
of choosing L? over L' is much smaller (the probability of the bad state is only
.01 greater under L? and in either case the probability of success is small), and
insufficient to offset the greater expected payoff. Thus L? is preferred to L'.

Box 3.3 On the Rationality of Collective Decision Making

Although the discussion in the text pertains to the rationality of individual
choices, it is a fact that many important decisions are the result of collective
decision making. The limitations to the rationality of such a process are impor-
tant and, in fact, better understood than those arising at the individual level. It
is easy to imagine situations in which transitivity is violated once choices result
from some sort of aggregation over more basic preferences.

Consider three portfolio managers who decide which stocks to add to the
portfolios they manage by majority voting. The stocks currently under consid-
eration are General Electric (GE), Daimler-Chrysler (DC), and Sony (S). Based
on his fundamental research and assumptions, each manager has rational (i.e.,
transitive) preferences over the three possibilities:

Manager 1: GE =, DC =, S
Manager 2: S =, GE =, DC
Manager 3: DC =5 S =, GE

If they were to vote all at once, they know each stock would receive one vote
(each stock has its advocate). So they decide to vote on pair-wise choices: (GE
vs. DB), (DB vs. S), and (S vs. GE). The results of this voting (GE dominates
DB, DB dominates S, and S dominates GE) suggest an intransitivity in the
aggregate ordering. Although this example illustrates an intransitivity, it is an
intransitivity that arises from the operation of a collective choice mechanism
(voting) rather than being present in the individual orders of preference of the
participating agents. There is a large literature on this subject that is closely

"Named after the Nobel prize winner Maurice Allais who was the first to uncover the
phenomenon.
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identified with Arrow’s “Impossibility Theorem,” See Arrow (1963) for a more
exhaustive discussion. O

The Allais paradox is but the first of many phenomena that appear to be
inconsistent with standard preference theory. Another prominent example is the
general pervasiveness of preference reversals, events that may approximately be
described as follows. Individuals, participating in controlled experiments were
asked to choose between two lotteries,

(4, 0, .9) and (40, 0, .1). More than 70 percent typically chose (4, 0, .9).
When asked at what price they would be willing to sell the lotteries if they were
to own them, however, a similar percentage demanded the higher price for (40,
0, .1). At first appearances, these choices would seem to violate transitivity.
Let x, y be, respectively, the sale prices of (4, 0, .9) and (40, 0, .10). Then this
phenomenon implies

x~ (4,0,.9)~(40, 0, . 1)~ y, yet y > x.

Alternatively, it may reflect a violation of the assumed principle of proce-
dure invariance, which is the idea that investors’ preference for different objects
should be indifferent to the manner by which their preference is elicited. Sur-
prisingly, more narrowly focused experiments, which were designed to force a
subject with expected utility preferences to behave consistently, gave rise to the
same reversals. The preference reversal phenomenon could thus, in principle,
be due either to preference intransitivity, or to a violation of the independence
axiom, or of procedure invariance.

Various researchers who, through a series of carefully constructed exper-
iments, have attempted to assign the blame for preference reversals lay the
responsibility largely at the feet of procedure invariance violations. But this
is a particularly alarming conclusion as Thaler (1992) notes. It suggests that
“the context and procedures involved in making choices or judgements influence
the preferences that are implied by the elicited responses. In practical terms this
implies that (economic) behavior is likely to vary across situations which econo-
mists (would otherwise) consider identical.” This is tantamount to the assertion
that the notion of a preference ordering is not well defined. While investors may
be able to express a consistent (and thus mathematically representable) pref-
erence ordering across television sets with different features (e.g., size of the
screen, quality of the sound, etc.), this may not be possible with lotteries or
consumption baskets containing widely diverse goods.

Grether and Plott (1979) summarize this conflict in the starkest possible
terms:

“Taken at face value, the data demonstrating preference reversals are simply
inconsistent with preference theory and have broad implications about research
priorities within economics. The inconsistency is deeper than the mere lack
of transitivity or even stochastic transitivity. It suggests that no optimization
principles of any sort lie behind the simplest of human choices and that the
uniformities in human choice behavior which lie behind market behavior result
from principles which are of a completely different sort from those generally
accepted.”
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At this point it is useful to remember, however, that the goal of economics
and finance is not to describe individual, but rather market, behavior. There is
a real possibility that occurrences of individual irrationality essentially “wash
out” when aggregated at the market level. On this score, the proof of the
pudding is in the eating and we have little alternative but to see the extent
to which the basic theory of choice we are using is able to illuminate financial
phenomena of interest. All the while, the discussion above should make us alert
to the possibility that unusual phenomena might be the outcome of deviations
from the generally accepted preference theory articulated above. While there is,
to date, no preference ordering that accommodates preference reversals — and it
is not clear there will ever be one — more general constructs than expected utility
have been formulated to admit other, seemingly contradictory, phenomena.

3.7 Generalizing the VNM Expected Utility Representa-
tion

Objections to the assumptions underlying the VNM expected utility represen-
tation have stimulated the development of a number of alternatives, which we
will somewhat crudely aggregate under the title non-expected utility theory. El-
ements of this theory differ with regard to which fundamental postulate of ex-
pected utility is relaxed. We consider four and refer the reader to Machina
(1987) for a more systematic survey.

3.7.1 Preference for the Timing of Uncertainty Resolution

To grasp the idea here we must go beyond our current one period setting. Under
the VNM expected utility representation, investors are assumed to be concerned
only with actual payoffs and the cumulative probabilities of attaining them.
In particular, they are assumed to be indifferent to the timing of uncertainty
resolution. To get a better idea of what this means, consider the two investment
payoff trees depicted in Figure 3.3. These investments are to be evaluated from
the viewpoint of date 0 (today).

Insert Figure 3.3 about here

Under the expected utility postulates, these two payoff structures would be
valued (in utility terms) identically as

EU(P) = U(100) + [r U (150) 4 (1 — 7)U(25)]

This means that a VNM investor would not care if the uncertainty were
resolved in period 0 (immediately) or one period later. Yet, people are, in fact,
very different in this regard. Some want to know the outcome of an uncertain
event as soon as possible; others prefer to postpone it as long as possible.

Kreps and Porteus (1978) were the first to develop a theory that allowed
for these distinctions. They showed that if investor preferences over uncertain
sequential payoffs were of the form
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U (P1,P2(9~)) = W (P, E(U.(P1, Ps(6))),

then investors would prefer early (late) resolution of uncertainty according to
whether W (P, .) is convex (concave) (loosely, whether Way > 0 or Was < 0).
In the above representation P; is the payoff in period i = 1,2. If W(Py,.) were
concave, for example, the expected utility of investment 1 would be lower than
investment 2.

The idea can be easily illustrated in the context of the example above. We
assume functional forms similar to those used in an illustration of Kreps and
Porteus (1978); in particular, assume W (Py, EU) = EU'5, and Uy (Py, Po(6)) =
(P14 P5(0))'/2. Let m = .5, and note that the overall composite function Up/( ) is
concave in all of its arguments. In computing utilities at the decision nodes [0],
[1a], [1b], and [1c] (the latter decisions are trivial ones), we must be especially
scrupulous to observe exactly the dates at which the uncertainty is resolved
under the two alternatives:

[la] : BUL*(Py, Py(0)) = (100 + 150)'/2 = 15.811

[1b] : EU{(Py, Py(0)) = (100 + 25)Y/2 = 11.18

[lc] : EU(Py, Py(6)) = .5(100 4 150)/2 + .5(100 + 25)/2 = 13.4955
1

At t = 0, the expected utility on the upper branch is

EUS™ (P, Py(0)) = EW'@Y (P, Py(0))
S5W(100,15.811) 4 .5W (100, 11.18)
5(15.811)1° 4 .5(11.18)"5

= 50.13,

while on the lower branch
EU(P1, Py(A)) = W (100, 13.4955) = (13.4955)° = 49.57.

This investor clearly prefers early resolution of uncertainty which is consistent
with the convexity of the W ( ) function. Note that the result of the example is
simply an application of Jensen’s inequality.® If W ( ) were concave, the ordering
would be reversed.

There have been numerous specializations of this idea, some of which we
consider in Chapter 4 (See Weil (1990) and Epstein and Zin (1989)). At the
moment it is sufficient to point out that such representations are not consistent
with the VNM axioms.

8Let a = (100 + 150)1/2,b = (100 + 25)1/2, g(x) = 21-%(convex), EU,*'*(P, P»(6)) =
Eg(z) > g (Ex) = EUL (P, P2(0)) where @ = a with prob = .5 and & = b with prob = .5.
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3.7.2 Preferences That Guarantee Time-Consistent Planning

Our setting is once again intertemporal, where uncertainty is resolved in each
future time period. Suppose that at each date ¢t € {0,1,2,..,T}, an agent has
a preference ordering >, defined over all future (state-contingent) consumption
bundles, where >, will typically depend on her past consumption history. The
notion of time-consistent planning is this: if, at each date, the agent could plan
against any future contingency, what is the required relationship among the
family of orderings {>~, : t =0,1,2,..,T} that will cause plans which were opti-
mal with respect to preferences > to remain optimal in all future time periods
given all that has happened in the interim; (i.e., intermediate consumption ex-
periences and the specific way uncertainty has evolved)? In particular, what
utility function representation will guarantee this property?

When considering decision problems over time, such as portfolio investments
over a multiperiod horizon, time consistency seems to be a natural property to
require. In its absence, one would observe portfolio rebalancing not motivated
by any outside event or information flow, but simply resulting from the incon-
sistency of the date ¢t preference ordering of the investor compared with the
preferences on which her original portfolio positions were taken. Asset trades
would then be fully motivated by endogenous and unobservable preference issues
and would thus be basically unexplainable.

To see what it takes for a utility function to be time consistent, let us consider
two periods where at date 1 any one of s € S possible states of nature may be
realized. Let ¢g denote a possible consumption level at date 0, and let ¢;(s)
denote a possible consumption level in period 1 if state “s” occurs. Johnsen
and Donaldson (1985) demonstrate that if initial preferences >,, with utility
representation U( ), are to guarantee time-consistent planning, there must exist
continuous and monotone increasing functions f( ) and {Us(.,.) : s € S} such
that

Ulco,c1(s) : s € S) = f(eo,Us(co,c1(s) : s €5), (3.1)

where Ug(.,.) is the state s contingent utility function.

This result means the utility function must be of a form such that the utility
representations in future states can be recursively nested as individual argu-
ments of the overall utility function. This condition is satisfied by the VNM
expected utility form,

Ulco,c1(s) = s € S) = Up(co) + Y maU(ea(s)),

which clearly is of a form satisfying Equation (3.1). The VNM utility represen-
tation is thus time consistent, but the latter property can also accommodate
more general utility functions. To see this, consider the following special case
of Equation (3.1), where there are three possible states at ¢ = 1:
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Ulco, e1(1), ¢1(2),e1(3)) (3-2)
= {CO + 7T1U1(Co, 61(1)) + [7T2U2(00701(2))]1/3 71'3U3(Co,01(3))} /
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In this example, preferences are not linear in the probabilities and thus not
of the VNM expected utility type. Nevertheless, Equation (3.2) is of the form
of Equation (3.1). It also has the feature that preferences in any future state
are independent of irrelevant alternatives, where the irrelevant alternatives are
those consumption plans for states that do not occur. As such, agents with
these preferences will never experience regret and the Allais Paradox will not
be operational.

Consistency of choices seems to make sense and turns out to be important
for much financial modeling, but is it borne out empirically? Unfortunately,
the answer is: frequently not. A simple illustration of this is a typical pure-
time preference experiment from the psychology literature (uncertainty in future
states is not even needed). Participants are asked to choose among the following
monetary prizes:?

Question 1: Would you prefer $100 today or $200 in 2 years?

Question 2: Would you prefer $100 in 6 years or $200 in 8 years?

Respondents often prefer the $100 in question 1 and the $200 in question 2, not
realizing that question 2 involves the same choice as question 1 but with a 6-year
delay. If these people are true to their answers, they will be time inconsistent.
In the case of question 2, although they state their preference now for the $200
prize in 8 years, when year 6 arrives they will take the $100 and run!

3.7.3 Preferences Defined over Outcomes Other Than Fundamental
Payoffs

Under the VNM expected utility theory, the utility function is defined over
actual payoff outcomes. Tversky and Kahneman (1992) and Kahneman and
Tversky (1979) propose formulations whereby preferences are defined, not over
actual payoffs, but rather over gains and losses relative to some benchmark, so
that losses are given the greater utility weight. The benchmark can be thought
of as either a minimally acceptable payment or, under the proper transforma-
tions, a cutoff rate of return. It can be changing through time reflecting prior
experience. Their development is called prospect theory.

9See Ainslie and Haslan (1992) for details.
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Insert Figure 3.4 about here

A simple illustration of this sort of representation is as follows: Let Y denote
the benchmark payoff, and define the investor’s utility function U(Y") by

{ YDTR oy >
U(Y) — \ —7L 1_7 =
“AY=yp o

i S ifY <

=<~

where A > 1 captures the extent of the investor’s aversion to “losses” relative
to the benchmark, and v; and 7, need not coincide. In other words, the cur-
vature of the function may differ for deviations above or below the benchmark.
Clearly both features could have a large impact on the relative ranking of un-
certain investment payoff. See Figure 3.4 for an illustration. Not all economic
transactions (e.g., the normal purchase or sale of commodities) are affected by
loss aversion since, in normal circumstances, one does not suffer a loss in trading
a good. An investor’s willingness to hold stocks, however, may be significantly
affected if he has experienced losses in prior periods.

3.7.4 Nonlinear Probability Weights

Under the VNM representation, the utility outcomes are linear weighted by
their respective probability of outcome. Under prospect theory and its close
relatives, this need not be the case: outcomes can be weighted using nonlinear
functions of the probabilities and may be asymmetric. More general theories
of investor psychology replace the objective mathematical expectation operator
entirely with a model of subjective expectations. See Barberis et. al. (1996) for
an illustration.

3.8 Conclusions

The expected utility theory is the workhorse of choice theory under uncertainty.
It will be put to use almost systematically in this book as it is in most of financial
theory. We have argued in this chapter that the expected utility construct
provides a straightforward, intuitive mechanism for comparing uncertain asset
payoff structures. As such, it offers a well-defined procedure for ranking the
assets themselves.

Two ingredients are necessary for this process:

1. An estimate of the probability distribution governing the asset’s uncertain
payments. While it is not trivial to estimate this quantity, it must also be
estimated for the much simpler and less flexible mean/variance criterion.

2. An estimate of the agents’ utility of money function; it is the latter that
fully characterizes his preference ordering. How this can be identified is one of
the topics of the next chapter.
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Chapter 4 : Measuring Risk and Risk Aversion

4.1 Introduction

We argued in Chapter 1 that the desire of investors to avoid risk, that is, to
smooth their consumption across states of nature and for that reason avoid vari-
ations in the value of their portfolio holdings, is one of the primary motivations
for financial contracting. But we have not thus far imposed restrictions on the
VNM expected utility representation of investor preferences, which necessarily
guarantee such behavior. For that to be the case, our representation must be
further specialized.

Since the probabilities of the various state payoffs are objectively given, in-
dependently of agent preferences, further restrictions must be placed on the
utility-of-money function U( ) if the VNM (von Neumann-Morgenstern - ex-
pected utility) representation is to capture this notion of risk aversion. We will
now define risk aversion and discuss its implications for U( ).

4.2 Measuring Risk Aversion

What does the term risk aversion imply about an agent’s utility function? Con-
sider a financial contract where the potential investor either receives an amount
h with probability %, or must pay an amount h with probability % Our most
basic sense of risk aversion must imply that for any level of personal wealth Y,
a risk-averse investor would not wish to own such a security. In utility terms
this must mean

UY) > (U 1)+ (5

where the expression on the right-hand side of the inequality sign is the VNM
expected utility associated with the random wealth levels:

YUY — h) = EU,

y + h, probability = %
y — h, probability = g
This inequality can only be satisfied for all wealth levels Y if the agent’s utility
function has the form suggested in Figure 4.1. When this is the case we say the
utility function is strictly concave.

The important characteristics implied by this and similarly shaped utility
functions is that the slope of the graph of the function decreases as the agent be-
comes wealthier (as Y increases); that is, the marginal utility (MU), represented

by the derivative d(g(g,y))) =U'(Y), decreases with greater Y. Equivalently, for

2
twice differentiable utility functions, % = U"(Y) < 0. For this class
of functions, the latter is indeed a necessary and sufficient condition for risk

aversion.

Insert Figure 4.1 about here



As the discussion indicates, both consumption smoothing and risk aversion
are directly related to the notion of decreasing MU. Whether they are en-
visaged across time or states, decreasing MU basically implies that income (or
consumption) deviations from a fixed average level diminish rather than increase
utility. Essentially, the positive deviations do not help as much as the negative
ones hurt.

Risk aversion can also be represented in terms of indifference curves. Fig-
ure 4.2 illustrates the case of a simple situation with two states of nature. If
consuming c; in state 1 and co in state 2 represents a certain level of expected
utility EU, then the convex-to-the-origin indifference curve that is the appro-
priate translation of a strictly concave utility function indeed implies that the
utility level generated by the average consumption %in both states (in this
case a certain consumption level) is larger than EU.

Insert Figure 4.2 about here

We would like to be able to measure the degree of an investor’s aversion to
risk. This will allow us to compare whether one investor is more risk averse than
another and to understand how an investor’s risk aversion affects his investment
behavior (for example, the composition of his portfolio).

As a first attempt toward this goal, and since U”( ) < 0 implies risk aver-
sion, why not simply say that investor A is more risk averse than investor B, if
and only if |U%(Y)| > |UZY)|, for all income levels Y7 Unfortunately, this ap-
proach leads to the following inconsistency. Recall that the preference ordering
described by a utility function is invariant to linear transformations. In other
words, suppose Ua( ) and Ua( ) are such that Ux( ) = a + bU() with b > 0.
These utility functions describe the identical ordering, and thus must display
identical risk aversion. Yet, if we use the above measure we have

Up(Y)| > [UX(Y)], if, say, b > 1.

This implies that investor A is more risk averse than he is himself, which must
be a contradiction.

We therefore need a measure of risk aversion that is invariant to linear trans-
formations. Two widely used measures of this sort have been proposed by,
respectively, Pratt (1964) and Arrow (1971):

(i) absolute risk aversion = —% = Ru(Y)
(ii) relative risk aversion = —Yg,l(/)(})/) = Rgr(Y).

Both of these measures have simple behavioral interpretations. Note that
instead of speaking of risk aversion, we could use the inverse of the measures
proposed above and speak of risk tolerance. This terminology may be preferable
on various occasions.



4.3 Interpreting the Measures of Risk Aversion
4.3.1 Absolute Risk Aversion and the Odds of a Bet

Consider an investor with wealth level Y who is offered — at no charge — an
investment involving winning or losing an amount h, with probabilities 7 and
1-7, respectively. Note that any investor will accept such a bet if 7 is high
enough (especially if 7 = 1) and reject it if 7 is small enough (surely if 7 = 0).
Presumably, the willingness to accept this opportunity will also be related to
his level of current wealth, Y. Let m# = 7w(Y, h) be that probability at which the
agent is indifferent between accepting or rejecting the investment. It is shown
that

7(Y,h) = 1/2 + (1/4)hR4(Y), (4.1)

where 2= denotes “is approximately equal to.”

The higher his measure of absolute risk aversion, the more favorable odds he
will demand in order to be willing to accept the investment. If RY (V) > R4 (Y)
, for agents 1 and 2 respectively, then investor 1 will always demand more
favorable odds than investor 2, and in this sense investor 1 is more risk averse.

It is useful to examine the magnitude of this probability. Consider, for
example, the family of VNM utility-of-money functions with the form:

—vY
Uly)= e
where v is a parameter.
For this case,
m(Y,h) 2 1/2 4+ (1/4)hv,

in other words, the odds requested are independent of the level of initial wealth

(Y); on the other hand, the more wealth at risk (h), the greater the odds of a

favorable outcome demanded. This expression advances the parameter v as the

appropriate measure of the degree of absolute risk aversion for these preferences.
Let us now derive Equation (4.1). By definition, 7 (Y, h) must satisfy

Uy) =m(Y,h)UY +h)+[1—n(Y,h)]JUY —h) (4.2)
~——
utility if he expected utility if the investment
foregoes the bet is accepted

By an approximation (Taylor’s Theorem) we know that:

U(Y + h)

U(Y)+hU’(Y)+%2U”(Y)+H1
UY —h) = U(Y)th'(YH%zU”(YHHQ,

where Hy Hs are remainder terms of order higher than h?. Substituting these
quantities into Equation (4.2) gives



UY)=n(, h)[U(Y)—&—hU'(Y)—I—h;U” (Y)+H |+(1—=(Y, h))[U(Y)—hU'(Y)—i—h;U” (Y)+Ho]

(4.3)
Collecting terms gives

UY)=UY)+2n(Y,h)-1) [hU'(Y) + h;U”(Y)] +n(Y,h)H, + (1 — w(Y,h))Hs

:def.H(small)

Solving for w(Y, h) yields

m(Y,h) =

h [‘U"(Y)} i (4.4)

1
2711 UY) | 200'(Y)

which is the promised expression, since the last remainder term is small - it is
a weighted average of terms of order higher than h2and is, thus, itself of order
higher than h? - and it can be ignored in the approximation.

4.3.2 Relative Risk Aversion in Relation to the Odds of a Bet

Consider now an investment opportunity similar to the one just discussed except
that the amount at risk is a proportion of the investor’s wealth, in other words,
h = 0Y, where 0 is the fraction of wealth at risk. By a derivation almost
identical to the one above, it can be shown that
1 1
m(Y,0) = 3 + ZGRR(Y). (4.5)

If RL(Y)> R%(Y), for investors 1 and 2, then investor 1 will always demand
more favorable odds, for any level of wealth, when the fraction 6 of his wealth
is at risk.

It is also useful to illustrate this measure by an example. A popular family of
VNM utility-of-money functions (for reasons to be detailed in the next chapter)
has the form:

yi=7

uy) = ,for0>~v#1
1=y

UY) = lYify=1.

In the latter case, the probability expression becomes

1 1
Y, 0) = = + =0.
n(Y,0) 25+
In this case, the requested odds of winning are not a function of initial wealth
(Y) but depend upon 6, the fraction of wealth that is at risk: The lower the
fraction 6, the more investors are willing to consider entering into bet that is
close to being fair (a risky opportunity where the probabilities of success or



failure are both %) In the former, more general, case the analogous expression
is

1 1
m(Y,0) = 5T 197-

Since 7 > 0, these investors demand a higher probability of success. Further-
more, if v5 > 7y, the investor characterized by v = = will always demand
a higher probability of success than will an agent with v = ~;, for the same
fraction of wealth at risk. In this sense a higher v denotes a greater degree of
relative risk aversion for this investor class.

4.3.3 Risk Neutral Investors

One class of investors deserves special mention at this point. They are signifi-
cant, as we shall later see, for the influence they have on the financial equilibria
in which they participate. This is the class of investors who are risk neutral and
who are identified with utility functions of a linear form

UY)=cY +d,

where ¢ and d are constants and ¢ > 0.
Both of our measures of the degree of risk aversion, when applied to this utility
function give the same result:

R4(Y)=0and Rr(Y)=0.

Whether measured as a proportion of wealth or as an absolute amount of money
at risk, such investors do not demand better than even odds when considering
risky investments of the type under discussion. They are indifferent to risk, and
are concerned only with an asset’s expected payoff.

4.4 Risk Premium and Certainty Equivalence

The context of our discussion thus far has been somewhat artificial because we
were seeking especially convenient probabilistic interpretations for our measures
of risk aversion. More generally, a risk-averse agent (U () < 0) will always value
an investment at something less than the expected value of its payoffs. Consider
an investor, with current wealth Y, evaluating an uncertain risky payoff Z. For
any distribution function F,

UY +EZ)>E[UY + 2)]

provided that U” (') < 0. This is a direct consequence of a standard mathe-
matical result known as Jensen’s inequality.

Theorem 4.1 (Jensen’s Inequality):



Let g( ) be a concave function on the interval (a,b), and & be a random
variable such that Prob {Z € (a,b)} = 1. Suppose the expectations E(Z) and
Eg(Z) exist; then

Eg()] < g[E(@)].

Furthermore, if g( ) is strictly concave and Prob {Z = E(Z)} # 1, then the
inequality is strict.

This theorem applies whether the interval (a,b) on which g( ) is defined is
finite or infinite and, if ¢ and b are finite, the interval can be open or closed
at either endpoint. If g( ) is convex, the inequality is reversed. See De Groot
(1970).

To put it differently, if an uncertain payoff is available for sale, a risk-averse
agent will only be willing to buy it at a price less than its expected payoff. This
statement leads to a pair of useful definitions. The (maximal) certain sum of
money a person is willing to pay to acquire an uncertain opportunity defines
his certainty equivalent (C'E) for that risky prospect; the difference between
the CFE and the expected value of the prospect is a measure of the uncertain
payoff’s risk premium. It represents the maximum amount the agent would
be willing to pay to avoid the investment or gamble.

Let us make this notion more precise. The context of the discussion is as
follows. Consider an agent with current wealth Y and utility function U( )
who has the opportunity to acquire an uncertain investment Z with expected
value EZ. The certainty equivalent (to the risky investment Z, CE(Y, Z), and
the corresponding risk or insurance premium, II(Y, Z ), are the solutions to the
following equations:

EU(Y +Z) = UY +CE(Y,Z)) (4.6a)
= UY +EZ-1(Y, %)) (4.6b)

which, implies

CE(Z,Y)=EZ 1Y, Z) or 1Y, Z) = EZ — CE(Z,Y)

These concepts are illustrated in Figure 4.3.
Insert Figure 4.3 about here

It is intuitively clear that there is a direct relationship between the size of the
risk premium and the degree of risk aversion of a particular individual. The link
can be made quite easily in the spirit of the derivations of the previous section.
For simplicity, the derivation that follows applies to the case of an actuarially fair
prospect Z , one for which EZ =0. Using Taylor series approximations we can
develop the left-hand side (LHS) and right-hand side (RHS) of the definitional
Equations (4.6a) and (4.6b).



LHS:
EU(Y +7) = EU(Y)+E|ZU'(Y)| +E BZQU”(Y)} + EH(Z®)
= UY)+ %UEU”(Y) + EH(Z?)

RHS:
U —1(Y, Z)) =U(Y) - (Y, Z)U'(Y) + H(I1?)

or, ignoring the terms of order Z3 or I12 or higher (EH(Z3) and H(II2)),

(v, 2)= 3o () ) = Jotraty)

=50\ )
To illustrate, consider our earlier example in which U(Y) = %:7, and suppose
v =3,Y = $500,000, and
7 $100, 000 with probability = %
~ | —$100,000 with probability = 3
For this case the approximation specializes to
(Y, Z) = 1021 = 1(100 000)? = $30, 000
’ 277y 2077 500, 000 e

To confirm that this approximation is a good one, we must show that:

N 1 1 .
U(Y ~TI(Y, Z)) = U(500,000~30,000) = 3U(600,000)+5U(400,000) = EU(Y +Z),
or

(@72 = 502 + 5(4)

or

.0452694 =2 .04513; confirmed.

Note also that for this preference class, the insurance premium is directly
proportional to the parameter ~.

Can we convert these ideas into statements about rates of return? Let the
equivalent risk-free return be defined by

UYL +ry)=U(Y +CE(Z,Y)).

The random payoff ZN can also be converted into a rate of return distribution
via Z = 7Y, or, 7 = Z/Y. Therefore, ry is defined by the equation

UY(Q+rs)=EUY(1+7)).



By risk aversion, E7 > r¢. We thus define the rate of return risk premium
II" as II" = EF-ry, or EF = 7y 4 11", where II" depends on the degree of risk
aversion of the agent in question. Let us conclude this section by computing the
rate of return premium in a particular case. Suppose U(Y) = InY, and that
the random payoff Z satisfies

5 { $100, 000 with probability = %
~ | —$50,000 with probability = 3
from a base of Y = $500,000. The risky rate of return implied by these numbers
is clearly
. 20% with probability = 3
~ | —10% with probability = 1

with an expected return of 5%. The certainty equivalent CE(Y, 4 ) must satisfy

In(500,000 + CE(Y, Z)) = & In(600,000) + % In(450,000), or

CE(Y, Z) — 6% In(600,000)+ % In(450,000) _ 5007000

CE(Y,Z) = 19,618, so that

519,618
(1+7ry) = 500,000 1.0392.
The rate of return risk premium is thus 5% — 3.92% = 1.08%. Let us be clear:
This rate of return risk premium does not represent a market or equilibrium
premium. Rather it reflects personal preference characteristics and corresponds
to the premium over the risk-free rate necessary to compensate, utility-wise,
a specific individual, with the postulated preferences and initial wealth, for
engaging in the risky investment.

4.5 Assessing the Level of Relative Risk Aversion

Suppose that agents’ utility functions are of the form U(Y) = Yl_:; class. As

1
noted earlier, a quick calculation informs us that Rr(Y) = v, and we say that

U( ) is of the constant relative risk aversion class. To get a feeling as to what
this measure means, consider the following uncertain payoff:

$50,000 with probability 7 = .5
$100, 000 with probability = = .5

Assuming your utility function is of the type just noted, what would you be
willing to pay for such an opportunity (i.e., what is the certainty equivalent for
this uncertain prospect) if your current wealth were Y'? The interest in asking
such a question resides in the fact that, given the amount you are willing to pay,



it is possible to infer your coefficient of relative risk aversion Rr(Y) = ~, pro-
vided your preferences are adequately represented by the postulated functional
form. This is achieved with the following calculation.

The CE, the maximum amount you are willing to pay for this prospect, is
defined by the equation

(Y 4+CE)"™ LY +50,000)~7 N 1(Y +100,000) 7

1—y 1—v 11—~

Assuming zero initial wealth (Y = 0), we obtain the following sample results
(clearly, CE > 50,000):

=0 CFE = 75,000 (risk neutrality)
vy=1 CE = 170,711
N =2 CE = 66,667
N=5 CE = 58,566

vy=10 CE = 53,991
4=20 CE = 51,858
v=30  CE = 51,209

Alternatively, if we suppose a current wealth of Y = $100,000 and a degree of
risk aversion of v = 5, the equation results in a CE= $ 66,532.

4.6 The Concept of Stochastic Dominance

In response to dissatisfaction with the standard ranking of risky prospects based
on mean and variance, a theory of choice under uncertainty with general ap-
plicability has been developed. In this section we show that the postulates of
expected utility lead to a definition of two weaker alternative concepts of dom-
inance with wider applicability than the concept of state-by-state dominance.
These are of interest because they circumscribe the situations in which rankings
among risky prospects are preference free, or, can be defined independently of
the specific trade-offs (among return, risk, and other characteristics of proba-
bility distributions) represented by an agent’s utility function.

We start with an illustration. Consider two investment alternatives, Z; and
Z5, with the characteristics outlined in Table 4.1:

Table 4.1: Sample Investment Alternatives

Payoffs 10 | 100 | 2000
Prob 7, 4 1.6 0
Prob Z, 4 | 4 2

EZ, = 64, 0., = 44
EZy = 444, 0,,= 779




First observe that under standard mean-variance analysis, these two invest-
ments cannot be ranked: Although investment Z5 has the greater mean, it also
has the greater variance. Yet, all of us would clearly prefer to own investment
2. It at least matches investment 1 and has a positive probability of exceeding
it.

Insert Figure 4.4 about here

To formalize this intuition, let us examine the cumulative probability distri-
butions associated with each investment, F} (Z) and Fy (Z) where F; (Z) =
Prob (Z; < Z).

In Figure 4.4 we see that Fj(-) always lies above Fy(-). This observation
leads to Definition 4.1.

Definition 4.1:
Let Fa(Z) and Fp(&), respectively, represent the cumulative distribution
functions of two random variables (cash payoffs) that, without loss of generality

assume values in the interval [a,b]. We say that F4(Z) first order stochastically
dominates (F'SD) Fg(Z) if and only if Fu(x) < Fp(x) for all « € [a, b].

Distribution A in effect assigns more probability to higher values of z; in
other words, higher payoffs are more likely. That is, the distribution functions
of A and B generally conform to the following pattern: if F4 FSD Fpg, then
F4 is everywhere below and to the right of Fip as represented in Figure 4.5. By
this criterion, investment 2 in Figure 4.5 stochastically dominates investment
1. It should, intuitively, be preferred. Theorem 4.2 summarizes our intuition in
this latter regard.

Insert Figure 4.5 about here

Theorem 4.2:

Let Fu(Z), Fp(Z), be two cumulative probability distributions for random
payoffs & € [a,b]. Then F4(z) FSD Fp(Z) if and only if FAU () > EpU (%)
for all non-decreasing utility functions U( ).

Proof:
See Appendix.

Although it is not equivalent to state-by-state dominance (see Exercise 4.8),
FSD is an extremely strong condition. As is the case with the former, it is so
strong a concept that it induces only a very incomplete ranking among uncertain
prospects. Can we find a broader measure of comparison, for instance, which
would make use of the hypothesis of risk aversion as well?

Consider the two independent investments in Table 4.2.1

n this example, contrary to the previous one, the two investments considered are statis-
tically independent.

10



Table 4.2: Two Independent Investments

Investment 3 Investment 4
Payoff Prob. Payoff Prob.
4 0.25 1 0.33
5 0.50 6 0.33
9 0.25 8 0.33

Which of these investments is better? Clearly, neither investment (first or-
der) stochastically dominates the other as Figure 4.6 confirms. The probability
distribution function corresponding to investment 3 is not everywhere below the
distribution function of investment 4. Yet, we would probably prefer investment
3. Can we formalize this intuition (without resorting to the mean/variance crite-
rion, which in this case accords with intuition: FR4 =5, FR3 = 5.75; 04 = 2.9,
and o3 = 1.9)7 This question leads to a weaker notion of stochastic dominance
that explicitly compares distribution functions.

Definition 4.2: Second Order Stochastic Dominance (SSD).

Let F4(Z), Fp(Z), be two cumulative probability distributions for random
payoffs in [a, b]. We say that F4(Z) second order stochastically dominates (5SD)
Fp() if and only if for any z :

[ [ Fp(t) — Fa(t)]dt > 0.

— 00

(with strict inequality for some meaningful interval of values of t).

The calculations in Table 4.3 reveal that, in fact, investment 3 second order
stochastically dominates investment 4 (let f;(z) , ¢ = 3,4, denote the density
functions corresponding to the cumulative distribution function F;(x)). In geo-
metric terms (Figure 4.6), this would be the case as long as area B is smaller
than area A.

Insert Figure 4.6 about here

As Theorem 4.3 shows, this notion makes sense, especially for risk-averse
agents:

Theorem 4.3:

Let Fu(Z), Fp(Z), be two cumulative probability distributions for random
payoffs & defined on [a,b]. Then, Fa(z) SSD Fp(z) if and only if EoU (%) >
EpU (%) for all nondecreasing and concave U.

Proof:
See Laffont (1989), Chapter 2, Section 2.5

11



Table 4.3: Investment 3 Second Order Stochastically Dominates

Investment 4

Values of x | [ fs(t)dt | [ Fs5(t)dt | [ fa(t)dt | [ Fa(t)dt | [[Fa(t) — F5(t)]dt
0 0 0 0 0

0 0 0 0 0 0

1 0 0 1/3 1/3 1/3
2 0 0 1/3 2/3 2/3
3 0 0 1/3 1 1

4 25 .25 1/3 4/3 13/12
5 75 1 1/3 5/3 2/3
6 75 1.75 2/3 7/3 7/12
7 75 2.5 2/3 3 1/2
8 75 3.25 1 4 3/4
9 .75 4 1 5 1
10 75 4.75 1 6 5/4
11 75 5.5 1 7 3/2
12 1 6.5 1 8 3/2
13 1 7.5 1 9 3/2

That is, all risk-averse agents will prefer the second-order stochastically dom-
inant asset. Of course, F'SD implies SSD: If for two investments Z; and Zs,
Z1 FSD Zs, then it is also true that Z; SSD Z,. But the converse is not true.

4.7 Mean Preserving Spreads

Theorems 4.2 and 4.3 attempt to characterize the notion of “better/worse”
relevant for probability distributions or random variables (representing invest-
ments). But there are two aspects to such a comparison: the notion of “more
or less risky” and the trade-off between risk and return. Let us now attempt to
isolate the former effect by comparing only those probability distributions with
identical means. We will then review Theorem 4.3 in the context of this latter
requirement.

The concept of more or less risky is captured by the notion of a mean pre-
serving spread. In our context, this notion can be informally stated as follows:
Let fa(z) and fg(z) describe, respectively, the probability density functions on
payofls to assets A and B. If fg(z) can be obtained from f4(x) by removing
some of the probability weight from the center of f4(z) and distributing it to
the tails in such a way as to leave the mean unchanged, we say that fp(z) is
related to f4(x) via a mean preserving spread. Figure 4.7 suggests what
this notion would mean in the case of normal-type distributions with identical
mean, yet different variances.

Insert Figure 4.7 about here
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How can this notion be made both more intuitive and more precise? Consider
a set of possible payoffs Z4 that are distributed according to Fa( ). We further
randomize these payoffs to obtain a new random variable g according to

ip=da+72 (4.7)

where, for any x4 value, E(2) = [ zdH, (%) = 0 ; in other words, we add some
pure randomness to Z4. Let Fp( ) be the distribution function associated with
Zp. We say that Fp( ) is a mean preserving spread of Fa( ).

A simple example of this is as follows. Let

- | 5 with prob 1/2
A=\ 2 with prob 1/2

and suppose
- +1 with prob 1/2
| —1 with prob 1/2

Then,
6 with prob 1/4
5 4 with prob 1/4
5= 3 with prob 1/4
1 with prob 1/4

Clearly, EZ4 = Eip = 3.5 ; we would also all agree that Fg( ) is intuitively
riskier.

Our final theorem (Theorem 4.4) relates the sense of a mean preserving
spread, as captured by Equation (4.7), to our earlier results.

Theorem 4.4:

Let Fu( ) and Fp( ) be two distribution functions defined on the same
state space with identical means. If this is true, the following statements are
equivalent:

(i) Fa(#) SSD Fp(#)

(ii) Fp(Z) is a mean preserving spread of F4(Z) in the sense of Equation
(4.7).

Proof:
See Rothschild and Stiglitz (1970).

But what about distributions that are not stochastically dominant under ei-
ther definition and for which the mean-variance criterion does not give a relative
ranking? For example, consider (independent) investments 5 and 6 in Table 4.4.

In this case we are left to compare distributions by computing their respec-
tive expected utilities. That is to say, the ranking between these two investments
is preference dependent. Some risk-averse individuals will prefer investment 5
while other risk-averse individuals will prefer investment 6. This is not bad.

13



Table 4.4: Two Investments; No Dominance

Investment 5 Investment 6
Payoff Prob. Payoff Prob.
1 0.25 3 0.33
7 0.5 5 0.33
12 0.25 8 0.34

There remains a systematic basis of comparison. The task of the investment
advisor is made more complex, however, as she will have to elicit more infor-
mation on the preferences of her client if she wants to be in position to provide
adequate advice.

4.8 Conclusions

The main topic of this chapter was the VNM expected utility representation
specialized to admit risk aversion. Two measures of the degree of risk aversion
were presented. Both are functions of an investor’s current level of wealth and,
as such, we would expect them to change as wealth changes. Is there any
systematic relationship between R4(Y), Rr(Y), and Y which it is reasonable
to assume?

In order to answer that question we must move away from the somewhat
artificial setting of this chapter. As we will see in Chapter 5, systematic rela-
tionships between wealth and the measures of absolute and relative risk aversion
are closely related to investors’ portfolio behavior.
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Appendix: Proof of Theorem 4.2
= There is no loss in generality in assuming U( ) is differentiable, with
U()>o.
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Suppose Fa(z) F'SD Fp(z), and let U( ) be a utility function defined on
[a, b] for which U () > 0. We need to show that

b

b
EAU(%) = / U(2)dFA(2) > / U(3)dF5(3) = EgU(3).

a

This result follows from integration by parts (recall the relationship f; udv =
wl|” — fab vdu).

a

/ U@dFAE) - / U@ dFs (@)

a

b
= U®)Fa(b) — U(a)Fa(a) — / Fa(3)U'(7)dF —

a

b
{U(b)FB(b)—U(a)FB(a)— / FB(:E)U’(i:)dJE}

b b
= —/ Fu(z2)U'(z)dZ +/ Fg(z)U'(z)dz,
(since Fa(b) = Fp(b) =1, and F4(a) = Fg(a) =0)

b
= [ 1Fa(@) - Fala) U@z 2 0

The desired inequality follows since, by the definition of FSD and the as-
sumption that the marginal utility is always positive, both terms within the inte-
gral are positive. If there is some subset (¢, a) C [a, b] on which F4(z) > Fg(z),
the final inequality is strict.

< Proof by contradiction. If Fu(Z) < Fp(Z) is false, then there must exist
an 7 € [a,b] for which Fx(Z) > Fp(z). Define the following nondecreasing
function U(z) by
A lforb>z > 72
U(x)—{ Ofora<z<zZ

We’ll use integration by parts again to obtain the required contradiction.

b . b .
[ 0@ara@) - [ O@ars()

b
/ U(%) [dFa(&) — dFp(2)]
b

/ 1[dFa () — dFp(5)]
— Falt) = Fa®) - [Fale) ~ Fa(@)) ~ [ [Fa(2) — Fa(a)|(0)dz

xT

= Fp(z) — Fa(z) < 0.

15



Thus we have exhibited an increasing function U (z) for which ff U(z)dFa(Z) <
f: U(2)dFp(Z), a contradiction. O
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Chapter 5: Risk Aversion and Investment Deci-
sions, Part 1

5.1 Introduction

Chapters 3 and 4 provided a systematic procedure for assessing an investor’s rel-
ative preference for various investment payoffs: rank them according to expected
utility using a VNM utility representation constructed to reflect the investor’s
preferences over random payments. The subsequent postulate of risk aversion
further refined this idea: it is natural to hypothesize that the utility-of-money
function entering the investor’s VNM index is concave (U”( ) < 0). Two widely
used measures were introduced and interpreted each permitting us to assess an
investor’s degree of risk aversion. In the setting of a zero-cost investment paying
either (+h) or (—h), these measures were shown to be linked with the minimum
probability of success above one half necessary for a risk averse investor to take
on such a prospect willingly. They differ only as to whether (h) measures an
absolute amount of money or a proportion of the investors’ initial wealth.

In this chapter we begin to use these ideas with a view towards understanding
an investor’s demand for assets of different risk classes and, in particular, his or
her demand for risk-free versus risky assets. This is an essential aspect of the
investor’s portfolio allocation decision.

5.2 Risk Aversion and Portfolio Allocation: Risk Free vs.
Risky Assets

5.2.1 The Canonical Portfolio Problem

Consider an investor with wealth level Yy who is deciding what amount, a, to
invest in a risky portfolio with uncertain rate of return 7. We can think of
the risky asset as being, in fact, the market portfolio under the “old” Capital
Asset Pricing Model (CAPM), to be reviewed in Chapter 7. The alternative is
to invest in a risk-free asset which pays a certain rate of return r¢. The time
horizon is one period. The investor’s wealth at the end of the period is given by

Y, =Q4+r)Yo—a)+a(l+7)=Yo(1+rf)+ a(F —ry)

The choice problem which he must solve can be expressed as
max BEU(Y;) = max EU (Yo (14 7) +a(F—1y)), (5.1)

where U( ) is his utility-of-money function, and E the expectations operator.
This formulation of the investor’s problem is fully in accord with the lessons

of the prior chapter. Each choice of a leads to a different uncertain payoff distri-

bution, and we want to find the choice that corresponds to the most preferred



such distribution. By construction of his VNM representation, this is the payoff
pattern that maximizes his expected utility.

Under risk aversion (U”( ) < 0), the necessary and sufficient first order
condition for problem (5.1) is given by:

EU Yo(Q+rs)+a(—rp)(F—rp)]=0 (5.2)

Analyzing Equation (5.2) allows us to describe the relationship between the
investor’s degree of risk aversion and his portfolio’s composition as per the
following theorem:

Theorem 5.1:
Assume U' () > 0, and U”( ) < 0 and let a denote the solution to problem
(5.1). Then

a > 0& EF>ry
a = O@Efzrf
a < 0& EF<ry

Proof: Since this is a fundamental result, its worthwhile to make clear its
(straightforward) justification. We follow the argument presented in Arrow
(1971), Chapter 2.

Define W (a) = E{U (Yo (1 +7¢) +a (7 —rf))}. The FOC (5.2) can then
be written W' (a) = E[U' (Yo (1+rf)+a(F—rp))(F—rf)] = 0. By risk
aversion (U” < 0), W" (a) = E [U" (Yo (1+7y) —|—a(f—rf))(f—7‘f)2] <0,
that is, W/(a) is everywhere decreasing. It follows that & will be positive if
and only if W' (0) = U’ (Yo (1+rs)) E(F —ry) > 0 (since then a will have to
be increased from the value of 0 to achieve equality in the FOC). Since U’ is
always strictly positive, this implies @ > 0 if and only if E (7 —ry) > 0. O

The other assertion follows similarly.

Theorem 5.1 asserts that a risk averse agent will invest in the risky asset or
portfolio only if the expected return on the risky asset exceeds the risk free rate.
On the other hand, a risk averse agent will always participate (possibly via an
arbitrarily small stake) in a risky investment when the odds are favorable.

5.2.2 Illustration and Examples

It is worth pursuing the above result to get a sense of how large a is relative
to Yp. Our findings will, of course, be preference dependent. Let us begin
with the fairly standard and highly tractable utility function U(Y) =InY. For
added simplicity let us also assume that the risky asset is forecast to pay either
of two returns (corresponding to an “up” or “down” stock market), ro > 71,
with probabilities = and 1-7 respectively. It makes sense (why?) to assume
ro >1r; >r1 and EF = rg + (1 — m)ry > ry.



Under this specification, the F.O.C (5.2) becomes

E{Yo(l + r;)i_:z(,: — rf)} =0.

Writing out the expectation explicitly yields

Rlo-r)  (Q-mmi-r)
Yo(l+rs) +alra—rs)  Yo(l+rs)+alri—ry) 7
which, after some straightforward algebraic manipulation, gives:
e Ei —
o _—A+mEr-rnl_, (5.3)

Yo o (ri—rp)(ra—ry)

This is an intuitive sort of expression: the fraction of wealth invested in risky
assets increases with the return premium paid by the risky asset (EF —ry ) and
decreases with an increase in the return dispersion around ry as measured by
(ra —7g) (ry —r1).t

Suppose r¢ = .05, 7o = .40, and ; =-.20 and 7 = % (the latter information
guarantees E7=.10). In this case v, = 6: 60% of the investor’s wealth turns
out to be invested in the risky asset. Alternatlvely, suppose o= .30 and r; = -
10 (same ry , m and E7); here we find that 3 = 1.4. This latter result must be
interpreted to mean that an investor would prefer to invest at least his full wealth
in the risky portfolio. If possible, he would even want to borrow an additional
amount, equal to 40% of his initial wealth, at the risk free rate and invest this
amount in the risky portfolio as well. In comparing these two examples, we see
that the return dispersion is much smaller in the second case (lower risk in a
mean-variance sense) with an unchanged return premium. With less risk and
unchanged mean returns, it is not surprising that the proportion invested in the
risky asset increases very substantially. We will see, however, that, somewhat
surprisingly, this result does not generalize without further assumption on the

form of the investor’s preferences.

5.3 Portfolio Composition, Risk Aversion and Wealth

In this section we consider how an investor’s portfolio decision is affected by
his degree of risk aversion and his wealth level. A natural first exercise is to
compare the portfolio composition across individuals of differing risk aversion.
The answer to this first question conforms with intuition: if John is more risk
averse than Amos, he optimally invests a smaller fraction of his wealth in the
risky asset. This is the essence of our next two theorems.

Theorem 5.2 (Arrow, 1971):
Suppose, for all wealth levels Y, RL(Y) > R%(Y) where RY (V) is the
measure of absolute risk aversion of investor ¢,4 = 1,2. Then a1 (Y) < a2(Y).

IThat this fraction is independent of the wealth level is not a general result, as we shall
find out in Section 5.3.



That is, the more risk averse agent, as measured by his absolute risk aversion
measure, will always invest less in the risky asset, given the same level of wealth.
This result does not depend on measuring risk aversion via the absolute Arrow-
Pratt measure. Indeed, since R4 (Y) > R%(Y) & RL(Y) > R%(Y), Theorem
5.2 can be restated as

Theorem 5.3:
Suppose, for all wealth levels Y > 0, RL(Y) > R%(Y) where R, (Y) is the
measure of relative risk aversion of investor i,¢ = 1,2. Then a;(Y) < a2(Y).

Continuing with the example of Section 5.2.2, suppose now that the in-
vestor’s utility function has the form U(Y) = %, ~ > 1. This utility function
displays both greater absolute and greater relative risk aversion than U(Y) =
InY (you are invited to prove this statement). From Theorems 5.2 and 5.3, we
would expect this greater risk aversion to manifest itself in a reduced willingness
to invest in the risky portfolio. Let us see if this is the case.

For these preferences the expression corresponding to (5.3) is

o e (I mry =)l = (= )7 (5.4)

Yoo (r—rp) {n(ra =)} = (ra = 7p) {(1=m)(ry =)}

In the case of our first example, but with v =3, we obtain, by simple direct
substitution,

a

v =

indeed only 24% of the investor’s assets are invested in the risky portfolio, down
from 60% earlier.

The next logical question is to ask how the investment in the risky asset varies

with the investor’s total wealth as a function of his degree of risk aversion. Let

us begin with statements appropriate to the absolute measure of risk aversion.

.24;

3

Theorem 5.4 (Arrow, 1971):
Let & = a(Yp) be the solution to problem (5.1) above; then:

(i) RLy) < 0& dY) >
(i) RL(Y) = 0<% ad (Yo
(iii) RL(Y) > 0& ad(Y) <

Case (i) is referred to as declining absolute risk aversion (DARA). Agents
with this property become more willing to accept greater bets as they become
wealthier. Theorem 5.4 says that such agents will also increase the amount
invested in the risky asset (a'(Yp) > 0). To state matters slightly differently,
an agent with the indicated declining absolute risk aversion will, if he becomes
wealthier, be willing to put some of that additional wealth at risk. Utility
functions of this form are quite common: those considered in the example,



~

UY)=lY and UY) = %, ~ > 0, display this property. It also makes
intuitive sense.

Under constant absolute risk aversion or CARA, case(ii), the amount in-
vested in the risky asset is unaffected by the agent’s wealth. This result is
somewhat counter-intuitive. One might have expected that a CARA decision
maker, in particular one with little risk aversion, would invest some of his or her
increase in initial wealth in the risky asset. Theorem 5.4 disproves this intuition.
An example of a CARA utility function is U(Y) = —e™*Y. Indeed,

T _ —1/2 e—uY
Ra(Y) = Tj']’(}(/};) - (1/6*2”/

=V

Let’s verify the claim of Theorem 5.4 for this utility function. Consider

maxE (_efuwo<1+rf>+a<ffrf>))

a

The F.O.C. is
E [u (7 —r )e—V(Yo(1+rf)+a(F—Tf))} =0
f
Now compute j—{iﬂ ; by differentiating the above equation, we obtain:
~ —v(Yo(14rs)+a(F—ry)) ~ da _
E v (F—rp)e rtiolirrs DN 1+ry+ (F—rf) = =0
dYp
(L+7) E|v(F—rf) e—V(Y0(1+Tf)+a(F—7"f)):| +E |v(F — 7"f)2 da e vMoltry)tal—r)) | =
—_—dYy ~;

—0(by the FOC) >0

therefore, j—{}o = 0.
For the above preference ordering, and our original two state risky distribution,
1 1 1— -
) (5 GE)
14 KT — T2 T ro — ’I“f

Note that in order for & to be positive, it must be that

0< =D (L0 <y

T To — Ty

A sufficient condition is that = > 1/2.

Case (iii) is one with increasing absolute risk aversion (IARA). It says that
as an agent becomes wealthier, he reduces his investments in risky assets. This
does not make much sense and we will generally ignore this possibility. Note,
however, that the quadratic utility function, which is of some significance as we
will see later on, possesses this property.



Let us now think in terms of the relative risk aversion measure. Since it is
defined for bets expressed as a proportion of wealth, it is appropriate to think in
terms of elasticities, or of how the fraction invested in the risky asset changes
as wealth changes. Define n(Y,a) = dd%‘;l, = %j—g, i.e., the wealth elasticity of
investment in the risky asset. For example, if n(Y,a) > 1, as wealth Y increases,
the percentage increase in the amount optimally invested in the risky portfolio
exceeds the percentage increase in Y. Or as wealth increases, the proportion
optimally invested in the risky asset increases. Analogous to Theorem 5.4 is
Theorem 5.5:

Theorem 5.5 (Arrow, 1971):
If, for all wealth levels Y,

0 (CRRA) then n=1
0 (DRRA) then n>1
0 (IRRA) then n<1

=3

=

=
I

In his article, Arrow gives support for the hypothesis that the rate of relative
risk aversion should be constant and CRRA ~ 1. In particular it can be shown
that if an investor’s utility of wealth is to be bounded above as wealth tends
to oo, then limy, oo RR(Y) > 1; similarly, if U(Y) is to be bounded below as
Y — 0, then limy, . RR(Y) < 1. These results suggest, that if we wish to
assume CRRA, then CRRA = 1 is the appropriate value?. Utility functions of
the CRRA class include: U(Y) = Y12 where Rpr(Y) =7, Ra(Y) = ¢.

1—v

5.4 Special Case of Risk Neutral Investors

As noted in Chapter 4, a risk neutral investor is one who does not care about
risk; he ranks investments solely on the basis of their expected returns. The
utility function of such an agent is necessarily of the form U(Y) = ¢+ dY, ¢,d
constants, d > 0 (Check that U” = 0 in this case).

What proportion of his wealth will such an agent invest in the risky asset?
The answer is: provided E7 > ry¢(as we have assumed), all of his wealth will
be invested in the risky asset. This is clearly seen from the following. Consider
the agent’s portfolio problem:

méa,xE(c-ﬁ- dYo(1+ry)+a(F—ryp))
= max [c+d(Yo (14 71f)) +da(EF —1y)]

2Note that the above comments also suggest the appropriateness of weakly increasing
relative risk aversion as an alternative working assumption.



With EF > r; and, consequently, d (EF — ry) > 0, this expression is increas-
ing in a. This means that if the risk neutral investor is unconstrained, he will
attempt to borrow as much as possible at r; and reinvest the proceeds in the
risky portfolio. He is willing, without bound, to exchange certain payments for
uncertain claims of greater expected value. As such he stands willing to absorb
all of the economy’s financial risk. If we specify that the investor is prevented
from borrowing then the maximum will occur at a = Yj

5.5 Risk Aversion and Risky Portfolio Composition

So far we have considered the question of how an investor should allocate his
wealth between a risk free asset and a risky asset or portfolio. We now go one
step further and ask the following question: when is the composition of the
portfolio (i.e., the percentage of the portfolio’s value invested in each of the
J risky assets that compose it) independent of the agent’s wealth level? This
question is particularly relevant in light of current investment practices whereby
portfolio decisions are usually taken in steps. Step 1, often associated with the
label “asset allocation”, is the choice of instruments: stocks, bonds and riskless
assets (possibly alternative investments as well, such as hedge funds, private
equity and real estate); Step 2 is the country or sector allocation decision: here
the issue is to optimize not across asset class but across geographical regions
or industrial sectors. Step 3 comnsists of the individual stock picking decisions
made on the basis of information provided by financial analysts. The issuing of
asset and country/sector allocation “grids” by all major financial institutions,
tailored to the risk profile of the different clients, but independent of their
wealth levels (and of changes in their wealth), is predicated on the hypothesis
that differences in wealth (across clients) and changes in their wealths do not
require adjustments in portfolio composition provided risk tolerance is either
unchanged or controlled for.

Let us illustrate the issue in more concrete terms; take the example of an
investor with invested wealth equal to $12,000 and optimal portfolio proportions
of ap = %, as = %, and a3z = % (only 3 assets are considered). In other words,
this individual’ portfolio holdings are $6,000 in asset 1, $4,000 in asset 2 and
$2,000 in asset 3. The implicit assumption behind the most common asset
management practice is that, were the investor’s wealth to double to $24,000,
the new optimal portfolio would naturally be :

Asset 1: % ($24,000) = $12,000
Asset 2: 3 ($24,000) = $8,000
Asset 3: 5 ($24,000) = $4,000.

The question we pose in the present section is: Is this hypothesis supported
by theory? The answer is generally no, in the sense that it is only for very
specific preferences (utility functions) that the asset allocation is optimally left



unchanged in the face of changes in wealth levels. Fortunately, these specific
preferences include some of the major utility representations. The principal
result in this regard is as follows:

Theorem 5.6 (Cass and Stiglitz,1970):

a1 (Yo)
Let the vector ' denote the amount optimally invested in the J
ay (Yo)
risky assets if the wealth level is Yj.
ax (Yo) ay
Then ’ = ' f (Yo)
ay (Yo) ay

(for some arbitrary function f(-)) if and only if either

(1) U'(Yy) = (8Y, + k)2 or
(ii) U'(Yy) = e vY0

There are, of course, implicit restrictions on the choice of 8, k, A, £ and v to
insure, in particular, that U"”(Yy) < 0.3

Integrating (i) and (ii), respectively, in order to recover the utility functions
corresponding to these marginal utilities, one finds, significantly, that the first
includes the CRRA class of functions:

U(Yy) = ﬁYo(l_’Y)’y # 1, and U(Yy) = In(Yp), while the second corresponds
to the CARA class:

U(¥y) = e,

In essence, Theorem 5.6 states that it is only in the case of utility functions
satisfying constant absolute or constant relative risk aversion preferences (and
some generalization of these functions of minor interest) that the relative com-
position of the risky portion of an investor’s optimal portfolio is invariant to
changes in his wealth*. Only in these cases, should the investor’s portfolio com-
position be left unchanged as invested wealth increases or decreases. It is only
with such utility specifications that the standard “grid” approach to portfolio
investing is formally justified®.

3For (i), we must have either § > 0, A < 0, and Yy such that Yy +x >0 or 0 < 0,k <
0,A >0, and Yy < —% For (ii), £ > 0,—v < 0 and Yy > 0.

4As noted earlier, the constant absolute risk aversion class of preferences has the prop-
erty that the total amount invested in risky assets is invariant to the level of wealth. It is
not surprising therefore that the proportionate allocation among the available risky assets is
similarly invariant as this theorem asserts.

5Theorem 5.6 does not mean, however, that the fraction of initial wealth invested in the
risk free asset vs. the risky ‘mutual fund’ is invariant to changes in Yy. The CARA class of
preferences discussed in the previous footnote is a case in point.



5.6 Risk Aversion and Savings Behavior

5.6.1 Savings and the Riskiness of Returns

We have thus far considered the relationship between an agent’s degree of risk
aversion and the composition of his portfolio. A related, though significantly
different, question is to ask how an agent’s savings rate is affected by an
increase in the degree of risk facing him. It is to be expected that the answer
to this question will be influenced, in a substantial way, by the agent’s degree
of risk aversion.
Consider first an agent solving the following two period consumption-savings
problem: }
msaxE{U(Yo —$)+0U(sR)},

(5.5)
st. Yy>s>0

where Yp is initial (period zero) wealth, s is the amount saved and entirely
invested in a risky portfolio with uncertain gross risky return, R = 1 + 7, U()
is the agent’s period utility-of-consumption function, and § is his subjective
discount factor®. Note that this is the first occasion where we have explicitly
introduced a time dimension into the analysis (i.e., where the important trade-
off involves the present vs. the future): the discount rate § <1 captures the
extent to which the investor values consumption in the future less than current
consumption.
The first order condition for this problem (assuming an interior solution) is
given by:
U'(Yo — s) = 0E{U’'(sR)R} (5.6)

It is clear from the above equation that the properties of the return distribution
R will influence the optimal level of s. One is particularly interested to know
how optimal savings is affected by the riskiness of returns.

To be concrete, let us think of two return distributions R A RB such that
RB is riskier than RA and ER A = ERB From our previous work (Theorem
4.4), we know this can be made precise by stating that Ra SSD RB or that Rp
is a mean-preserving-spread of R 4. In other words, one can write R B = =R A+E
where £ is a zero mean random variable uncorrelated with R4. Let sqand sp
be, respectively, the savings out of Y corresponding to the return distributions
RA and Rp. The issue is whether s, is larger than sp or if the converse is
true. In other words can one predict that a representative risk averse agent will
save more or less when confronted with riskier returns on his or her savings?

Let us try to think intuitively about this issue. On the one hand, one may
expect that more risk will mean a decrease in savings because “a bird in the
hand is worth two in the bush”. This can be viewed as a substitution effect: A

6Note that this U(c) is in principle different from the (indirect) utility of wealth function
considered earlier in the chapter. Assuming a single consumption good with price identically
equal to one, however, these notions are equivalent.



riskier return can be likened to an increase in the cost of future consumption. A
rational individual may then opt to consume more to-day. On the other hand, a
risk averse individual may want to increase savings in the face of uncertainty as
a precautionary measure, in order to guarantee a minimum standard of living
in the future. This reaction indeed is associated with the notion of “precaution-
ary savings”. The reader is invited to verify that this ambiguity is resolved in
a mean-variance world in favor of the first argument. In that context, riskier
returns imply a decrease in the RHS of Equation (5.6), or a decrease in the ex-
pected future marginal utility of consumption weighted by the gross return. For
the equality to be restored, consumption today must increase and, consequently,
savings must decrease.

It is important to realize, however, that the mean-variance response is not
representative of the reactions of all risk averse agents. Indeed, observers seek-
ing to explain the increase in savings registered in many Western countries in
the first half of the nineties have regularly pointed to the rising uncertainties
surrounding the macroeconomic situation in general and the pace of economic
growth in particular’. As our discussion suggests, the key technical issue is
whether the RHS of equation (5.6) is increased or decreased by an increase in
risk. Applying reasoning similar to that used when discussing risk aversion (see
Section 5.2), it is easy to see that this issue, in fact, revolves around whether the
RHS of (5.6), (i.e., U'(sR)R = dg(R)), is convex (in which case it increases)
or concave (in which case it decreases) in R.

Suppose, to take an extreme case, that the latter is linear in R; we know that
linearity means that the RHS of (5.6) can be written as JE(g(R)) = dg(ER).
But since R4 and Rp have the same mean, this implies that the RHS of Equation
(5.6), and consequently optimal savings, are unaffected by an increase in risk. If
on the other hand, g(R) is concave, then E(g(R)) < g(F(R)); this is the previous
case with a concave g(-), upwards deviations from the mean produce smaller
changes in the values attained by the function than downwards deviations. It is
then the case that the RHS will be decreases as a result of the mean preserving
spread on R. The reverse is true if g( ) is convex.

Note that in the all important case where U(c) = In(c), g(R) is in fact
a constant function of R, with the obvious result that the savings decision is
not affected by the increase in the riskiness of the return distribution. This
difference in results between two of the workhorses of finance (mean variance
and log utility) is worth emphasizing.

Let us now compute the second derivative of g(R)®:

g"(R) = 2U"(sR)s + s?’RU"'(sR) (5.7)

Using 5.7 one can express the sign of ¢” in terms of the relative rate of risk
aversion as in

Theorem 5.7 (Rothschild and Stiglitz,1971):

"Which, if they are right, would tend to suggest that ”the world is not mean-variance”.
8g(R) = U'(sR)R = ¢/(R) = U"(sR)sR+ U’'(sR) and g"’(R) as in Equation (5.6). In the
log case we get g(R) = 1/s and thus g/(R) = ¢"(R) =0

10



Let R4 , Rp be two return distributions with identical means such that R4
SSD Rp , and let s4 and sp be, respectively, the savings out of Yj corresponding
to the return distributions RA and RB.

If RR(Y) <0 and Rr(Y) > 1, then s4 < s ;

If RR(Y) >0 and Rr(Y) < 1, then s4 > sp .

Proof:
To prove this assertion we need the following Lemma 5.7.

Lemma 5.7 :
R%(Y') has the same sign as — [U"” (Y)Y + U"(Y)(1 + Rr(Y)].

Proof : Since Rg(Y) = %;()Y)?

[UT()Y U Y)UY) - UM (Y)Y]UNY)
[U(y))?

Rip(Y) =

Since U'(Y') > 0, R%;(Y) has the same sign as

[-U" (V)Y -U"(]U'(V)-[-U"(¥)Y]U"(Y)
U'(Y)

= -0 = U(Y) - [Z5EE )

=—{U"(Y)YY+U"(Y)[1+ Rr(Y)]}.O

Now we can proceed with the theorem. We’ll show only the first implication as
the second follows similarly. By the lemma, since R (Y) < 0,

—{U"WV)Y +U"(Y)[1+ Rr(Y)]} < 0, or
{U" (Y)Y +U"(Y)[1+Rg(Y)]} > 0

In addition, since U”(Y) < 0, and Rr(Y) > 1,
U”y)y +u0"(Y)2) > {U"Y)Y +U"(Y)[1+ Rgr(Y)]} > 0.

This is true for all Y; hence
2U"(sR) + sRU"'(sR) > 0. Multiplying left and right by s > 0, one gets
2U"(sR)s + s?RU"(sR) > 0, which by equation (5.6) implies

g"(R) > 0.
But by the earlier remarks, this means that sy < sp as required. O

Theorem 5.7 implies that for the class of constant relative risk aversion utility
functions, i.e. functions of the form

Ule) = (1—7)" "™



(0 < v # 1), an increase in risk increases savings if v > 1 and decreases
it if v < 1, with the U(c) = In(c) case being the watershed for which savings
is unaffected. For broader classes of utility functions, this theorem provides
a partial characterization only, suggesting different investors react differently
according to whether they display declining or increasing relative risk aversion.

A more complete characterization of the issue of interest is afforded if we
introduce the concept of prudence, first proposed by Kimball (1990). Let

P(c) = % be a measure of Absolute Prudence, while by analogy with
risk aversion,

P(c)ec = 7?]#(/;()6) then measures Relative Prudence. Theorem 5.7 can now
be restated as Theorem 5.8:

Theorem 5.8:

Let RA, Rp be two return distributions such that R4 SSD RB, and let
sa and sp be, respectively, the savings out of Y corresponding to the return
distributions R 4 and RB. Then,

sa>spiff ¢ P(e) <2,

and conversely,

sa<spiff cP(c)>2

i.e., risk averse individuals with Relative Prudence lower than 2 decrease savings
while those with Relative Prudence above 2 increase savings in the face of an
increase in the riskiness of returns.

Proof:
We have seen that sy < sp if and only if ¢”(R) > 0. From Equation (5.6),
this means

sRU" (sR) JU" (sR) < s—2, or
sRU" (sR)

cP(c) = T(Sl%)

2,
as claimed. The other part of the proposition is proved similarly. O

5.6.2 Illustrating Prudence

The relevance of the concept of prudence can be illustrated in the simplest way if
we turn to a slightly different problem, where one ignores uncertainty in returns
(assuming, in effect, that the net return is identically zero) while asking how
savings in period zero is affected by uncertain labor income in period 1. Our
remarks in this context are drawn from Kimball (1990).

Let us write the agent’s second period labor income, YV, as Y = Y + Y
where Y is the mean labor income and Y measures deviations from the mean

12



(of course, EY = 0). The simplest form of the decision problem facing the agent
is thus: -
max E{U(Yo —s) + 8U(s+Y +Y)},

where s = s; satisfies the first order condition

(i) U' (Yo —si) = BE{U (s; + Y +Y)}.
It will be of interest to compare the solution s; to the above FOC with the

solution to the analogous decision problem, denoted s;; , in which the uncertain
labor income component is absent. The latter FOC is simply

(ii) U'(Yo — sii) = BU'(si +Y).
The issue once again is whether and to what extent s; differs from s;;.

One approach to this question, which gives content to the concept of pru-
dence is to ask what the agent would need to be paid (what compensation is
required in terms of period 2 income) to ignore labor income risk; in other
words, for his first-period consumption and savings decision to be unaffected by
uncertainty in labor income. The answer to this question leads to the definition
of the compensating precautionary premium v = w(f/,f/,s) as the amount of
additional second period wealth (consumption) that must be given to the agent
in order that the solution to (i) coincides with the solution to (ii). That is, the
compensatory precautionary premium (Y, Y, s) is defined as the solution of

U'(Yo = sii) = BE{U (s + Y + Y + (Y, Y, 5))}
Kimball (1990) proves the following two results.

Theorem 5.9:
Let U( ) be three times continuously differentiable and P(s) be the index of
Absolute Prudence. Then

(i) »(V,Y,s)~1/202 P (s+7)
Furthermore, let U( ) and Us( ) be two second period utility functions for
which

111 1"

_ =U; (s) —U, (s)

PTG S W)

=P 5(s), for all s.

Then o o o
(i) Pa(Y,Y,s) > (Y,Y,s) forall s,Y,Y.

Theorem 5.9 (i) shows that investors’ precautionary premia are directly pro-
portional to the product of their prudence index and the variance of their un-
certain income component, a result analogous to the characterization of the
measure of absolute risk aversion obtained in Section 4.3. The result of The-
orem 5.9 (ii) confirms the intuition that the more “prudent” the agent, the
greater the compensating premium.

13



5.6.3 The Joint Saving-portfolio Problem

Although for conceptual reasons we have so far distinguished the consumption-
savings and the portfolio allocation decisions, it is obvious that the two de-
cisions should really be considered jointly. We now formalize the consump-
tion/savings/portfolio allocation problem:

ina;}f U(Yo —s) +0EU(s(1+ry) +a(f —ryg)), (5.8)
a,s

where s denotes the total amount saved and a is the amount investegiﬁ in the
risky asset. Specializing the utility function to the form U(Y) = }LJ first
order conditions for this joint decision problem are

s : (Yo—9)"(-1)+0F ([s(l +rp)+a(F—rp)] V(1 + rf)) =0
a : FE [(5(1 +rp)+a(F—rp) 7 (F— rf)] =0

The first equation spells out the condition to be satisfied at the margin
for the savings level — and by corollary, consumption — to be optimal. It in-
volves comparing the marginal utility today with the expected marginal utility
tomorrow, with the rate of transformation between consumption today and con-
sumption tomorrow being the product of the discount factor by the gross risk
free return. This FOC needs not occupy us any longer here. The interesting
element is the solution to the second first order condition: it has the exact same
form as Equation (5.2) with the endogenous (optimal) s replacing the exogenous
initial wealth level Yy. Let us rewrite this equation as

STE[(L+r) + 2@ =) TUF—rp)| =0,
which implies:
Bl +r)+ G =) =rp)] = 0.

This equation confirms the lessons of Equations (5.3) and (5.4): For the se-
lected utility function, the proportion of savings invested in the risky asset is
independent of s, the amount saved. This is an important result, which does not
generalize to other utility functions, but opens up the possibility of a straight-
forward extension of the savings-portfolio problem to a many period problem.
We pursue this important extension in Chapter 14.

5.7 Separating Risk and Time Preferences

In the context of a standard consumption savings problem such as (5.5), let us
suppose once again that the agent’s period utility function has been specialized
to have the standard CRRA form,

yl-»

Ue) = —— 0.
(c) 0

14



For this utility function, the single parameter v captures not only the agent’s
sensitivity to risk, but also his sensitivity to consumption variation across time
periods and, equivalently, his willingness to substitute consumption in one pe-
riod for consumption in another. A high ~ signals a strong desire for a very
smooth intertemporal consumption profile and, simultaneously, a strong reluc-
tance to substitute consumption in one period for consumption in another. To
see this more clearly, consider a deterministic version of Problem (5.5) where &
<1,R=1:
oJax {U(Yo —s) +0U(s)}

The necessary and sufficient first-order condition is

—(Yo—5)""74+d6s7 = Oor

1 % Y() — S
G) - ()
With § < 1, as the agent becomes more and more risk averse (7 — 00), (%) —
1; i.e., ¢ =~ c1. For this preference structure, a highly risk averse agent will also
seek an intertemporal consumption profile that is very smooth.

We have stressed repeatedly the pervasiveness of the preference for smooth
consumption whether across time or across states of nature, and its relation-
ship with the notion of risk aversion. It is time to recognize that while in an
atemporal setting a desire for smooth consumption (across states of nature) is
the very definition of risk aversion, in a multiperiod environment, risk aversion
and intertemporal consumption smoothing need not be equated. After all, one
may speak of intertemporal consumption smoothing in a no-risk, deterministic
setting, and one may speak of risk aversion in an uncertain, a-temporal envi-
ronment. The situation considered so far where the same parameter determines
both is thus restrictive. Empirical studies, indeed, tend to suggest that typi-
cal individuals are more averse to intertemporal substitution (they desire very
smooth consumption intertemporally) than they are averse to risk per se. This
latter fact cannot be captured in the aforementioned, single parameter setting.

Is it possible to generalize the standard utility specification and break this
coincidence of time and risk preferences? Epstein and Zin (1989, 1991) answer
positively and propose a class of utility functions which allows each dimension to
be parameterized separately while still preserving the time consistency property
discussed in Section 3.7 of Chapter 3. They provide, in particular, the axiomatic
basis for preferences over lotteries leading to the Kreps and Porteus (1978)-like
utility representation (see Chapter 3):

Ut = Uv(Ct7 Ct+1,Ct+2, ) = I/V(Ct7 CE(ﬁt+1)), (59)

where CE(Uy41) denotes the certainty equivalent in terms of period ¢ consump-
tion of the uncertain utility in all future periods. Epstein and Zin (1991) and
others (e.g., Weil (1989)) explore the following CES-like specialized version:

15



1— 1-—v771—H
U(et,CEi1) = [ d)ey T Jr‘SCEtJfl]l w’ (5.10)
1—-
with 6 = T Y,O<5<1 1#~v>0,p>0; or
P
U(Ct,CEt+1> = (1 6) lOgCt+(510gCEt+17’y— 1 (511)

where CFEy 1 = CE (0,5“) is the certainty equivalent of future utility and is
calculated according to

~ vy ~
[CE(UHl)} = Ei(Ui1)'77,1# 7> 0,0r (5.12)
logCE(Uy1) = Ey(logUsy),y = 1. (5.13)

Epstein and Zin (1989) show that v can be viewed as the agent’s coefficient of
risk aversion. Similarly, when the time preference parameter p becomes smaller,
the agent becomes less willing to substitute consumption intertemporally. If

= %, recursive substitution to eliminate Uy yields

o0
U= |(1=08)E Y §e; ]
=0
which represents the same preference as

EthS Ct+]’

and is thus equivalent to the usual time separable case with CRRA utility.

Although seemingly complex, this utility representation turns out to be sur-
prisingly easy to work with in consumption-savings contexts. We will provide an
illustration of its use in Chapters 9 and 14. Note, however, that (5.10) to (5.13)
do not lead to an expected utility representation as the probabilities do not
enter linearly. If one wants to extricate time and risk preferences, the expected
utility framework must be abandoned.

5.8 Conclusions

We have considered, in a very simple context, the relationship between an in-
vestor’s degree of risk aversion, on the one hand, his desire to save and the
composition of his portfolio on the other. Most of the results were intuitively
acceptable and that, in itself, makes us more confident of the VNM representa-
tion.
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Are there any lessons here for portfolio managers to learn? At least three
are suggested.

(1) Irrespective of the level of risk, some investment in risky assets is war-
ranted, even for the most risk averse clients (provided EF > 7). This is the
substance of Theorem 5.1.

(2) As the value of a portfolio changes significantly, the asset allocation
(proportion of wealth invested in each asset class) and the risky portfolio com-
position should be reconsidered. How that should be done depends critically on
the client’s attitudes towards risk. This is the substance of Theorems 5.4 to 5.6.

(3) Investors are willing, in general, to pay to reduce income (consumption)
risk, and would like to enter into mutually advantages transactions with insti-
tutions less risk averse than themselves. The extreme case of this is illustrated
in Section 5.5.

We went on to consider how greater return uncertainty influences savings
behavior. On this score and in some other instances, this chapter has illustrated
the fact that, somewhat surprisingly, risk aversion is not always a sufficient
hypothesis to recover intuitive behavior in the face of risk. The third derivative
of the utility function often plays a role. The notion of prudence permits an
elegant characterization in these situations.

In many ways, this chapter has aimed at providing a broad perspective
allowing to place Modern Portfolio Theory and its underlying assumptions in
their proper context. We are now ready to revisit this pillar of modern finance.
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Chapter 6: Risk Aversion and Investment Deci-
sions, Part II: Modern Portfolio Theory

6.1 Introduction

In the context of the previous chapter, we encountered the following canonical
portfolio problem:

mgLXEU(Y/l) :Hl(?XEU Yo(1+7yp) +a(f—rp)]. (6.1)

Here the portfolio choice is limited to allocating investable wealth, Yy, between
a risk-free and a risky asset, a being the amount invested in the latter.

Slightly more generally, we can admit N risky assets, with returns (71, 7o, ..., 7 ),
as in the Cass-Stiglitz theorem. The above problem in this case becomes:

EUYo(1+71)+ 3 alfs —1y))
max r a:(r: —r
{a1,a2,...,an } 0 ! i=1 'V f

max  BU(Yo(1+rf) + ZNzl w; Yo(s — 7)) (6.2)

{w1,w2,...,wN}

Equation (6.2) re-expresses the problem with w; = ;1,—;, the proportion of
wealth invested in the risky asset i, being the key decision variable rather than
a; the money amount invested. The latter expression may further be written as

(o max  BU {Yo [(1 Frp)+ ZZV_I w; (7s — rf)} } = BU{Yy [l +7p]} = EU {1/1}
W1, W2y, WN =

(6.3)
where }71 denotes the end of period wealth and rp the rate of return on the
overall portfolio of assets held.

Modern Portfolio Theory (MPT) explores the details of a portfolio choice
such as problem 6.3, (i) under the mean-variance utility hypothesis, and (iz) for
an arbitrary number of risky investments, with or without a risk-free asset. The
goal of this chapter is to review the fundamentals underlying this theory. We
first draw the connection between the mean-variance utility hypothesis and our
earlier utility development.

6.2 More About Utility Functions

What provides utility? As noted in Chapter 3, financial economics assumes that
the ultimate source of consumer’s satisfaction is the consumption of the goods
and services he is able to purchase.! Preference relations and utility functions

LOf course this doesn’t mean that nothing else in life provides utility or satisfaction (!) but
the economist’s inquiry is normally limited to the realm of market phenomena and economic
choices.



are accordingly defined on bundles of consumption goods:

u(cy, 2,05 Cn)s (6.4)

where the indexing i = 1,...,n is across date-state (contingent) commodities:
goods characterized not only by their identity as a product or service but also
by the time and state in which they may be consumed. States of nature, how-
ever, are mutually exclusive. For each date and state of nature (f) there is a
traditional budget constraint

P10C10 + P20C20 + oo + PrngCmo < Yo (6.5)

where the indexing runs across goods for a given state #; in other words, the m
quantities c;g,7 = 1,...,m, and the m prices p;p,i = 1,...,m correspond to the
m goods available in state of nature 8, while Yy is the (“end of period”) wealth
level available in that same state. We quite naturally assume that the number
of goods available in each state is constant.?

In this context, and in some sense summarizing what we did in our last
chapter, it is quite natural to think of an individual’s decision problem as being
undertaken sequentially, in three steps.

Step 1: The Consumption-Savings Decision

Here, the issue is deciding how much to consume versus how much to save
today: how to split period zero income Y, between current consumption now
Cy and saving Sy for consumption in the future where

Co+ So = Yp.

Step 2: The Portfolio Problem

At this second step, the problem is to choose assets in which to invest one’s
savings so as to obtain the desired pattern of end-of-period wealth across the
various states of nature. This means, in particular, allocating (Yy — Cj) between
the risk-free and the N risky assets with (1— Zfil w; ) (Yo —Cp) representing the
investment in the risk-free asset, and (w1 (Yy—Cjp), w2(Yo—Ch), .., wn (Yo —Ch)),
representing the vector of investments in the various risky assets.

Step 3: Tomorrow’s Consumption Choice
Given the realized state of nature and the wealth level obtained, there re-

mains the issue of choosing consumption bundles to maximize the utility func-
tion [Equation (6.4)] subject to Equation (6.5) where

Yb = (YO - CO) |:(]. + Tf) + Zj\[:1 ’LUZ'(T‘Z'Q — T‘f):|

and r;p denotes the ex-post return to asset i in state 6.

2This is purely formal: if a good is not available in a given state of nature, it is said to
exist but with a total economy-wide endowment of the good being zero.



In such problems, it is fruitful to work by backward induction, starting from
the end (step 3). Step 3 is a standard microeconomic problem and for our
purpose its solution can be summarized by a utility-of-money function U(Yp)
representing the (maximum) level of utility that results from optimizing in step
3 given that the wealth available in state 6 is Y.

In other words,

U(Yp) =dey max  u(cig,...,Cmp)
(c105-5Cmo)

s.t. p1gcio + - + Pmocmo < Yp.

Naturally enough, maximizing the expected utility of Yy across all states of
nature becomes the objective of step 2:

oy 3% BU(Y) 29: moU (Yp).
Here 7y is the probability of state of nature §. The end-of-period wealth (a
random variable) can now be written as Y = (Y, — Co)(1+7p), with (Yo — Cp)
the initial wealth net of date 0 consumption and 7p = r; + SN w; (7; — 7¢) the
rate of return on the portfolio of assets in which (Yy — Cp) is invested. This
brings us back to Equation (6.3).

Clearly with an appropriate redefinition of the utility function,

max EU(}}) =max EU (Yo — Co)(1 +7p)) =dey maXEU(FP)

where in all cases the decision variables are portfolio proportions (or amounts)
invested in the different available assets. The level of investable wealth, (Y —
Cy), becomes a parameter of the U() representation. Note that restrictions on
the form of the utility function do not have the same meaning when imposed
on U(-) or on U(-), or for that matter on u(-) [(as in Equation (6.4)].

Finally, given the characteristics (e.g., expected return, standard deviation)
of the optimally chosen portfolio, the optimal consumption and savings levels
can be selected. We are back in step 1 of the decision problem.

From now on in this chapter we shall work with utility functions defined
on the overall portfolio’s rate of return 7p. This utility index can be further
constrained to be a function of the mean and variance (or standard deviation)
of the probability distribution of 7p. This latter simplification can be accepted
either as a working approximation or it can be seen as resulting from two further
(alternative) hypotheses made within the expected utility framework: It must
be assumed that the decision maker’s utility function is quadratic or that asset
returns are normally distributed.

The main justification for using a mean-variance approximation is its tractabil-
ity. As already noted, probability distributions are cumbersome to manipulate
and difficult to estimate empirically. Summarizing them by their first two mo-
ments is appealing and leads to a rich set of implications that can be tested
empirically.



Using a simple Taylor series approximation, one can also see that the mean
and variance of an agent’s wealth distribution are critical to the determination

of his expected utility for any distribution. Let Y denote an investor’s end
period wealth, an uncertain quantity, and U(:) his utility-of-money function.

The Taylor series approximation for his utility of wealth around E(Y) yields:

b (7) =0 £ (5)] v/ [6()] [ (1)

e[ -e()] v 6o

where Hz = ]iojg %U(J’) {E (}7)} {f/ _E (};)}J
Now let us compute expected utility using this approximation:
EU®Y) vie(¥)]+v[B(Y)] [B0) - B (V)]
=0
+ %U” E(V)| B[V -E (?)]Q +EH;
)

=02 (w)

o [e(5)] o (7)) ()«

Thus if EHj is small, at least to a first approximation, E(Y) and o2(Y) are
central to determining EU(Y).

If U(Y) is quadratic, U” is a constant and, as a result, EHs = 0, so E(Y) and
o2 (}7) are all that matter. If Y is normally distributed, EHs5 can be expressed
in terms of E(Y) and ¢2(Y), so the approximation is exact in this case as
well. These well-known assertions are detailed in Appendix 6.1 where it is also
shown that, under either of the above hypotheses, indifference curves in the
mean-variance space are increasing and convex to the origin.

Assuming the utility objective function is quadratic, however, is not fully
satisfactory since the preference representation would then possess an attribute
we deemed fairly implausible in Chapter 4, increasing absolute risk aversion
(TARA). On this ground, supposing all or most investors have a quadratic util-
ity function is very restrictive. The normality hypothesis on the rate of return
processes is easy to verify directly, but we know it cannot, in general, be sat-
isfied exactly. Limited liability instruments such as stocks can pay at worst a
negative return of -100% (complete loss of the investment). Even more clearly
at odds with the normality hypothesis, default-free (government) bonds always
yield a positive return (abstracting from inflation). Option-based instruments,
which are increasingly prevalent, are also characterized by asymmetric proba-
bility distributions. These remarks suggest that our analysis to follow must be
viewed as a (useful and productive) approximation.



Box 6.1
About the Probability Distribution on Returns

Asnoted in the text, the assumption that period returns (e.g., daily, monthly,
annual) are normally distributed is inconsistent with the limited liability feature
of most financial instruments; i.e., 7;; > —1 for most securities i. It furthermore
presents a problem for computing compounded cumulative returns: The prod-
uct of normally distributed random variables (returns) is not itself normally
distributed.

These objections are made moot if we assume that it is the continuously
compounded rate of return, r¢,, that is normally distributed where 7§, = log(1+
) )

This is consistent with limited liability since Ype™ > 0 for any 75, €
(—00,4+00). It has the added feature that cumulative continuously compounded
returns are normally distributed since the sum of normally distributed random
variables is normally distributed.

The working assumption in empirical financial economics is that continu-
ously compounded equity returns are i.i.d. normal; in other words, for all times
tv

7:ict ~ N(ui70i>'

By way of language we say that the discrete period returns 7, are lognormally
distributed because their logarithm is normally distributed. There is substantial
statistical evidence to support this assumption, subject to a number of qualifi-
cations, however.

1. First, while the normal distribution is perfectly symmetric about its mean,
daily stock returns are frequently skewed to the right. Conversely, the returns
to certain stock indices appear skewed to the left.3

2. Second, the sample daily return distributions for many individual stocks
exhibit “excess kurtosis” or “fat tails”; i.e., there is more probability in the tails
than would be justified by the normal distribution. The same is true of stock
indices. The extent of this excess kurtosis diminishes substantially, however,
when monthly data is used.*

Figure 6.1 illustrates for the returns on the Dow Jones and the S&P500.
Both indices display negative skewness and a significant degree of kurtosis.

There is one further complication. Even if individual stock returns are log-
normally distributed, the returns to a portfolio of such stocks need not be log-
normal (log of a sum is not equal to the sum of the logs). The extent of the
error introduced by assuming lognormal portfolio returns is usually not great if
the return period is short (e.g., daily). O

3Skewness: The extent to which a distribution is “pushed left or right” off symmetry is
measured by the skewness statistic S(7;¢), defined by S(7;¢) = E(T”;ig‘”)s S(Tit) = 0 if 74
is normally distributed. S(7;+) > 0 suggests a rightward bias, and Con\jersely if S(73) <O0.
4Kurtosis is measured as the normalized fourth moment: K(7i) = E(”‘cjif?‘)ll. If 74 is
normal then K (7;;) = 3, but fat-tailed distribution with extra probability weilght in the tail
areas have higher kurtosis measures.



Note also that in this chapter we are assuming the investor knows and takes
as exogenously given the vector of return random variables (71,7, ..., 7n). We
have not yet discussed how these rate of return distributions are determined.
We are at the stage of identifying demand curves, and not yet attempting to
describe equilibrium prices or returns.

Insert Figure 6.1 about here

6.3 Description of the Opportunity Set in the Mean-Variance
Space: The (Gains from Diversification and the Effi-
cient Frontier

The main idea of this section is as follows: The expected return to a portfolio
is the weighted average of the expected returns of the assets composing the
portfolio. The same result is not generally true for the variance. The variance
of a portfolio is generally smaller than the weighted average of the variances
of individual asset returns corresponding to this portfolio. Therein lies the gain
from diversification.

Let us illustrate this assertion, starting with the case of a portfolio of two as-
sets only. The typical investor’s objective is to maximize a function U(ug,op),
where U; > 0 and Us < 0: he likes expected return (up) and dislikes standard
deviation (op). In this context, one recalls that an asset (or portfolio) A is
said to mean-variance dominate an asset (or portfolio) B if ps > pp and
simultaneously o4 < op, or if ua > pup while 04 < og. We can then define
the efficient frontier as the locus of all non-dominated portfolios in the mean-
standard deviation space. By definition, no (“rational”) mean-variance investor
would choose to hold a portfolio not located on the efficient frontier. The shape
of the efficient frontier is thus of primary interest.

Let us examine the efficient frontier in the two-asset case for a variety of
possible asset return correlations. The basis for the results of this section is the
formula for the variance of a portfolio of two assets, 1 and 2, defined by their
respective expected returns, 71,79, standard deviations, o; and o2, and their
correlation pq o:

0'12: = ’LU%O’% + (1 — w1)203 + 2’(1)1(1 — wl) 010201,2,
where w; is the proportion of the portfolio allocated to asset ¢. The following
results, detailed in Appendix 6.2, are of importance.

Case 1 (Reference).

In the case of two risky assets with perfectly positively correlated returns,
the efficient frontier is linear. In that extreme case the two assets are essentially
identical, there is no gain from diversification, and the portfolio’s standard de-
viation is nothing other than the average of the standard deviations of the



component assets:
or =wior + (1 —wy)os.

As a result, the equation of the efficient frontier is

_ o — T
PR =71+ ———(0r — 01),
092 — 01
as depicted in Figure 6.2. It assumes positive amounts of both assets are
held.

Insert Figure 6.2

Case 2.

In the case of two risky assets with imperfectly correlated returns, the stan-
dard deviation of the portfolio is necessarily smaller than it would be if the two
component assets were perfectly correlated. By the previous result, one must
have op < wyo1 + (1 — wy)o9, provided the proportions are not 0 or 1. Thus,
the efficient frontier must stand left of the straight line in Figure 6.2. This is
illustrated in Figure 6.3 for different values of p; .

Insert Figure 6.3

The smaller the correlation (the further away from +1), the more to the
left is the efficient frontier as demonstrated formally in Appendix 6.2. Note
that the diagram makes clear that in this case, some portfolios made up of
assets 1 and 2 are, in fact, dominated by other portfolios. Unlike in Case 1,
not all portfolios are efficient. In view of future developments, it is useful to
distinguish the minimum variance frontier from the efficient frontier. In the
present case, all portfolios between A and B belong to the minimum variance
frontier, that is, they correspond to the combination of assets with minimum
variance for all arbitrary levels of expected returns. However, certain levels of
expected returns are not efficient targets since higher levels of returns can be
obtained for identical levels of risk. Thus portfolio C' is minimum variance, but
it is not efficient, being dominated by portfolio D, for instance. Figure 6.3 again
assumes positive amounts of both assets (4 and B) are held.

Case 3.

If the two risky assets have returns that are perfectly negatively correlated,
one can show that the minimum variance portfolio is risk free while the frontier
is once again linear. Its graphical representation in that case is in Figure 6.4,
with the corresponding demonstration placed in Appendix 6.2.

Insert Figure 6.4

Case 4.
If one of the two assets is risk free, then the efficient frontier is a straight
line originating on the vertical axis at the level of the risk-free return. In the



absence of a short sales restriction, that is, if it is possible to borrow at the risk-
free rate to leverage one’s holdings of the risky asset, then, intuitively enough,
the overall portfolio can be made riskier than the riskiest among the existing
assets. In other words, it can be made riskier than the one risky asset and it
must be that the efficient frontier is projected to the right of the (72, 09) point
(defining asset 1 as the risk-free asset). This situation is depicted in Figure 6.5
with the corresponding results demonstrated in Appendix 6.2.

Insert Figure 6.5

Case 5 (n risky assets).

It is important to realize that a portfolio is also an asset, fully defined by its
expected return, its standard deviation, and its correlation with other existing
assets or portfolios. Thus, the previous analysis with two assets is more general
than it appears: It can easily be repeated with one of the two assets being a
portfolio. In that way, one can extend the analysis from two to three assets,
from three to four, etc. If there are n risky, imperfectly correlated assets, then
the efficient frontier will have the bullet shape of Figure 6.6. Adding an extra
asset to the two-asset framework implies that the diversification possibilities are
improved and that, in principle, the efficient frontier is displaced to the left.

Case 6.

If there are n risky assets and a risk-free one, the efficient frontier is a straight
line once again. To arrive at this conclusion, let us arbitrarily pick one portfolio
on the efficient frontier when there are n risky assets only, say portfolio E in
Figure 6.6, and make up all possible portfolios combining E and the risk-free
asset.

Insert Figure 6.6

What we learned above tells us that the set of such portfolios is the straight
line joining the point (0, r¢) to E. Now we can quickly check that all portfolios
on this line are dominated by those we can create by combining the risk-free
asset with portfolio F'. Continuing our reasoning in this way and searching for
the highest similar line joining (0, 7 ;) with the risky asset bullet-shaped frontier,
we obtain, as the truly efficient frontier, the straight line originating from (0,
r¢) that is tangent to the risky asset frontier. Let T be the tangency portfolio.
As before, if we allow short position in the risk-free asset, the efficient frontier
extends beyond T7 it is represented by the broken line in Figure 6.6.

Formally, with n assets (possibly one of them risk free), the efficient frontier
is obtained as the relevant (non-dominated) portion of the minimum variance
frontier, the latter being the solution, for all possible expected returns p, to the
following quadratic program (QP):



minz Zwiwjaij
w,r i j
(QP) s.t. Z w;T; =
3
Zwi =1
i

In (QP) we search for the vector of weights that minimizes the variance of the
portfolio (verify that you understand the writing of the portfolio variance in the
case of n assets) under the constraint that the expected return on the portfolio
must be p. This defines one point on the minimum variance frontier. One can
then change the fixed value of u equating it successively to all plausible levels
of portfolio expected return; in this way one effectively draws the minimum
variance frontier®. Program (QP) is the simplest version of a family of similar
quadratic programs used in practice. This is because (QP) includes the minimal
set of constraints. The first is only an artifice in that it defines the expected
return to be reached in a context where p is a parameter; the second constraint
is simply the assertion that the vector of w;’s defines a portfolio (and thus that
they add up to one).

Many other constraints can be added to customize the portfolio selection
process without altering the basic structure of problem (QP). Probably the
most common implicit or explicit constraint for an investor involves limiting
her investment universe. The well-known home bias puzzle reflects the diffi-
culty in explaining, from the MPT viewpoint, why investors do not invest a
larger fraction of their portfolios in stocks quoted “away from home,” that is,
in international, or emerging markets. This can be viewed as the result of
an unconscious limitation of the investment universe considered by the investor.
Self-limitation may also be fully conscious and explicit as in the case of “ethical”
mutual funds that exclude arms manufacturers or companies with a tarnished
ecological record from their investment universe. These constraints are easily
accommodated in our setup, as they simply appear or do not appear in the list
of the N assets under consideration.

Other common constraints are non-negativity constraints (w; > 0), indi-
cating the impossibility of short selling some or all assets under consideration.
Short selling may be impossible for feasibility reasons (exchanges or brokers may
not allow it for certain instruments) or, more frequently, for regulatory reasons
applying to specific types of investors, for example, pension funds.

An investor may also wish to construct an efficient portfolio subject to the
constraint that his holdings of some stocks should not, in value terms, fall below
a certain level (perhaps because of potential tax liabilities or because ownership
of a large block of this stock affords some degree of managerial control). This
requires a constraint of the form

Vi

w; > ——
J—VP’

5While in principle one could as well maximize the portfolio’s expected return for given
levels of standard deviation, it turns out to be more efficient computationally to do the reverse.



where Vj is the current value of his holdings of stock j and Vp is the overall
value of his portfolio.

Other investors may wish to obtain the lowest risk subject to a required
expected return constraint and/or be subject to a constraint that limits the
number of stocks in their portfolio (in order, possibly, to economize on trans-
action costs). An investor may, for example, wish to hold at most 3 out of a
possible 10 stocks, yet to hold those 3 which give the minimum risk subject to
a required return constraint. With certain modifications, this possibility can be
accommodated into (QP) as well. Appendix 6.3 details how Microsoft Excel®
can be used to construct the portfolio efficient frontier under these and other
constraints.

6.4 The Optimal Portfolio: A Separation Theorem

The optimal portfolio is naturally defined as that portfolio maximizing the in-
vestor’s (mean-variance) utility; in other words, that portfolio for which he is
able to reach the highest indifference curve, which we know to be increasing and
convex from the origin. If the efficient frontier has the shape described in Figure
6.5, that is, if there is a risk-free asset, then all tangency points must lie on the
same efficient frontier, irrespective of the rate of risk aversion of the investor.
Let there be two investors sharing the same perceptions as to expected returns,
variances, and return correlations but differing in their willingness to take risks.
The relevant efficient frontier will be identical for these two investors, although
their optimal portfolios will be represented by different points on the same line:
with differently shaped indifference curves the tangency points must differ. See
Figure 6.7.

Insert Figure 6.7

However, it is a fact that our two investors will invest in the same two funds,
the risk-free asset on the one hand, and the risky portfolio (") identified by
the tangency point between the straight line originating from the vertical axis
and the bullet-shaped frontier of risky assets, on the other. This is the two-
fund theorem, also known as the separation theorem, because it implies the
optimal portfolio of risky assets can be identified separately from the knowledge
of the risk preference of an investor. This result will play a significant role in
the next Chapter when constructing the Capital Asset Pricing Model.

6.5 Conclusions

First, it is important to keep in mind that everything said so far applies regard-
less of the (possibly normal) probability distributions of returns representing the
subjective expectations of the particular investor upon whom we are focusing.
Market equilibrium considerations are next.

10



Second, although initially conceived in the context of descriptive economic
theories, the success of portfolio theory arose primarily from the possibility of
giving it a normative interpretation; that is, of seeing the theory as providing
a guide on how to proceed to identify a potential investor’s optimal portfolio.
In particular it points to the information requirements to be fulfilled (ideally).
Even if we accept the restrictions implied by mean-variance analysis, one cannot
identify an optimal portfolio without spelling out expectations on mean returns,
standard deviations of returns, and correlations among returns. One can view
the role of the financial analyst as providing plausible figures for the relevant sta-
tistics or offering alternative scenarios for consideration to the would-be investor.
This is the first step in the search for an optimal portfolio. The computation
of the efficient frontier is the second step and it essentially involves solving the
quadratic programming problem (QP) possibly in conjunction with constraints
specific to the investor. The third and final step consists of defining, at a more
or less formal level, the investor’s risk tolerance and, on that basis, identifying
his optimal portfolio.
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Appendix 6.1: Indifference Curves Under Quadratic Utility or
Normally Distributed Returns

In this appendix we demonstrate more rigorously that if his utility function
is quadratic or if returns are normally distributed, the investor’s expected utility
of the portfolio’s rate of return is a function of the portfolio’s mean return and
standard deviation only (Part I). We subsequently show that in either case,
investor’s indifference curves are convex to the origin (Part II).

Part 1

If the utility function is quadratic, it can be written as:

U(fp) =a+bip+ cf%) where 7p denotes a portfolio’s rate of return. Let the
constant ¢ = 0 in what follows since it does not play any role. For this function
to make sense we must have b > 0 and ¢ < 0. The first and second derivatives
are, respectively,

U'(fp) = b+ 2cip, and U"(7p) =2¢ < 0
Expected utility is then of the following form:
E(U(7p)) = bE(7p) + c(E(F})) = bup + cpp + cop,

that is, of the form g(op,up). As showed in Figure (A6.1). this function is
strictly concave. But it must be restricted to ensure positive marginal utility:

11



7p < —b/2c. Moreover, the coefficient of absolute risk aversion is increasing
(R)y > 0). These two characteristics are unpleasant and they prevent a more
systematic use of the quadratic utility function.

Insert Figure A6.1

Alternatively, if the individual asset returns 7; are normally distributed,
7p = > w;T; is normally distributed as well. Let 7p have density f(7p),
i

where
[(Fp) = N(Tp;up,op)

The standard normal variate Z is defined by:

Tp — jip 5

Z = ——2= ~N(Z;0,1)
op
Thus, 7p = opZ+ pp (6.7)
+oo +oo
EU(p) = /U(rp)f(Tp)drp:/U(apZ—i—up)N(Z;O,1)dZ.(6.8)

The quantity E(U(7p)) is again a function of op and pp only. Maximizing
E(U(7p)) amounts to choosing w; so that the corresponding op and pup maxi-
mize the integral (6.8).

Part 11
Construction of indifference curves in the mean-variance space. There are
again two cases.

U is quadratic.
An indifference curve in the mean-variance space is defined as the set:
{(op,up)|E(U(Fp)) = bup + cu% + co% = k}, for some utility level k.
This can be rewritten as
9 5 b b2 E o b?
CPTHP T e T T g

b kb2
0%+(MP+?C)2:E+@

This equation defines the set of points (op, up) located in the circle of radius
\/E and of center (0,—) as in Figure A6.2.

Insert Figure A6.2.

In the relevant portion of the (op, pp) space, indifference curves thus have

positive slope and are convex to the origin.
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The Distribution of R is Normal.
One wants to describe

+o0o
(@)l [ Unz +pr)N(z:0.1)02 = 0}

Differentiating totally yields:

+oo
0 = /UI(JPZ-F,UP)(ZdO'P+d/ﬁp)N(Z;0,1)dZ, or
—oo
+oo
J U'lopZ +pp)ZN(Z;0,1) dZ
d,U/P _ _I%™
dO’p

+o00 :
J UopZ + pp)N(Z;0,1)dZ

— 00

If op = 0 (at the origin),

+oo

[ ZN(Z;0,1)dz
dpp _ —oo —0
dop T+ o

[ N(Z;0,1)dZ

— 00

Ifop > O,dup/ddp > 0.
Indeed, the denominator is positive since U’(-) is positive by assumption,
and N(Z;0,1) is a probability density function, hence it is always positive.

—+o0
The expression [ U'(opZ + pp)ZN(Z,0,1)dZ is negative under the hy-
— o0
pothesis that the investor is risk averse; in other words, that U(:) is strictly
concave. If this hypothesis is verified, the marginal utility associated with each
negative value of Z is larger than the marginal utility associated with positive
values. Since this is true for all pairs of £7, the integral on the numerator is
negative. See Figure A.6.3 for an illustration.

Proof of the Convexity of Indifference Curves

Let two points (op, up) and (op/, ups ) lie on the same indifference curve of-
fering the same level of expected utility U. Let us consider the point (opr, pupr)
where: opr = aop + (1 — @)op and pupr = app + (1 — a@)pps

One would like to prove that: EU(oprZ + ppr)) > aE(U(opZ + pp)) +
(1-a)E(U(opZ +pp)) =U.

By the strict concavity of U, the inequality

UlopnZ + ppr) > al(opZ + pp) + (1 = a)U(op Z + ppr)
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is verified for all (op, up) and (op,, upr).
One may thus write:

+oo
/U(Up//Z+/,LP//)N(Z;0,1)dZ>

“+00 “+o00
a/U(UpZ—l—,up)N(Z;O,l)dZ—l—(1—a)/U(aprZ—i—,up/)N(Z;O,l)dZ, or

E(U(oprZ + ppr)) > aBE(U(cpZ + pp)) + (1 — ) E(U(op Z + ppr)), or
E(U(Up//Z"‘,ufP”)) > C!U'F (1 — OZ)U =U

See Figure A.6.4 for an illustration. O

Insert Figure A.6.4
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Appendix 6.2: The Shape of the Efficient Frontier; Two Assets;
Alternative Hypotheses

Perfect Positive Correlation (Figure 6.2)

pr2 =1

op = wio1+ (1 —w)og, the weighed average of the SD’s of individuals asset
returns

pi2 = 1
pp = w1+ (1—w)fa =71+ (1 —wy)(F2 — 71)
0'123 = w%a% + (]_ — w1)20§ + 2’11)1’11]20’102p172

2 2 2 2
= wijo] + (1 —wy)%05 4+ 2wiweo09

= (wioy + (1 —wy) 02)? [perfect square]

op = :I:(wlal =+ (]. —’LUl)UQ) :>U)17: Z};%f;;l —w; = %
pp =T+ F=EE (P =) =71 + 2=k (op —01)

Imperfectly Correlated Assets (Figure 6.3)

—1<pra<1
Reminder: up = wirTi + (1 — ’LUl) T9
0'123 = ’LU%O’% + (1 — 11.)1)2 J% + 2w1w20102p1,2
Thus,
o 2
9P = 2wiwgo109 >0
5’,01,2

which implies: op < w101+ (14+w1)o9; op is smaller than the weighted average
of the o’s, there are gains from diversifying.

Fix pp, hence wy, and observe: as one decreases p; 2 (from +1 to -1), 0%
diminishes (and thus also op). Hence the opportunity set for p = p < 1 must
be to the left of the line AB (p1.2 = 1) except for the extremes.

wle:up:FQetU}%:a%

wlzliupzfletafp:a%
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Perfect Negative Correlation (Figure 6.4)

pr2 = —1
2 _ 2 2 2 2 . o
0Op = wWiog + (]. — 'Ll)l) 09 — 2w1w20'10'2 with (w2 = (1 — ’U.)l))

= (wioy — (1 —wy) 03)? [perfect square again]

op = =£lwiop — (1 —wy)os] =+ [wy (01 + 02) — 02]
top + o2
w = —
o1+ 09
02
op = 0w =—"—
P 1 o1+ 0o
top+o0a_ top+o02)\ _
pp = ————71+ |l - —— |72
01+ 02 o1+ 02

top+ oy o1xop_
T1 T2

o1+ 02 o1+ 02
o2 _ o1 L — T2

’I"1+ T2
01+ 02 o1+ 02 01+ 02

One Riskless and One Risky Asset (Figure 6.5)
Asset 1: 71,01 =0
Asset 2: T9, 09

r < T2
pp = wir + (1 —w) 7
2 2 2 2 2
op = wioi+ (1 —wi) o5+ 2w (1 —wi)covi o
2 .
= (1—wp)” 03 since 07 = 0 and covy 2 = p1,20102 = 0; thus,
op = (1—wy)og, and
op
w = 1-22
02

Appendix 6.3: Constructing the Efficient Frontier

In this Appendix we outline how Excel’s “SOLVER” program may be used to
construct an efficient frontier using historical data on returns. Our method does
not require the explicit computation of means, standard deviations, and return
correlations for the various securities under consideration; they are implicitly
obtained from the data directly.

The Basic Portfolio Problem

Let us, for purposes of illustration, assume that we have assembled a time
series of four data points (monthly returns) for each of three stocks, and let
us further assume that these four realizations fully describe the relevant return
distributions. We also assign equal probability to the states underlying these
realizations.

16



Table A6.1 Hypothetical Return Data

Prob | Stock 1 | Stock 2 | Stock 3
State 1 .25 6.23% 5.10% 7.02%
State 2 .25 -.68% 4.31% .79%
State 3 .25 5.55% -1.27% | -.21%
State 4 .25 -1.96% | 4.52% 10.30%

Table A6.1 presents this hypothetical data.

Following our customary notation, let w; represent the fraction of wealth
invested in asset 7, i = 1,2,3, and let 7pp, represent the return for a portfolio
of these assets in the case of event 0;, j = 1,2,3,4. The Excel formulation
analogous to problem (QP) of the text is found in Table A6.2. where (A1)
through (A4) define the portfolio’s return in each of the four states; (A5) defines
the portfolio’s average return; (A6) places a bound on the expected return; by
varying pu, it is possible to trace out the efficient frontier; (A7) defines the
standard deviation when each state is equally probable; and (A8) is the budget
constraint.

Table A6.2: The Excel Formulation of the (QP) Problem
min{whwz,wg)m} SD
(minimize portfolio standard deviation)
Subject to:
(A1) rpg, = 6.23wy + 5.10we + 7.02ws

<A2) TP, = —.68wy + 4.31ws + .7T9w3

(A3) TP, = 5.5511)1 — 1.2711)2 — .2111)3

(A4) PO, = —1.96wq + 4.52ws + 10.30ws3

(A5) 7p = .25rF + 25rF + 2500 + 2507

(A6) Fp>pu=3

(A7) SD = SQRT(SUMPRODUCT (rpg,,7P,o,,TP,05:TP0,))
(AS) wy +wo +wg =1

The Excel-based solution to this problem is

wi = .353
wy = .535
ws = 111,

when p is fixed at u = 3.0%. The corresponding portfolio mean and standard
deviation are 7p = 3.00, and op = 1.67. Screen 1 describes the Excel setup for
this case.

Insert Figure A6.5 about here

Notice that this approach does not require the computation of individual
security expected returns, variances, or correlations, but it is fundamentally no
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different than problem (QP) in the text which does require them. Notice also
that by recomputing “min SD” for a number of different values of y, the efficient
frontier can be well approximated.

Generalizations
The approach described above is very flexible and accommodates a number
of variations, all of which amount to specifying further constraints.

Non-Negativity Constraints

These amount to restrictions on short selling. It is sufficient to specify the
additional constraints

w1 Z 0

Wo Z 0

w3 > 0.

The functioning of SOLVER is unaffected by these added restrictions (al-
though more constraints must be added), and for the example above the solution
remains unchanged. (This is intuitive since the solutions were all positive.) See
Screen 2.

Insert Figure A6.6 about here

Composition Constraints
Let us enrich the scenario. Assume the market prices of stocks 1, 2, and
3 are, respectively, $25, $32, and $17, and that the current composition of the
portfolio consists of 10,000 shares of stock 1, 10,000 shares of stock 2, and 30,000
shares of stock 3, with an aggregate market value of $1,080,000. You wish to
obtain the lowest SD for a given expected return subject to the constraints that
you retain 10,000 shares of stock 1 and 10,000 shares of stock 3. Equivalently,
you wish to constrain portfolio proportions as follows:
10,000 $25 _
w2 sl ~ 20
,000x _ )
W3 Z St oso.000 — 107
while ws is free to vary. Again SOLVER easily accommodates this. We find
w1 = .23, we = .453, and w3 = .157, yielding 7p = 3.03% and op = 1.70%.
Both constraints are binding. See Screen 3.

Insert Figure A6.7 about here

Adjusting the Data (Modifying the Means)
On the basis of the information in Table A6.1,

1 o= 2.3%
o = 3.165%
3 = 4.47%.
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Suppose, either on the basis of fundamental analysis or an SML-style calcula-
tion, other information becomes available suggesting that, over the next portfo-
lio holding period, the returns on stocks 1 and 2 would be 1% higher than their
historical mean and the return on stock 3 would be 1% lower. This supplemen-
tary information can be incorporated into min SD by modifying Table A6.1. In
particular, each return entry for stocks 1 and 2 must be increased by 1% while
each entry of stock 3 must be decreased by 1%. Such changes do not in any
way alter the standard deviations or correlations implicit in the data. The new
input table for SOLVER is found in Table A6.3.

Table A6.3 Modified Return Data

Prob | Stock 1 | Stock 2 | Stock 3
Event 1 .25 7.23% 6.10% 6.02%
Event 2 .25 .32% 5.31% -21%
Event 3 .25 6.55% -27% -1.21%
Event 4 .25 -.96% 5.52% 9.30%

Solving the same problem, min SD without additional constraints yields
wy = .381, wy = .633, and wz = —0.013, yielding 7p = 3.84 and op = 1.61. See
Screen 4.

Insert Figure A6.8 about here

Constraints on the Number of Securities in the Portfolio

Transactions costs may be substantial. In order to economize on these costs,
suppose an investor wished to solve min SD subject to the constraint that his
portfolio would contain at most two of the three securities. To accommodate
this change, it is necessary to introduce three new binary variables that we
will denote 1, x2, x3, corresponding to stocks 1, 2, and 3, respectively. For all
2,1 =1,2,3,2; € {0, 1}. The desired result is obtained by adding the following
constraints to the problem min SD:

wy < 1
we < T
wy < T3
1+ 22 +23 <2

T1, T2, T3 are binary

In the previous example the solution is to include only securities one and
two with proportions w; = .188, and ws = .812. See Screen 5.

Insert Figure A6.9 about here
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Part 111

Equilibrium Pricing



Chapter 7: The Capital Asset Pricing Model:
Another View About Risk

7.1 Introduction

The CAPM is an equilibrium theory built on the premises of Modern Port-
folio Theory. It is, however, an equilibrium theory with a somewhat peculiar
structure. This is true for a number of reasons:

1. First, the CAPM is a theory of financial equilibrium only. Investors
take the various statistical quantities — means, variances, covariances — that
characterize a security’s return process as given. There is no attempt within the
theory to link the return processes with events in the real side of the economy.
In future model contexts we shall generalize this feature.

2. Second, as a theory of financial equilibrium it makes the assumption that
the supply of existing assets is equal to the demand for existing assets and, as
such, that the currently observed asset prices are equilibrium ones. There is
no attempt, however, to compute asset supply and demand functions explicitly.
Only the equilibrium price vector is characterized. Let us elaborate on this
point.

Under the CAPM, portfolio theory informs us about the demand side. If
individual i invests a fraction w;; of his initial wealth Y,; in asset j, the value
of his asset j holding is w;;Yp;. Absent any information that he wishes to alter
these holdings, we may interpret the quantity w;;Y,; as his demand for asset
j at the prevailing price vector. If there are I individuals in the economy, the

I
total value of all holdings of asset j is > w;;Yp;; by the same remark we may
i
interpret this quantity as aggregate demand. At equilibrium one must have
I
> w;;Yo: = p;Q; where p; is the prevailing equilibrium price per share of asset

1

J, @; is the total number of shares outstanding and, consequently, p;Q; is
the market capitalization of asset j. The CAPM derives the implications for
prices by assuming that the actual economy-wide asset holdings are investors’
aggregate optimal asset holdings.

3. Third, the CAPM expresses equilibrium in terms of relationships between
the return distributions of individual assets and the return characteristics of the
portfolio of all assets. We may view the CAPM as informing us, via modern
Portfolio Theory, as to what asset return interrelationships must be in order for
equilibrium asset prices to coincide with the observed asset prices.

In what follows we first present an overview of the traditional approach to
the CAPM. This is followed by a more general presentation that permits at once
a more complete and more general characterization.

7.2 The Traditional Approach to the CAPM

To get useful results in this complex world of many assets we have to make sim-
plifying assumptions. The CAPM approach essentially hypothesizes (1) that all



agents have the same beliefs about future returns (i.e., homogenous expecta-
tions), and, in its simplest form, (2) that there is a risk-free asset, paying a safe
return 7. These assumptions guarantee (Chapter 6) that the mean-variance
efficient frontier is the same for every investor, and furthermore, by the separa-
tion theorem, that all investors’ optimal portfolios have an identical structure:
a fraction of initial wealth is invested in the risk-free asset, the rest in the (iden-
tical) tangency portfolio (two-fund separation). It is then possible to derive a
few key characteristics of equilibrium asset and portfolio returns without detail-
ing the underlying equilibrium structure, that is, the demand for and supply of
assets, or discussing their prices.

Because all investors acquire shares in the same risky tangency portfolio T,
and make no other risky investments, all existing risky assets must belong to T'
by the definition of an equilibrium. Indeed, if some asset k were not found in 7,
there would be no demand for it; yet, it is assumed to exist in positive supply.
Supply would then exceed demand, which is inconsistent with assumed financial
market equilibrium. The same reasoning implies that the share of any asset j
in portfolio 7" must correspond to the ratio of the market value of that asset

J
p;Q; to the market value of all assets ) p;Q;. This, in turn, guarantees that
j=1
tangency portfolio T" must be nothing other than the market portfolio M, the
portfolio of all existing assets where each asset appears in a proportion equal to

the ratio of its market value to the total market capitalization.

Insert Figure 7.1

This simple reasoning leads to a number of useful conclusions:

a. The market portfolio is efficient since it is on the efficient frontier.

b. All individual optimal portfolios are located on the half-line originating at
point (0,7) and going through (7, oar), which is also the locus of all efficient

portfolios (see Figure 7.1). This locus is usually called the Capital Market
Line or CML.

c. The slope of the CML is ”i_rf. It tells us that an investor considering
a marginally riskier efficient portfolio would obtain, in exchange, an increase in
expected return of 22="L  This is the price of, or reward for, risk taking—the
price of risk as applicable to efficient portfolios. In other words, for efficient
portfolios, we have the simple linear relationship in Equation (7.1).

M 77‘f0

Ty =T§+ P (7.1)

oM

The CML applies only to efficient portfolios. What can be said of an arbitrary
asset j not belonging to the efficient frontier? To discuss this essential part of



the CAPM we first rely on Equation (7.2), formally derived in Appendix 7.1,
and limit our discussion to its intuitive implications:
_ _ OjM
Fi=rp+ (Fa —15) 2 (7.2)
oM

Let us define 3; = ?QM , that is the ratio of the covariance between the returns
M

on asset 7 and the returns on the market portfolio over the variance of the
market returns. We can thus rewrite Equation (7.2) as Equation (7.3).

_ TM—T M —T
Tj=rf+ <(;Mf> Biom =1y + (JMf> PiMTj (7.3)

Comparing Equations (7.1) and (7.3), we obtain one of the major lessons of
the CAPM: Only a portion of the total risk of an asset j, o; , is remunerated
by the market. Indeed, the risk premium on a given asset is the market price
of risk, =L multiplied by the relevant measure of the quantity of risk for
that asset. In the case of an inefficient asset or portfolio j, this measure of risk
differs from o;. The portion of total risk that is priced is measured by Bjou
or pjpmo;(< oj. This is the systematic risk of asset j (also referred to as
market risk or undiversifiable risk). The intuition for this fundamental result is
as follows.

Every investor holds the market portfolio (T' = M). The relevant risk for
the investor is thus the variance of the market portfolio. Consequently, what
is important to him is the contribution of asset j to the risk of the market
portfolio; that is, the extent to which the inclusion of asset j into the overall
portfolio increases the latter’s variance. This marginal contribution of asset
J to the overall portfolio risk is appropriately measured by Bjon (= Bjom)
Equation (7.3) says that investors must be compensated to persuade them to
hold an asset with high covariance with the market, and that this compensation
takes the form of a higher expected return.

The comparison of Equations (7.1) and (7.3) also leads us to conclude that
an efficient portfolio is one for which all diversifiable risks have been eliminated.
For an efficient portfolio, total risk and systematic risk are thus one and the
same. This result is made clear from writing, without loss of generality, the
return on asset j as a linear function of the market return with a random error
term that is independent of the market return,!

’I:j :Oé+ﬂj1:M +¢€; (74)
Looking at the implication of this general regression equation for variances,
032' = 6]20-12\4 + Ugjv (75)

we obtain the justification for the “beta” label. The standard regression esti-
mator of the market return coefficient in Equation (7.4) will indeed be of the

IThe “market model” is based on this same regression equation. The market model is
reviewed in Chapter 13.



form

o a'jM
Bj = 72 -
oM

Equation (7.3) can equivalently be rewritten as
Fj—TfZ(fM—Tf)ﬁj (7.6)

which says that the expected excess return or the risk premium on an asset j
is proportional to its ;. Equation (7.6) defines the Security Market Line or
SML. It is depicted in Figure 7.2.

The SML has two key features. The beta of asset j,3; is the sole specific
determinant of the excess return on asset j. Adopting a terminology that we
shall justify later, we can say that the beta is the unique explanatory factor
model. Furthermore, the relation between excess returns on different assets and
their betas is linear.

Insert Figure 7.2

7.3 Valuing risky cash flows with the CAPM

We are now in position to make use of the CAPM not only to price assets but
also to value non-traded risky cash flows such as those arising from an invest-
ment project. The traditional approach to this problem proposes to value an
investment project at its present value price, i.e., at the appropriately discounted
sum of the expected future cash flows. The logic is straightforward: To value a
project equal to the present value of its expected future cash flows discounted
at a particular rate is to price the project in a manner such that, at its present
value price, it is expected to earn that discount rate. The appropriate rate,
in turn, must be the analyst’s estimate of the rate of return on other financial
assets that represent title to cash flows similar in risk and timing to that of the
project in question. This strategy has the consequence of pricing the project to
pay the prevailing competitive rate for its risk class.

Enter the CAPM which makes a definite statement regarding on the ap-
propriate discount factor to be used or, equivalently, on the risk premium that
should be applied to discount expected future cash flows. Strictly speaking,
the CAPM is a one-period model; it is thus formally appropriate to use it only
for one-period cash flows or projects. In practice its use is more general and a
multi-period cash-flow is typically viewed as the sum of one-period cash flows,
each of which can be evaluated with the approach we now describe.

Consider some project j with cash flow pattern

t [ t+1
—pje | CFjum




The link with the CAPM is immediate once we define the rate of return on

. . . . - S dit—ps
project j. For a financial asset we would naturally write 7 ¢4q = W,

where czj,t is the dividend or any flow payment associated with the asset between
date ¢ and ¢t + 1. Similarly, if the initial value of the project with cash flow
C~Fj,t+1 is pj.¢, the return on the project is 7; ;41 = W
One thus has ~

14 B (7j) = B (o) = BCR) and by the CAPM,

Pj.t
E(7j) = ry+06;(E(Fym)—1yf), or
1+ E() = 14 (rp+8;(E(Fy)—7f), or
E(CF,
(pNH) = 1+r;+08;(E(Fm)—rys). Thus,
it
B E(CFju41)
Pjt =

1+Tf+ﬁj(EfM—7‘f).

According to the CAPM, the project is thus priced at the present value of its
expected cash flows discounted at the risk-adjusted rate appropriate to its risk
class (5;).

As discussed in Chapter 1, there is another potential approach to the pricing
problem. It consists in altering the numerator of the pricing equations (the
sum of expected cash flows) so that it is permissible to discount at the risk-free
rate. This approach is based on the concept of certainty equivalent, which we
discussed in Chapter 3. The idea is simple: If we replace each element of the
future cash flow by its CE, it is clearly permissible to discount at the risk-free
rate. Since we are interested in equilibrium valuations, however, we need a
market certainty equivalent rather than an individual investor one. It turns out
that this approach raises exactly the same set of issues as the more common one
just considered: an equilibrium asset pricing model is required to tell us what
market risk premium it is appropriate to deduct from the expected cash flow to
obtain its CE. Again the CAPM helps solve this problem.?

In the case of a one-period cash flow, transforming period-by-period cash
flows into their market certainty equivalents can be accomplished in a straight-
forward fashion by applying thEICAPM equation to the rate of return expected

it

on the project. With 7; = Cf? 1, the CAPM implies

3,5t

C~F4H_1 cov (L};’:’j*l — 1,77M)
E | =L — 1) = rp+8;(Bis—rs) = s+ = (Efar=ry),
Pzt oM

or

CF; 1 ~ E () —
B =22 1) =+ —cov(CFj,t_s_l,FM)[M].
Dyt Pyt oM

20r, similarly, the APT.



Solving for p;; yields

FE <C~Fj’t+1> - COU(dFj’t+17 771\/[)[%]
147y

M

Djt =

)
which one may also write

E <C~Fj,t+1) — B[ ETv — 1y

Pjt = 1+T’f '

Thus by appropriately transforming the expected cash flows, that is, by sub-
tracting what we have called an insurance premium (in Chapter 3), one can
discount at the risk-free rate. The equilibrium certainty equivalent can thus be
defined using the CAPM relationship. Note the information requirements in
the procedure: if what we are valuing is indeed a one-off, non-traded cash flow,
the estimation of the 3; , or of cov(Cer,tH,FM), is far-from-straightforward;
in particular, it cannot be based on historical data since they are none for the
project at hand. It is here that the standard prescription calls for identifying
a traded asset that can be viewed as similar in the sense of belonging to the
same risk class. The estimated § for that traded asset is then to be used as an
approximation in the above valuation formulas.

In the sections that follow, we first generalize the analysis of the efficient
frontier presented in Chapter 6 to the NV > 2 asset case. Such a generaliza-
tion will require the use of elementary matrix algebra and is one of those rare
situations in economic science where a more general approach yields a greater
specificity of results. We will, for instance, be able to detail a version of the
CAPM without risk-free asset. This is then followed by the derivation of the
standard CAPM where a risk-free asset is present.

As noted in the introduction, the CAPM is essentially an interpretation
that we are able to apply to the efficient frontier. Not surprisingly, therefore,
we begin this task with a return to characterizing that frontier.

7.4 The Mathematics of the Portfolio Frontier: Many Risky

Assets and No Risk-Free Asset

Notation. Assume N > 2 risky assets; assume further that no asset has a
return that can be expressed as a linear combination of the returns to a subset
of the other assets, (the returns are linearly independent). Let V' denote the
variance-covariance matrix, in other words, V;; = cov(r;,r;); by construction
V is symmetric. Linear independence in the above sense implies that V!
exists. Let w represent a column vector of portfolio weights for the N assets.
The expression w”? Vw then represents the portfolio’s return variance: w? Vw is
always positive (i.e., V is positive definite).
Let us illustrate this latter assertion in the two-asset case

2
T 01 012 w1 2 2
w Vw = ( w1 W2 ) ( 2 = ( w107 “+ weo0921 w1012 +’LU2(72 )

021 g5 wao

w1
wa

)



= w%o% + wiweo21 + Wiwo012 + U}%U%
= w?o? + w303 + 2wiwy012 > 0

since 012 = P120102 Z —0102.

Definition 7.1 formalizes the notion of a portfolio lying on the efficient fron-
tier. Note that every portfolio is ultimately defined by the weights that deter-
mine its composition.

Definition 7.1:
A frontier portfolio is one that displays minimum variance among all feasible
portfolios with the same E (7).

A portfolio p, characterized by wy, is a frontier portfolio, if and only if w),
solves.?

o1
min —w? Vw
w

(\) st wle=FE @;1 wiB () = B () = E)

(v whi=1 <§1 w; = 1)

where the superscript T stands for transposed, i.e., transforms a column vector
into a line vector and reciprocally, e denotes the column vector of expected
returns to the N assets, 1 represents the column vector of ones, and A, v are
Lagrange multipliers. Short sales are permitted (no non-negativity constraints
are present). The solution to this problem can be characterized as the solution

to min where L is the Lagrangian:
{w, A~}

L= %wTVw +A(E—-w"e)+v(1-w"1) (7.7)

Under these assumptions, w,, A and v must satisfy Equations (7.8) through
(7.10), which are the necessary and sufficient first order conditions:

g—i = Vw—Ide—71=0 (7.8)
oL B T

oL

= = 1-—wl1= 1
N w 0 (7.10)

In the lines that follow, we manipulate these equations to provide an intuitive
characterization of the optimal portfolio proportions (7.16). From (7.8), Vw, =
Ae + 1, or

3The problem below is, in vector notation, problem (QP) of Chapter 5.



w, = AV le+qV ', and (7.11)
efw, = A("V7le)+v (V). (7.12)
Since ew, = wge, we also have, from Equation (7.9), that

E(fp) =A(e"V7le) +y(efVT'1). (7.13)

From Equation (7.12), we have:

1w, = wil=X(1"V""e)+~(17V 1)
= 1 [by Equation(7.10)]
1 = Ax1"vle)+y(1TV 1) (7.14)

Notice that Equations (7.13) and (7.14) are two scalar equations in the un-
knowns A and « (since such terms as e’V ~le are pure numbers!). Solving this
system of two equations in two unknowns, we obtain:

CE - A B - AF
where
A=1"v1e = fv ™11
B = €'vle>o0
c = 1Tv™h

D = BC-A?

Here we have used the fact that the inverse of a positive definite matrix is
itself positive definite. It can be shown that D is also strictly positive. Substi-
tuting Equations (7.15) into Equation (7.11) we obtain:

_ CE-A_,, B-AE__,
U}p = TV (& + TV 1
N——vector “N=——~—vector
ESNN
scalar scatar
= BT -AVTl+ 5[0V AV E
wp = \g,/ + \@/\E/‘/ (7.16)

vector vectorscalar

Since the FOCs [Equations (7.8) through (7.10)] are a necessary and suf-
ficient characterization for w, to represent a frontier portfolio with expected



return equal to E, any frontier portfolio can be represented by Equation (7.16).
This is a very nice expression; pick the desired expected return E and it straight-
forwardly gives the weights of the corresponding frontier portfolio with E as its
expected return. The portfolio’s variance follows as 012, = wg Vw,, which is also
straightforward. Efficient portfolios are those for which E exceeds the expected
return on the minimum risk, risky portfolio. Our characterization thus applies
to efficient portfolios as well: Pick an efficient E and Equation (7.16) gives its
exact composition. See Appendix 7.2 for an example.

Can we further identify the vectors g and h in Equation (7.16); in particular,
do they somehow correspond to the weights of easily recognizable portfolios?
The answer is positive. Since, if £ =0, g = wp, g then represents the weights
that define the frontier portfolio with E (7,) = 0. Similarly, g + h corresponds
to the weights of the frontier portfolio with E (7,) = 1, since w, = g+hE (7p) =
g+ hl=g+h.

The simplicity of the relationship in Equation (7.16) allows us to make two
claims.

Proposition 7.1:

The entire set of frontier portfolios can be generated by (are affine combina-
tions of) g and g + h.

Proof:

To see this, let ¢ be an arbitrary frontier portfolio with E (7,) as its expected
return. Consider portfolio weights (proportions) 7y = 1 — E (7y) and mgqp =
E (74); then, as asserted,

(1= E(7g)]g+ E(Fq) (g+h)=g+hE(F) =w, .0
The prior remark is generalized in Proposition 7.2.

Proposition 7.2:

The portfolio frontier can be described as affine combinations of any two
frontier portfolios, not just the frontier portfolios g and g + h.

Proof:

To confirm this assertion, let p; and py be any two distinct frontier portfolios;
since the frontier portfolios are different, E (7, ) # E (¥p,). Let ¢ be an arbitrary
frontier portfolio, with expected return equal to E (7). Since E (7p,) # E (7p,),
there must exist a unique number « such that

E(7q) = aE (fp,) + (1 — a) E(7p,) (7.17)

Now consider a portfolio of p; and p, with weights a,1 — «, respectively, as
determined by Equation (7.17). We must show that wy = awp,, + (1 — a) wp,.

QAWp, + (1 - O‘) Wp, = « [g +hE (erl )] + (1 - Oé) [g +hE (’sz)]
= g+h[aE () + (1 —a)E ()
= g+hE (i)

= wyq, since ¢ is a frontier portfolio.d
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What does the set of frontier portfolios, which we have calculated so conve-
niently, look like? Can we identify, in particular, the minimum variance portfo-
lio? Locating that portfolio is surely key to a description of the set of all frontier
portfolios. Fortunately, given our results thus far, the task is straightforward.
For any portfolio on the frontier,

0% (7y) = [g+ hE (Fp)]T V]g+ hE (7p)], with g and h as defined earlier.

Multiplying all this out (very messy), yields:

o2 (7p) = % (E (7p) — é)z + é (7.18)

where A, C, and D are the constants defined earlier. We can immediately
identify the following: since C' > 0, D > 0,

(1) the expected return of the minimum variance portfolio is A/C}

(ii) the variance of the minimum variance portfolio is given by %;

(iii) Equation (7.18) is the equation of a parabola with vertex (&, 4) in
the expected return/variance space and of a hyperbola in the expected re-
turn/standard deviation space. See Figures 7.3 and 7.4.

Insert Figure 7.3
Insert Figure 7.4

The extended shape of this set of frontier portfolios is due to the allowance
for short sales as underlined in Figure 7.5.

Insert Figure 7.5

What has been accomplished thus far? First and foremost, we have a much
richer knowledge of the set of frontier portfolios: Given a level of desired ex-
pected return, we can easily identify the relative proportions of the constituent
assets that must be combined to create a portfolio with that expected return.
This was illustrated in Equation (7.16), and it is key. We then used it to identify
the minimum risk portfolio and to describe the graph of all frontier portfolios.

All of these results apply to portfolios of any arbitrary collection of assets.
So far, nothing has been said about financial market equilibrium. As a next
step toward that goal, however, we need to identify the set of frontier portfolios
that is efficient. Given Equation (7.16) this is a straightforward task.

7.5 Characterizing Efficient Portfolios (No Risk-Free As-
sets)

Our first order of business is a definition.

11



Definition 7.2: Efficient portfolios are those frontier portfolios for which
the expected return exceeds A/C, the expected return of the minimum variance
portfolio.

Since Equation (7.16) applies to all frontier portfolios, it applies to efficient
ones as well. Fortunately, we also know the expected return on the minimum
variance portfolio. As a first step, let us prove the converse of Proposition 7.2.

Proposition 7.3:

Any convex combination of frontier portfolios is also a frontier portfolio.

Proof:

Let (w;...wy), define N frontier portfolios (w; represents the vector defining
the composition of the ith portfolio) and «;, t =, ..., N be real numbers such
that Zi\il a; = 1. Lastly, let E (7;) denote the expected return of the portfolio
with weights ;.

We want to show that le\il a;w; is a frontier portfolio with E(7) = LN, o, E (7;)).

The weights corresponding to a linear combination of the above N portfolios
are:

N
Zaﬂf)i = Z:OéZ +hE ’I"z))
=1
= ZaingaiE(m
i=1 N i=1
Z o, E (74
=1

N N
Thus Y a;w; is a frontier portfolio with E (F) = >~ o, E (7). O
i=1 =1
A corollary to the previous result is:

Proposition 7.4:

The set of efficient portfolios is a convex set. *

Proof:

Suppose each of the N portfolios under consideration was efﬁcient; then

E (7;) > 4, for every portfolio i. However, Z o E (7)) > Z o; 4 =4, thus,
the convex combination is efficient as well. So the set of efﬁ01ent portfohos as

characterized by their portfolio weights, is a convex set. O

It follows from Proposition 7.4 that if every investor holds an efficient port-
folio, the market portfolio, being a weighted average of all individual portfolios,
is also efficient. This is a key result.

4This does not mean, however, that the frontier of this set is convex-shaped in the risk-
return space.
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The next section further refines our understanding of the set of frontier
portfolios and, more especially, the subset of them that is efficient. Observe,
however, that as yet we have said nothing about equilibrium.

7.6 Background for Deriving the Zero-Beta CAPM: No-
tion of a Zero Covariance Portfolio

Proposition 7.5:

For any frontier portfolio p, except the minimum variance portfolio, there
exists a unique frontier portfolio with which p has zero covariance.

We will call this portfolio the zero covariance portfolio relative to p, and
denote its vector of portfolio weights by ZC (p).

Proof:

To prove this claim it will be sufficient to exhibit the (unique) portfolio that
has this property. As we shall demonstrate shortly [see Equation (7.24) and the
discussion following it], the covariance of any two frontier portfolios p and ¢ is
given by the following general formula:

% {E (7p) — g} {E (7q) — é] +% (7.19)

where A,C, and D are uniquely defined by e, the vector of expected returns
and V| the matrix of variances and covariances for portfolio p. These are, in
fact, the same quantities A,C, and D defined earlier. If it exists, ZC (p) must
therefore satisfy,

cov (Fp, Tq) =

cov (Fp, Fz0(p)) = % {E (7p) — é} {E (Fzow) — é] + % =0 (7.20)

Since A, C, and D are all numbers, we can solve for E (cm(p))

B (Fpog) = 4 - - (r21)

T =— - —= .
e B - 8

Given F (fzc(p)), we can use Equation (7.16) to uniquely define the portfolio

weights corresponding to it. O

From Equation (7.21), since A > 0,C > 0,D > 0, if E(7,) > 4 (ie., is
efficient), then E(rzc () < % (i.e., is inefficient), and vice versa. The portfolio
ZC (p) will turn out to be crucial to what follows. It is possible to give a more
complete geometric identification to the zero covariance portfolio if we express
the frontier portfolios in the context of the E () — o2 (7) space (Figure 7.6).

Insert Figure 7.6

The equation of the line through the chosen portfolio p and the minimum
variance portfolio can be shown to be the following [it has the form (y = b+maz)]:

A & E(ip) —




If 0% (7) = 0, then

A & N
E(@Z@‘W:E(Tzc(m)

Ql

[by Equation (7.21)].

That is, the intercept of the line joining p and the minimum variance portfolio
is the expected return on the zero-covariance portfolio. This identifies the zero-
covariance portfolio to p geometrically. We already know how to determine its
precise composition.

Our next step is to describe the expected return on any portfolio in terms
of frontier portfolios. After some manipulations this will yield Equation (7.27).
The specialization of this relationship will give the zero-beta CAPM, which is
a version of the CAPM when there is no risk-free asset. Recall that thus far
we have not included a risk-free asset in our collection of assets from which we
construct portfolios. Let ¢ be any portfolio (which might not be on the portfolio
frontier) and let p be any frontier portfolio.

cov (Fp, Tq) = wVw,
by definition

AWVl a1 Va,
= AV Ww, + 11TV IV,

N
= Xefw, + 7 (since 17w, = Zwé =1) (7.22)
i=1

N
= ME(7,) 47 (since eTw, = ZE (7) wi, = E (7)) (7.23)

CE(i,)—A B—AE(7,)
D D

where A = and v = , as per earlier definitions.
Substituting these expressions into Equation (7.23) gives

cov (Fp, 7q) = %E(m + %E(m . (7.24)

Equation (7.24) is a short step from Equation (7.19): Collect all terms involving

expected returns, add and subtract gZCC; to get the first term in Equation (7.19)

with a remaining term equal to —&—%(E — A—Q). But the latter is simply 1/C

D D
since D = BC — A2

Let us go back to Equation (7.23) and apply it to the case where ¢ is ZC(p);
one gets

0= cov (fp,FZC(p)) =)\FE (fzc(p)) +vyorvy=-\F (fzc(p)) ; (7.25)
hence Equation (7.23) becomes
cov (Fp,Tq) = A [E (fq) — E (fzc(p))] . (7.26)
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Apply the later to the case p = ¢ to get

or = cov (Tp,Tp) = AN[E (7p) — E (Fzewm)] ; (7.27)

and divide Equation (7.26) by Equation (7.27) and rearrange to obtain

E (fq) =F (fZC(p)) + ﬁpq [E (fp) —F ('FZC(p))] . (728)

This equation bears more than a passing resemblance to the Security Market
Line (SML) implication of the capital asset pricing model. But as yet it is
simply a statement about the various portfolios that can be created from arbi-
trary collections of assets: (1) pick any frontier portfolio p; (2) this defines an
associated zero-covariance portfolio ZC(p); (3) any other portfolio ¢’s expected
return can be expressed in terms of the returns to those portfolios and the
covariance of ¢ with the arbitrarily chosen frontier portfolio. Equation (7.28)
would very closely resemble the security market line if, in particular, we could
choose p = M, the market portfolio of existing assets. The circumstances under
which it is possible to do this form the subject to which we now turn.

7.7 The Zero-Beta Capital Asset Pricing Model

We would like to explain asset expected returns in equilibrium. The relationship
in Equation (7.28), however, is not the consequence of an equilibrium theory
because it was derived for a given particular vector of expected asset returns,
e, and a given covariance-variance matrix, V. In fact, it is the vector of returns
e that we would like, in equilibrium, to understand. We need to identify a
particular portfolio as being a frontier portfolio without specifying a priori the
(expected) return vector and variance-covariance matrix of its constituent as-
sets. The zero-beta CAPM tells us that under certain assumptions, this desired
portfolio can be identified as the market portfolio M.

We may assume one of the following:

(i) agents maximize expected utility with increasing and strictly concave util-
ity of money functions and asset returns are multivariate normally distributed,
or

(ii) each agent chooses a portfolio with the objective of maximizing a derived
utility function of the form W(e, o?), W7 > 0, Wy < 0, W concave.

In addition, we assume that all investors have a common time horizon and
homogeneous beliefs about e and V.

Under either set of assumptions, investors will only hold mean-variance ef-
ficient frontier portfolios®. But this implies that, in equilibrium, the market
portfolio, which is a convex combination of individual portfolios is also on the
efficient frontier.%

5Recall the demonstration in Section 6.3
SNote that, in the standard version of the CAPM, the analogous claim crucially depended
on the existence of a risk-free asset.
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Therefore, in Equation (7.22), p can be chosen to be M, the portfolio of all
risky assets, and Equation (7.28) can, therefore, be expressed as:

E (fq) =F (fZC(M)) + ﬁMq [E (7:M> -F (fzc(M))] (7.29)

The relationship in Equation (7.29) holds for any portfolio ¢, whether it is a
frontier portfolio or not. This is the zero-beta CAPM.

An individual asset j is also a portfolio, so Equation (7.29) applies to it as
well:

E(fj) =E (FZC(M)) + B [E (Ffm) — FE (fzc(M))] (7.30)

The zero-beta CAPM (and the more familiar Sharpe-Lintner-Mossin CAPM)”
is an equilibrium theory: The relationships in Equations (7.29) and (7.30) hold
in equilibrium. In equilibrium, investors will not be maximizing utility unless
they hold efficient portfolios. Therefore, the market portfolio is efficient; we have
identified one efficient frontier portfolio, and we can apply Equation (7.29). By
contrast, Equation (7.28) is a pure mathematical relationship with no economic
content; it simply describes relationships between frontier portfolio returns and
the returns from any other portfolio of the same assets.

As noted in the introduction, the zero-beta CAPM does not, however, de-
scribe the process to or by which equilibrium is achieved. In other words, the
process by which agents buy and sell securities in their desire to hold efficient
portfolios, thereby altering security prices and thus expected returns, and requir-
ing further changes in portfolio composition is not present in the model. When
this process ceases and all agents are optimizing given the prevailing prices, then
all will be holding efficient portfolios given the equilibrium expected returns e
and covariance-variance matrix V. Thus M is also efficient.

Since, in equilibrium, agents desired holdings of securities coincide with their
actual holdings, we can identify M as the actual portfolio of securities held in the
market place. There are many convenient approximations to M—the S&P 500
index of stocks being the most popular in the United States. The usefulness of
these approximations, which are needed to give empirical content to the CAPM,
is, however, debatable as discussed in our concluding comments.

As a final remark, let us note that the name “zerobeta CAPM ” comes from

the fact that Bzcn,m = cov(ParPzcan) = 0, by construction of ZC (M); in

3
9zc(m)

other words, the beta of ZC (M) is zero.

7.8 The Standard CAPM

Our development thus far did not admit the option of a risk-free asset. We
need to add this if we are to achieve the standard form CAPM. On a purely
formal basis, of course, a risk-free asset has zero covariance with M and thus
rg = F (fZC(M)). Hence we could replace F (fZC(M)) with 7, in Equation

"Sharpe (1964), Linter (1965), and Mossin (1966).
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(7.30) to obtain the standard representation of the CAPM, the SML. But this
approach is not entirely appropriate since the derivation of Equation (7.30)
presumed the absence of any such risk-free asset.

More formally, the addition of a risk-free asset substantially alters the shape
of the set of frontier portfolios in the [E (7), o (7)] space. Let us briefly outline
the development here, which closely resembles what is done above. Consider N
risky assets with expected return vector e, and one risk-free asset, with expected
return = r¢. Let p be a frontier portfolio and let w, denote the N vector of
portfolio weights on the risky assets of p; w, in this case is the solution to:

1
min —w? Vw
w2

stwle+ (1 —w'l)r;=F
Solving this problem gives
E — Tf
H

where H = B — 2Ar; + C’r; and A, B, C are defined as before.
Let us examine this expression for w, more carefully:

E(r,) —
wy, =V "L (e—1s1) Ely) =rs (7.31)
P~ I H
nrn %,—/
nxl
———— anumber

w, =V '(e—rs1)

This expression tells us that if we wish to have a higher expected return, we
should invest proportionally the same amount more in each risky asset so that
the relative proportions of the risky assets remain unchanged. These propor-
tions are defined by the V=1(e —r¢1) term. This is exactly the result we were
intuitively expecting: Graphically, we are back to the linear frontier represented
in Figure 7.1.

The weights w, uniquely identify the tangency portfolio 7. Also,

- 2
0% (Fp) = w) Vw, = M, and (7.32)
H
[E(Fq) =1/ [E () —1/]
H
for any portfolio ¢ and any frontier portfolio p. Note how all this parallels what
we did before. Solving Equation (7.33) for E (7,) gives:

cov (Fq, Tp) = wngp = (7.33)

_ Hcov (74, 7))
E —rp= P 7.34

(TQ) rf E (f;p) _ rf ( )
Substituting for H via Equation (7.32) yields

cov (g, 7p) [E (7p) = 4)°
E () —ry o2 (7p)

E(Fq) —Trr=
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or
cov (Fq,Tp)

o? (7p)
Again, since T is a frontier portfolio, we can choose p = T'. But in equilibrium
T = M; in this case, Equation (7.35) gives:

E(rq) —ry = [E(Tp) — 7] (7.35)

E(Fq) = s+ Bm [E (Tar) = 7] (7.36)

for any asset (or portfolio) ¢g. This is the standard CAPM.

Again, let us review the flow of logic that led to this conclusion. First, we
identified the efficient frontier of risk-free and risky assets. This efficient fron-
tier is fully characterized by the risk-free asset and a specific tangency frontier
portfolio. The latter is identified in Equation (7.31). We then observed that
all investors, in equilibrium under homogeneous expectations, would hold com-
binations of the risk-free asset and that portfolio. Thus it must constitute the
market — the portfolio of all risky assets. It is these latter observations that
give the CAPM its empirical content.

7.9 Conclusions

Understanding and identifying the determinants of equilibrium asset returns is
inherently an overwhelmingly complex problem. In order to make some progress,
we have made, in the present chapter, a number of simplifying assumptions that
we will progressively relax in the future.

1. Rather than deal with fully described probability distributions on re-
turns, we consider only the first two moments, E (7,) and o2 (7,). When re-
turns are at least approximately normally distributed, it is natural to think
first of characterizing return distributions by their means and variances, since
Prob(p, — 20, < 7 < pp + 20,) = 0.95, for the normal distribution: plus or
minus two standard deviations from the mean will encompass nearly all of the
probability. It is also natural to try to estimate these distributions and their
moments from historical data. To do this naively would be to assign equal prob-
ability to each past observation. Yet, we suspect that more recent observations
should contain more relevant information concerning the true distribution than
observations in the distant past. Indeed the entire distribution may be shifting
through time; that is, it may be nonstationary. Much current research is de-
voted to studying what and how information can be extracted from historical
data in this setting.

2. The model is static; in other words, only one period of returns are mea-
sured and analyzed. The defined horizon is assumed to be equally relevant for
all investors.
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3. Homogeneous expectations: all investors share the same information. We
know this assumption cannot, in fact, be true. Anecdotally, different security
analysts produce reports on the same stock that are wildly different. More
objectively, the observed volume of trade on the stock exchanges is much higher
than is predicted by trading models with assumed homogeneous expectations.

The CAPM is at the center of modern financial analysis. As with modern
portfolio theory, its first and foremost contribution is conceptual: It has played a
major role in helping us to organize our thoughts on the key issue of equilibrium
asset pricing. Beyond that, it is, in principle, a testable theory, and indeed, a
huge amount of resources has been devoted to testing it. Since the above-
mentioned assumptions do not hold up in practice, it is not surprising that
empirical tests of the CAPM come up short.® One example is the Roll (1977)
critique. Roll reminds us that the CAPM’s view of the market portfolio is that
it contains every asset. Yet data on asset returns is not available for many
assets. For example, no systematic data is available on real estate and, in
the United States at least, one estimates that approximately one-half of total
wealth is invested in real estate. Thus it is customary to use proxies for the
true M in conducting tests of CAPM. Roll demonstrates, however, that even if
two potential proxies for M are correlated greater than 0.9, the beta estimates
obtained using each may be very different. This suggests that the empirical
implications of the model are very sensitive to the choice of proxy. With no
theory to inform us as to what proxy to use, the applicability of the theory is
suspect.

Furthermore, beginning in the late 1970s and continuing to the present,
more and more evidence has come to light suggesting that firm characteristics
beyond beta may provide explanatory power for mean equity returns. In par-
ticular, various studies have demonstrated that a firm’s average equity returns
are significantly related to its size (as measured by the aggregate market value
of equity), the ratio of book value per share to market value per share for its
common equity, its equity price to earnings ratio, its cash flow per share to price
per share ratio, and its historical sales growth. These relationships contradict
stricc CAPM, which argues that only a stock’s systematic risk should matter
for its returns; as such they are referred to as anomalies. In addition, even
in models that depart from the CAPM assumptions, there is little theoretical
evidence as to why these particular factors should be significant.

We close this chapter by illustrating these ideas with brief summaries of
two especially prominent recent papers. Fama and French (1992) showed that
the relationship between market betas and average returns is essentially flat for
their sample period (1963 to 1990). In other words, their results suggest that
the single factor CAPM can no longer explain the cross-sectional variation in

8We have chosen not to systematically review this literature. Standard testing procedures
and their results are included in the introductory finance manuals which are pre-requisites
for the present text. Advanced issues properly belong to financial econometrics courses. The
student wishing to invest in this area should consult Jensen (1979) and Friend, Westerfield
and Granito (1979) for early surveys ; Ferson and Jagannathan (1996) and Shanken (1996)
for more recent ones.
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equity returns. They also find that for this sample period the univariate (single
factor) relationship between average stock returns and size (market value of
equity), leverage, earnings-to-price ratio, and book-to-market value of equity
per share are strong. More specifically, there is a negative relationship between
size and average return, which is robust to the inclusion of other variables. There
is also a consistent positive relationship between average returns and book-to-
market ratio, which is not swamped by the introduction of other variables. They
find that the combination of size and the book-to-market ratio as explanatory
variables appears, for their sample period, to subsume the explanatory roles of
leverage and the price-to-earnings ratio.

In a related paper, Fama and French (1993) formalize their size and book-
to-market ratio factors more precisely by artificially constructing two-factor
portfolios to which they assign acronyms, HML (high-medium-low) and SMB
(small-medium-big). Both portfolios consist of a joint long and short position
and have net asset value zero. The HML portfolio represents a combination
of a long position in high book-to-market stocks with a short position in low
book-to-market stocks. The SMB portfolio is one consisting of a long position
in small capitalization stocks and a short position in large capitalization stocks.
These designations are, of course, somewhat arbitrary.” In conjunction with
the excess (above the risk-free rate) return on a broad-based index, Fama and
French study the ability of these factors to explain cross-sectional stock returns.
They find that their explanatory power is highly significant.
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Appendix 7.1:

Proof of the CAPM Relationship

Refer to Figure 7.1. Consider a portfolio with a fraction 1 — « of wealth
invested in an arbitrary security j and a fraction « in the market portfolio.

p=afy + (1 — )7
o) =03+ (1—a)of +2a(1 — a)ojum

As «a varies we trace a locus that
- passes through M
(- and through j)
- cannot cross the CML (why?)
- hence must be tangent to the CML at M
Tangency = %M:l = slope of the locus at M = slope of CML =

TM—TF
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dr, dr/da
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dr. _ _
o = M
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Appendix 7.2:
The Mathematics of the Portfolio Frontier: An Example

. 1 o 1y . 1 -1 . . _
Assumee<r2)<2>,V(_1 4)1.e.,p12p21 1/2

Therefore,
vl 4/3 1/3 ]
1/3 1/3 '

check:
(3D )= -0 )

4/3 1/3 _ ( 4/34+1/3 1/3+1/3 ) <

= 1"vle=(1 1)(1/3 173
= 5/3+2(2/3)=3

) )
B = Vile=(1 2)<4/3 1/3)
)

;)
> MMJB]&+WM<;>4
)-
1

N

2/3

1/3 1/3

4/3 1/3
1/3 1/3

D = BC—A?=4(7/3)—9=28/3—27/3 =

¢ = 1"v'i=(1 1) < (5/3 2/3)(}):7/3
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Now we can compute g and h:

1.

g = LBY ) -AVe)
- w1 () =0k 1) ()]
() ()] () - (5 )]
HSONEDINEY

h 2: Ll te) - AV1)]
- mb (B ) G-k 1) ()]
RN 00)=(3)-(0)=(7)
suppose E(7,) =

() ()1 (1)+(2)-(1) -

The equation corresponding to Equation (7.16) thus reads:

()-(2)+(F) e

Let us compute the minimum variance portfolio for these assets.

pmin var) = =
e ()5 - (o) - (3)
)

t t
)(g%):(?’/? 3/7)(2?;>=3/7:>OK



Chapter 8 : Arrow-Debreu Pricing, Part 1

8.1 Introduction

As interesting and popular as it is, the CAPM is a very limited theory of equi-
librium pricing and we will devote the next chapters to reviewing alternative
theories, each of which goes beyond the CAPM in one direction or another. The
Arrow-Debreu pricing theory discussed in this chapter is a full general equilib-
rium theory as opposed to the partial equilibrium static view of the CAPM.
Although also static in nature, it is applicable to a multi-period setup and can
be generalized to a broad set of situations. In particular, it is free of any prefer-
ence restrictions, and of distributional assumptions on returns. The Consump-
tion CAPM considered subsequently (Chapter 9) is a fully dynamic construct.
It is also an equilibrium theory, though of a somewhat specialized nature. With
the Risk Neutral Valuation Model and the Arbitrage Pricing Theory (APT),
taken up in Chapters 11 to 13, we will be moving into the domain of arbitrage-
based theories, after observing, however, that the Arrow-Debreu pricing theory
itself may also be interpreted in the arbitrage perspective (Chapter 10).

The Arrow-Debreu model takes a more standard equilibrium view than the
CAPM: It is explicit in stating that equilibrium means supply equals demand
in every market. It is a very general theory accommodating production and, as
already stated, very broad hypotheses on preferences. Moreover, no restriction
on the distribution of returns is necessary. We will not, however, fully exploit
the generality of the theory: In keeping with the objective of this text, we shall
often limit ourselves to illustrating the theory with examples.

We will be interested to apply it to the equilibrium pricing of securities,
especially the pricing of complex securities that pay returns in many different
time periods and states of nature, such as common stocks or 30-year government
coupon bonds. The theory will, as well, enrich our understanding of project
valuation because of the formal equivalence, underlined in Chapter 2, between
a project and an asset. In so doing we will be moving beyond a pure equilibrium
analysis and start using the concept of arbitrage. It is in the light of a set of no-
arbitrage relationships that the Arrow-Debreu pricing takes its full force. This
perspective on the Arrow-Debreu theory will developed in Chapter 10.

8.2 Setting: An Arrow-Debreu Economy

In the basic setting that we shall use, the following parameters apply:

1. There are two dates: 0,1. This setup, however, is fully generalizable to
multiple periods; see the later remark.

2. There are N possible states of nature at date 1, which we index by
0 =1,2,..., N with probabilities g,

3. There is one perishable (non-storable) consumption good.



4. There are K agents, indexed by k = 1,..., K, with preferences:

N
Ug (cf) +5kZ7r9Uk (ch);
o=1

5. Agent k’s endowment is described by the vector {ef, (65)9:1 o NI

In this description, c’g denotes agent k’s consumption of the sole consumption
good in state 6, U is the real-valued utility representation of agent k’s period
preferences, and 6% is the agent’s time discount factor. In fact, the theory
allows for more general preferences than the time-additive expected utility form.
Specifically, we could adopt the following representation of preferences:

k(k k k k
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This formulation allows not only for a different way of discounting the future
(implicit in the relative taste for present consumption relative to all future
consumptions), but it also permits heterogeneous, subjective views on the state
probabilities (again implicit in the representation of relative preference for, say,
c’gz vs. c’gs). In addition, it assumes neither time-additivity, nor an expected
utility representation. Since our main objective is not generality, we choose
to work with the less general, but easier to manipulate time-additive expected
utility form.

In this economy, the only traded securities are of the following type: One
unit of security 6, with price gy, pays one unit of consumption if state # occurs
and nothing otherwise. Its payout can thus be summarized by a vector with all
entries equal to zero except for column € where the entry is 1 : (0,...,0,1,0,...0).
These primitive securities are called Arrow-Debreu securities,! or state con-
tingent claims or simply state claims. Of course, the consumption of any in-
dividual k if state € occurs equals the number of units of security 6 that he
holds. This follows from the fact that buying the relevant contingent claim is
the only way for a consumer to secure purchasing power at a future date-state
(recall that the good is perishable). An agent’s decision problem can then be
characterized by:

N
max )U(’f(clg) + 6% S mpU*(ck)
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s.t.

T k T k ()
cg+ Y qacy <eg+ > qoeq

T 6=1
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The first inequality constraint will typically hold with equality in a world of
non-satiation. That is, the total value of goods and security purchases made by

1So named after the originators of modern equilibrium theory: see Arrow (1951) and
Debreu (1959).



the agent (the left-hand side of the inequality) will exhaust the total value of
his endowments (the right-hand side).
Equilibrium for this economy is a set of contingent claim prices (q1, g2, ..., gn )
such that
1. at those prices (cg,
K K
3 =

€6 2
1k

ck;) solve problem (P), for all k, and

K
Z eg, for every 6.

>
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Note that here the agents are solving for desired future and present consump-
tion holdings rather than holdings of Arrow-Debreu securities. This is justified
because, as just noted, there is a one-to-one relationship between the amount
consumed by an individual in a given state 6 and his holdings of the Arrow-
Debreu security corresponding to that particular state 6, the latter being a
promise to deliver one unit of the consumption good if that state occurs.

Note also that there is nothing in this formulation that inherently restricts
matters to two periods, if we define our notion of a state, somewhat more richly,
as a date-state pair. Consider three periods, for example. There are N possible
states in date one and J possible states in date two, irrespective of the state

achieved in date 1. Define § new states to be of the form 6, = (j, 9?;), where

j denotes the state in date 1 and 9% denotes the state k£ in date 2, conditional
that state j was observed in date 1 (Refer to Figure 8.1). So (1,62) would be a
state and (2, 93) another state. Under this interpretation, the number of states
expands to 1 + NJ, with:

1 the date 0 state
N : the number of date-1 states
J the number of date-2 states

Insert Figure 8.1

With minor modifications, we can thus accommodate many periods and
states. In this sense, our model is fully general and can represent as complex
an environment as we might desire. In this model, the real productive side of
the economy is in the background. We are, in effect, viewing that part of the
economy as invariant to securities trading. The unusual and unrealistic aspect
of this economy is that all trades occur at t = 0.2 We will relax this assumption
in Chapter 9.

8.3 Competitive Equilibrium and Pareto Optimality Illus-
trated

Let us now develop an example. The essentials are found in Table 8.1.

2Interestingly, this is less of a problem for project valuation than for asset pricing.



Table 8.1: Endowments and Preferences In Our Reference Example

Agents ‘ Endowments ‘ Preferences
t=0 t=1
01 6
Agent 1 10 1 2 %c(l) +0.9 (% In (cf) + gln (c3))
Agent 2 5 4 6 368 +09(3In(c}) + 2In(c3))

There are two dates and, at the future date, two possible states of nature with
probabilities 1/3 and 2/3. Tt is an exchange economy and the issue is to share
the existing endowments between two individuals. Their (identical) preferences
are linear in date 0 consumption with constant marginal utility equal to 1/2.
This choice is made for ease of computation, but great care must be exercised in
interpreting the results obtained in such a simplified framework. Date 1 prefer-
ences are concave and identical. The discount factor is .9. Let g1 be the price of
a unit of consumption in date 1 state 1, g3 the price of one unit of the consump-
tion good in date 1 state 2. We will solve for optimal consumption directly,
knowing that this will define the equilibrium holdings of the securities. The
prices of these consumption goods coincide with the prices of the corresponding
state-contingent claims; period 0 consumption is taken as the numeraire and its
price is 1. This means that all prices are expressed in units of period 0 con-
sumption: g1,qo are prices for the consumption good at date 1, in states 1 and 2,
respectively, measured in units of date 0 consumption. They can thus be used
to add up or compare units of consumption at different dates and in different
states, making it possible to add different date cash flows, with the ¢; being the
appropriate weights. This, in turn, permits computing an individual’s wealth.
Thus, in the previous problem, agent 1’s wealth, which equals the present value
of his current and future endowments, is 10 + 1g; + 2¢2 while agent 2’s wealth
is 5+ 4q; + 6q2
The respective agent problems are:

Agent 1: max %1(10 + }ql +2¢2 —ciqn — C%QQ) + ?.91(% In (c%) + % In (c%))
s.t. c1q1 + ¢392 <10+ g1 + 2¢2, and ¢j,¢c5 >0
Agent 2: max %2(5 + 4(211 +6g2 — 2q1 — c%qg) + 20.92(% In (c%) + % In (c%))
s.t. cfq1 +c5q2 <5+ 4q1 + 692 and ¢7,c5 >0
Note that in this formation, we have substituted out for the date 0 con-
sumption; in other words, the first term in the max expression stands for
1/2(co) and we have substituted for ¢g its value obtained from the constraint:
co+ C%Ch + C%QQ = 10+ 1q1 +2¢g2. With this trick, the only constraints remaining
are the non-negativity constraints requiring consumption to be nonnegative in
all date-states.
The FOCs state that the intertemporal rate of substitution between future
(in either state) and present consumption (i.e. the ratio of the relevant marginal
utilities) should equal the price ratio. The latter is effectively measured by the



price of the Arrow-Debreu security, the date 0 price of consumption being the
numeraire. These FOCs (assuming interior solutions) are

1.q1 1) 1 1:4 = 3) o
Joarg=09(3) s =096
Agen“'{ dig=00()E M dg=0() 3

while the market clearing conditions read: ¢t + ¢ =5 and ¢} + ¢3 = 8. Each of
(:9)(mo) =

17/2 9—1201‘

the FOCs is of the form ng =

au*
) ack
qp = W, k,@ = 1,2 (81)
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Together with the market clearing conditions, Equation (8.1) reveals the deter-
minants of the equilibrium Arrow-Debreu security prices. It is of the form:

price of the good if state ¢ is realized MU}
price of the good today N MUF’

in other words, the ratio of the price of the Arrow-Debreu security to the price
of the date 0 consumption good must equal (at an interior solution) the ratio
of the marginal utility of consumption tomorrow if state 6 is realized to the
marginal utility of today’s consumption (the latter being constant at 1/2). This
is the marginal rate of substitution between the contingent consumption in state
# and today’s consumption. From this system of equations, one clearly obtains

ct =c? =25 and ¢} = ¢ = 4 from which one, in turn, derives:

@ =109 (3) () =209(5) (%) 9)(5) (5) = 0.24
a2 = 1 (0.9)(5) (ar) =2009)(5) (5) = (%) (5) =03

Notice how the Arrow-Debreu state-contingent prices reflect probabilities,
on the one hand, and marginal rates of substitution (taking the time discount
factor into account and computed at consumption levels compatible with mar-
ket clearing) and thus relative scarcities, on the other. The prices computed
above differ in that they take account of the different state probabilities (1/3
for state 1, 2/3 for state 2) and because the marginal utilities differ as a re-
sult of the differing total quantities of the consumption good available in state
1 (5 units) and in state 2 (8 units). In our particular formulation, the total
amount of goods available at date 0 is made irrelevant by the fact that date
0 marginal utility is constant. Note that if the date 1 marginal utilities were
constant, as would be the case with linear (risk neutral) utility functions, the
goods endowments would not influence the Arrow-Debreu prices, which would
then be exactly proportional to the state probabilities.

Box 8.1:



Interior vs. Corner Solutions

We have described the interior solution to the maximization problem. By
that restriction we generally mean the following: The problem under maximiza-
tion is constrained by the condition that consumption at all dates should be
nonnegative. There is no interpretation given to a negative level of consump-
tion, and, generally, even a zero consumption level is precluded. Indeed, when
we make the assumption of a log utility function, the marginal utility at zero
is infinity, meaning that by construction the agent will do all that is in his
power to avoid that situation. Effectively an equation such as Equation (8.1)
will never be satisfied for finite and nonzero prices with log utility and period
one consumption level equal to zero; that is, it will never be optimal to select
a zero consumption level. Such is not the case with the linear utility function
assumed to prevail at date 0. Here it is conceivable that, no matter what, the
marginal utility in either state at date 1 [the numerator in the RHS of Equation
(8.1)] be larger than 1/2 times the Arrow-Debreu price [the denominator of the
RHS in Equation (8.1) multiplied by the state price]. Intuitively, this would be
a situation where the agent derives more utility from the good tomorrow than
from consuming today, even when his consumption level today is zero. Funda-
mentally, the interior optimum is one where he would like to consume less than
zero today to increase even further consumption tomorrow, something which is
impossible. Thus the only solution is at a corner, that is at the boundary of the
feasible set, with cf = 0 and the condition in Equation (8.1) taking the form of
an inequality.

In the present case we can argue that corner solutions cannot occur with
regard to future consumption (because of the log utility assumption). The full
and complete description of the FOCs for problem (P) spelled out in Section
8.2 is then

ouk ouk
qea—cg < dmg ok ifcg >0, and k,0 =1,2. (8.2)

In line with our goal of being as transparent as possible, we will often, in the
sequel, satisfy ourselves with a description of interior solutions to optimizing
problems, taking care to ascertain, ex post, that the solutions do indeed occur
at the interior of the choice set. This can be done in the present case by verifying
that the optimal cf is strictly positive for both agents at the interior solutions,
so that Equation (8.1) must indeed apply. O

The date 0 consumptions, at those equilibrium prices, are given by

b =1041(.24) +2(.3) — 2.5(.24) — 4(.3) = 9.04
2 =5+4(24)46(.3)—2.5(.24) —4(.3) = 5.96

The post-trade equilibrium consumptions are found in Table 8.2.

This allocation is the best each agent can achieve at the given prices ¢; = .24
and g3 = .3. Furthermore, at those prices, supply equals demand in each market,
in every state and time period. These are the characteristics of a (general)
competitive equilibrium.



Table 8.2: Post-Trade Equilibrium Consumptions

t=0|t=1
61
Agent 1 | 9.04 | 2.5
Agent 2 | 596 | 2.5

Total | 15.00 | 5.0

)
N)
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In light of this example, it is interesting to return to some of the concepts
discussed in our introductory chapter. In particular, let us confirm the (Pareto)
optimality of the allocation emerging from the competitive equilibrium. Indeed,
we have assumed as many markets as there are states of nature, so assumption
H1 is satisfied. We have de facto assumed competitive behavior on the part of
our two consumers (they have taken prices as given when solving their optimiza-
tion problems), so H2 is satisfied (of course, in reality such behavior would not
be privately optimal if indeed there were only two agents. Our example would
not have changed materially had we assumed a large number of agents, but the
notation would have become much more cumbersome).

In order to guarantee the existence of an equilibrium, we need hypotheses
H3 and H4 as well. H3 is satisfied in a weak form (no curvature in date 0
utility). Finally, ours is an exchange economy where H4 does not apply (or, if one
prefers, it is trivially satisfied). Once the equilibrium is known to exist, as is the
case here, H1 and H2 are sufficient to guarantee the optimality of the resulting
allocation of resources. Thus, we expect to find that the above competitive
allocation is Pareto optimal (PO), that is, it is impossible to rearrange the
allocation of consumptions so that the utility of one agent is higher without
diminishing the utility of the other agent.

One way to verify the optimality of the competitive allocation is to establish
the precise conditions that must be satisfied for an allocation to be Pareto
optimal in the exchange economy context of our example. It is intuitively clear
that the above Pareto superior reallocations will be impossible if the initial
allocation maximizes the weighted sum of the two agents’ utilities. That is, an
allocation is optimal in our example if, for some weight A it solves the following
maximization problem.?

Il 11 202 2 .2
max u(co, ¢1, ¢3) + Au(¢g, €1, ¢3)

{Covclv%}

s.t.

14 2 5.0l o2 _r..l 4 2 _

c(l) +1col— é5,§1—£—cl—5702+02—8,

Cp, €1, C3,CH,C1,¢5 >0

This problem can be interpreted as the problem of a benevolent central planner
constrained by an economy’s total endowment (15,5,8) and weighting the two
agents utilities according to a parameter A, possibly equal to 1. The decision

31t is just as easy here to work with the most general utility representation.



variables at his disposal are the consumption levels of the two agents in the two
dates and the two states. With u¥ denoting the derivative of agent k’s utility
function with respect to cF(i = 1,2, 3), the FOCs for an interior solution to the
above problem are found in Equation (8.3).
ug _ Ui _ us

R )
Up Uy Uy

=A (8.3)
This condition states that, in a Pareto optimal allocation, the ratio of the two
agents’ marginal utilities with respect to the three goods (i.e., the consumption
good at date 0, the consumption good at date 1 if state 1, and the consumption
good at date 1 if state 2) should be identical.* In an exchange economy this
condition, properly extended to take account of the possibility of corner solu-
tion, together with the condition that the agents’ consumption adds up to the
endowment in each date-state, is necessary and sufficient.

It remains to check that Equation (8.3) is satisfied at the equilibrium allo-
cation. We can rewrite Equation (8.3) for the parameters of our example:

12 (0933 (09)35
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It is clear that the condition in Equation (8.3) is satisfied since ¢} = ¢%; ¢} = 3

at the competitive equilibrium, which thus corresponds to the Pareto optimum
with equal weighting of the two agents’ utilities: A = 1 and all three ratios of
marginal utilities are equal to 1. Note that other Pareto optima are feasible, for
example one where A = 2. In that case, however, only the latter two equalities
can be satisfied: the date 0 marginal utilities are constant which implies that
no matter how agent consumptions are redistributed by the market or by the
central planner, the first ratio of marginal utilities in Equation (8.3) cannot be
made equal to 2. This is an example of a corner solution to the maximization
problem leading to equation (8.3).

In this example, agents are able to purchase consumption in any date-state
of nature. This is the case because there are enough Arrow-Debreu securities;
specifically there is an Arrow-Debreu security corresponding to each state of
nature. If this were not the case, the attainable utility levels would decrease: at
least one agent, possibly both of them, would be worse off. If we assume that
only the state 1 Arrow-Debreu security is available, then there are no ways to
make the state 2 consumption of the agents differ from their endowments. It is
easy to check that this constraint does not modify their demand for the state 1
contingent claim, nor its price. The post-trade allocation, in that situation, is
found in Table 8.3.

The resulting post-trade utilities are

Agent 1 : 1/2(9.64) +.9(1/31In(2.5) +2/31n(2)) = 5.51
Agent 2 : 1/2(5.36) +.9(1/31n(2.5) +2/31n(6)) = 4.03

4Check that Equation (8.3) implies that the MRS between any two pair of goods is the same
for the 2 agents and refer to the definition of the contract curve (the set of PO allocations) in
the appendix to Chapter 1.




Table 8.3 : The Post-Trade Allocation

t=0|t=1
0, | 62
Agent 1 | 9.64 | 25| 2
Agent 2 | 536 | 25| 6
Total | 15.00 | 5.0 | 8

In the case with two state-contingent claim markets, the post-trade utilities
are both higher (illustrating a reallocation of resources that is said to be Pareto
superior to the no-trade allocation):

Agent 1 : 1/2(9.04) +.9(1/31In(2.5) +2/31n(4)) = 5.62
Agent 2 : 1/2(5.96) +.9(1/31n(2.5) + 2/31n(4)) = 4.09.

When there is an Arrow-Debreu security corresponding to each state of na-
ture, one says that the securities markets are complete.

8.4 Pareto Optimality and Risk Sharing

In this section and the next we further explore the nexus between a competi-
tive equilibrium in an Arrow-Debreu economy and Pareto optimality. We first
discuss the risk-sharing properties of a Pareto optimal allocation. We remain
in the general framework of the example of the previous two sections but start
with a different set of parameters. In particular, let the endowment matrix for
the two agents be as shown in Table 8.4.

Table 8.4: The New Endowment Matrix
t=01|t=1

01 | 02

Agent 1 4 1
Agent 2 4 5| 1

Assume further that each state is now equally likely with probability 1/2. As
before, consumption in period 0 cannot be stored and carried over into period 1.
In the absence of trade, agents clearly experience widely differing consumption
and utility levels in period 1, depending on what state occurs (see Table 8.5).

How could agents’ utilities be improved? By concavity (risk aversion), this
must be accomplished by reducing the spread of the date 1 income possibilities,
in other words, lowering the risk associated with date 1 income. Because of
symmetry, all date 1 income fluctuations can, in fact, be eliminated if agent 2
agrees to transfer 2 units of the good in state 1 against the promise to receive
2 units from agent 1 if state 2 is realized (see Table 8.6).



Table 8.5: Agents’ Utility In The Absence of Trade

State-Contingent Utility Expected Utility in Period 1

91 92
Agent 1 In(1) =0 In(5) = 1.609 1/2 In(1) + 1/2 In(5) = .8047
Agent 2 | In(5) = 1.609 In(1) = 0 1/21n(1) + 1/2 In(5) = .8047

Table 8.6: The Desirable Trades And Post-Trade Consumptions

Date 1 | Endowments Pre-Trade Consumption Post-Trade
0, 0 0, 0

Agent 1 | 1 5 [112] 3 3

Agent 2 | 5 [112] 1 3 3

Now we can compare expected second period utility levels before and after trade
for both agents:

Before ‘ After
.8047 ‘ 1/21In(3) + 1/2 In(3) = 1.099 = 1.1

in other words, expected utility has increased quite significantly as anticipated.®

This feasible allocation is, in fact, Pareto optimal. In conformity with Equa-
tion (8.3), the ratios of the two agents’ marginal utilities are indeed equalized
across states. More is accomplished in this perfectly symmetrical and equitable
allocation: Consumption levels and MU are equated across agents and states,
but this is a coincidence resulting from the symmetry of the initial endowments.

Suppose the initial allocation was that illustrated in Table 8.7.

Once again there is no aggregate risk: The total date 1 endowment is the
same in the two states, but one agent is now richer than the other. Now consider
the plausible trade outlined in Table 8.8.

Check that the new post-trade allocation is also Pareto optimal: Although
consumption levels and marginal utilities are not identical, the ratio of marginal
utilities is the same across states (except at date 0 where, as before, we have a
corner solution since the marginal utilities are given constants). Note that this
PO allocation features perfect risk sharing as well. By that we mean that the
two agents have constant date 1 consumption (2 units for agent 1, 4 units for
agent 2) independent of the realized state. This is a general characteristic of
PO allocations in the absence of aggregate risk (and with risk-averse agents).

5With the selected utility function, it has increased by 37%. Such quantification is not,
however, compatible with the observation that expected utility functions are defined only
up to a linear transformation. Instead of using Inc for the period utility function, we could
equally well have used (b+ Inc) to represent the same preference ordering. The quantification
of the increased in utility pre- and post-trade would be affected.

10



Table 8.7 : Another Set of Initial Allocations
t=01|t=1

01 | 02

Agent 1 4 113

Agent 2 4 513

Table 8.8 : Plausible Trades And Post-Trade Consumptions

Date 1 | Endowments Pre-trade Consumption Post-trade
0, 0o 0, 0

Agent 1 | 1 3 [11] 2 2

Agent 2 | 5 [}1] 3 4 4

If there is no aggregate risk, all PO allocations necessarily feature full mutual
insurance.

This statement can be demonstrated, using the data of our problem. Equa-
tion (8.3) states that the ratio of the two agents’ marginal utilities should be
equated across states. This also implies, however, that the Marginal Rate of
Substitution (MRS) between state 1 and state 2 consumption must be the same
for the two agents. In the case of log period utility:

Vep ey ey 1/ct

/2 1/cz  1)ek  1/c3

The latter equality has the following implications:

1. If one of the two agents is fully insured — no variation in his date 1
consumption (i.e., MRS = 1) — the other must be as well.

2. More generally, if the MRS are to differ from 1, given that they must be
equal between them, the low consumption-high MU state must be the same for
both agents and similarly for the high consumption-low MU state. But this is
impossible if there is no aggregate risk and total endowment is constant. Thus,
as asserted, in the absence of aggregate risk, a PO allocation features perfectly
insured individuals and MRS identically equal to 1.

3. If there is aggregate risk, however, the above reasoning also implies that,
at a Pareto optimum, it is shared “proportionately.” This is literally true if
agents preferences are homogeneous. Refer to the competitive equilibrium of
Section 8.3 for an example.

4. Finally, if agents are differentially risk averse, in a Pareto optimal allo-
cation the less risk averse will typically provide some insurance services to the
more risk averse. This is most easily illustrated by assuming that one of the
two agents, say agent 1, is risk neutral. By risk neutrality, agent one’s mar-
ginal utility is constant. But then the marginal utility of agent 2 should also

11



be constant across states. For this to be the case, however, agent two’s income
uncertainty must be fully absorbed by agent 1, the risk-neutral agent.

5. More generally, optimal risk sharing dictates that the agent most tolerant
of risk bears a disproportionate share of it.

8.5 Implementing Pareto Optimal Allocations: On the
Possibility of Market Failure

Although to achieve the desired allocations, the agents of our previous section
could just effect a handshake trade, real economic agents typically interact only
through impersonal security markets or through deals involving financial inter-
mediaries. One reason is that, in an organized security market, the contracts
implied by the purchase or sale of a security are enforceable. This is impor-
tant: Without an enforceable contract, if state 1 occurs, agent 2 might retreat
from his ex-ante commitment and refuse to give up the promised consumption
to agent 1, and vice versa if state 2 occurs. Accordingly, we now address the
following question: What securities could empower these agents to achieve the
optimal allocation for themselves?

Consider the Arrow-Debreu security with payoff in state 1 and call it security
Q@ to clarify the notation below. Denote its price by g¢g, and let us compute
the demand by each agent for this security denoted zég, 1t = 1,2. The price is
expressed in terms of period 0 consumption. We otherwise maintain the setup
of the preceding section. Thus,

Agent 1 solves: max (4 — qgzg) + [1/2In(1 + z4) +1/21In(5)]
s.t. qucl2 <4

Agent 2 solves: max (4 — qué) +[1/2In(5 + Z%) +1/21In(1)]
s.t. qué <4

Assuming an interior solution, the FOCs are, respectively,
1 1 —_0 1 1 _ 1 1.
—10-+3 () =0 —a0+3 () =0 v —

also zb + zé = 0 in equilibrium, hence, z} = 2;22 = —2; these represent the
holdings of each agent and gg = (1/2)(1/3) = 1/6. In effect, agent 1 gives up
qQz4 = (1/6)(2) = 1/3 unit of consumption at date 0 to agent 2 in exchange
for 2 units of consumption at date 1 if state 1 occurs. Both agents are better
off as revealed by the computation of their expected utilities post-trade:

Agent 1 expected utility : 4—1/34+1/2In3+1/2Iln5 =5.013
Agent 2 expected utility : 4+1/34+1/2In3+1/2In1 = 4.879,

though agent 2 only slightly so. Clearly agent 1 is made proportionately better
off because security @) pays off in the state where his MU is highest. We may view

12



agent 2 as the issuer of this security as it entails, for him, a future obligation.’

Let us denote R the other conceivable Arrow-Debreu security, one paying in
state 2. By symmetry, it would also have a price of 1/6, and the demand at this
price would be z}% = -2, z% = 42, respectively. Agent 2 would give up 1/3 unit
of period 1 consumption to agent 1 in exchange for 2 units of consumption in
state 2.

Thus, if both security @ and R are traded, the market allocation will repli-
cate the optimal allocation of risks, as seen in Table 8.9.

Table 8.9: Market Allocation When Both Securities Are Traded
t=0|t=1

01 )

Agent 1 4 3 3

Agent 2 4 3 3

In general, it will be possible to achieve the optimal allocation of risks pro-
vided the number of linearly independent securities equals the number of states
of nature. By linearly independent we mean, again, that there is no security
whose payoff pattern across states and time periods can be duplicated by a
portfolio of other securities. This important topic will be discussed at length in
Chapter 10. Here let us simply take stock of the fact that our securities @), R
are the simplest pair of securities with this property.

Although a complete set of Arrow-Debreu securities is sufficient for optimal
risk sharing, it is not necessary in the sense that it is possible, by coincidence,
for the desirable trades to be effected with a simplified asset structure. For
our simple example, one security would allow the agents to achieve that goal
because of the essential symmetry of the problem. Consider security Z with
payoffs:

01 | 02
Z | 2| -2

Clearly, if agent 1 purchases 1 unit of this security (25 = 1) and agent 2 sells
one unit of this security (24 = —1), optimal risk sharing is achieved. (At what
price would this security sell?)

So far we have implicitly assumed that the creation of these securities is
costless. In reality, the creation of a new security is an expensive proposition:
Disclosure documents, promotional materials, etc., must be created, and the
agents most likely to be interested in the security contacted. In this example,
issuance will occur only if the cost of issuing @ and R does not exceed the (ex-

SIn a noncompetitive situation, it is likely that agent 2 could extract a larger portion of
the rent. Remember, however, that we maintain, throughout, the assumption of price-taking
behavior for our two agents who are representatives of larger classes of similar individuals.
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pected) utility gained from purchasing them. In this margin lies the investment
banker’s fee.

In the previous discussion we imagined each agent as issuing securities to
the other simultaneously. More realistically, perhaps, we could think of the
securities ) and R as being issued in sequence, one after the other (but both
before period 1 uncertainty is resolved). Is there an advantage or disadvantage
of going first, that is, of issuing the first security? Alternatively, we might be
preoccupied with the fact that, although both agents benefit from the issuance
of new securities, only the individual issuer pays the cost of establishing a new
market. In this perspective it is interesting to measure the net gains to trade
for each agent. These quantities are summarized in Table 8.10.

Table 8.10: The Net Gains From Trade: Expected Utility Levels
and Net Trading Gains (Gain to issuer in bold)

No Trade | Trade Only @ Trade Both @ and R
EU EU | AEU® | EU AEU®)
Agent 1 4.8047 5.0206 | 0.2159 | 5.0986 0.0726
Agent 2 4.8047 4.883 | 0.0783 | 5.0986 0.2156
Total 0.2942 0.2882

(i) Difference in EU when trading @ only, relative to no trade.
(ii) Difference in EU when trading both @ and R, relative to trading @ only.

This computation tells us that, in our example, the issuer of the security
gains less than the other party in the future trade. If agent 2 goes first and
issues security @, his net expected utility gain is 0.0783, which also represents
the most he would be willing to pay his investment bank in terms of period 0
consumption to manage the sale for him. By analogy, the marginal benefit to
agent 1 of then issuing security R is 0.0726. The reverse assignments would have
occurred if agent 1 had gone first, due to symmetry in the agent endowments.
That these quantities represent the upper bounds on possible fees comes from
the fact that period 0 utility of consumption is the level of consumption itself.

The impact of all this is that each investment bank will, out of desire to
maximize its fee potential, advise its client to issue his security second. No one
will want to go first. Alternatively, if the effective cost of setting up the market
for security @ is anywhere between 0.0783 and 0.288, there is a possibility of
market failure, unless agent 2 finds a way to have agent 1 share in the cost of
establishing the market. We speak of market failure because the social benefit
of setting up the market would be positive 0.288 minus the cost itself — while
the market might not go ahead if the private cost to agent 2 exceeds his own
private benefit, measured at 0.0783 units of date 0 consumption. Of course, it
might also be the case that the cost exceeds the total benefit. This is another
reason for the market not to exist and, in general, for markets to be incomplete.
But in this case, one would not talk of market failure. Whether the privately
motivated decisions of individual agents lead to the socially optimal outcome —
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in this case the socially optimal set of securities — is a fundamental question in
financial economics.

There is no guarantee that private incentives will suffice to create the social
optimal set of markets. We have identified a problem of sequencing — (the issuer
of a security may not be the greatest beneficiary of the creation of the market)
and as a result there may be a waiting game with suboptimal results. There
is also a problem linked with the sharing of the cost of setting up a market.
The benefits of a new market often are widely spread among a large number of
potential participants and it may be difficult to find an appropriate mechanism
to have them share the initial setup cost, for example, because of free rider or
coordination problems. Note that in both these cases, as well as in the situation
where the cost of establishing a market exceeds the total benefit for individual
agents, we anticipate that technical innovations leading to decreases in the cost
of establishing markets will help alleviate the problem and foster a convergence
toward a more complete set of markets.

8.6 Conclusions

The asset pricing theory presented in this chapter is in some sense the father of
all asset pricing relationships. It is fully general and constitutes an extremely
valuable reference. Conceptually its usefulness is unmatched and this justifies
us investing more in its associated apparatus. At the same time, it is one of
the most abstract theories and its usefulness in practice is impaired by the
difficulty in identifying individual states of nature and by the fact that, even
when a state (or a set of states) can be identified, its (their) realization cannot
always be verified. As a result it is difficult to write the appropriate conditional
contracts. These problems go a long way in explaining why we do not see Arrow-
Debreu securities being traded, a fact that does not strengthen the immediate
applicability of the theory. In addition, as already mentioned, the static setting
of the Arrow-Debreu theory is unrealistic for most applications. For all these
reasons we cannot stop here and we will explore a set of alternative, sometimes
closely related, avenues for pricing assets in the following chapters.
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Chapter 9 : The Consumption Capital Asset Pric-
ing Model (CCAPM)

9.1 Introduction

So far, our asset pricing models have been either one-period models such as
the CAPM or multi-period but static, such as the Arrow-Debreu model. In the
latter case, even if a large number of future periods is assumed, all decisions,
including security trades, take place at date zero. It is in that sense that the
Arrow-Debreu model is static. Reality is different, however. Assets are traded
every period, as new information becomes available, and decisions are made
sequentially, one period at a time, all the while keeping in mind the fact that
today’s decisions impact tomorrow’s opportunities. Our objective in this chapter
is to capture these dynamic features and to price assets in such an environment.
Besides adding an important dimension of realism, another advantage of a
dynamic setup is to make it possible to draw the link between the financial
markets and the real side of the economy. Again, strictly speaking, this can
be accomplished within an Arrow-Debreu economy. The main issues, however,
require a richer dynamic context where real production decisions are not made
once and for all at the beginning of time, but progressively, as time evolves.
Building a model in which we can completely understand how real events im-
pact the financial side of the economy in the spirit of fundamental financial
analysis is beyond the scope of the present chapter. The model discussed here,
however, opens up interesting possibilities in this regard, which current research
is attempting to exploit. We will point out possible directions as we go along.

9.2 The Representative Agent Hypothesis and Its Notion
of Equilibrium

9.2.1 An Infinitely-Lived Representative Agent

To accomplish these goals in a model of complete generality (in other words,
with many different agents and firms) and in a way that asset prices can be
tractably computed is beyond the present capability of economic science. As an
alternative, we will make life simpler by postulating many identical infinitely
lived consumers. This allows us to examine the decisions of a representative,
stand-in consumer and explore their implications for asset pricing. In particu-
lar, we will assume that agents act to maximize the expected present value of
discounted utility of consumption over their entire, infinite, lifetimes:

max F (i 5tU(5t)> ,
t=0

where ¢ is the discount factor and U( ) the period utility function with Uy ( ) >
0,Us( ) < 0. This construct is the natural generalization to the case of infinite



lifetimes of the preferences considered in our earlier two-period example. Its use
can be justified by the following considerations.

First, if we model the economy as ending at some terminal date T (as opposed
to assuming an infinite horizon), then the agent’s investment behavior will reflect
this fact. In the last period of his life, in particular, he will stop saving, liquidate
his portfolio, and consume its entire value. There is no real-world counterpart
for this action as the real economy continues forever. Assuming an infinite
horizon eliminates these terminal date complications. Second, it can be shown,
under fairly general conditions, that an infinitely lived agent setup is formally
equivalent to one in which agents live only a finite number of periods themselves,
provided they derive utility from the well-being of their descendants (a bequest
motive). This argument is detailed in Barro (1974).

Restrictive as it may seem, the identical agents assumption can be justified
by the fact that, in a competitive equilibrium with complete securities markets
there is an especially intuitive sense of a representative agent: one whose utility
function is a weighted average of the utilities of the various agents in the econ-
omy. In Box 9.1 we detail the precise way in which one can construct such a
representative individual and we discuss some of the issues at stake.

Box 9.1
Constructing a Representative Agent

In order to illustrate the issue, let us return to the two-period (¢t = 0, 1)
Arrow-Debreu economy considered earlier. In that economy, each agent k, k =
1,2,. .., K, solves:

N
max UR(cf) + 6% 3 mpU*k(ck)
6=1
N N
st ek + 37 quck < ek + 3 qyek
0=1 0=1
where the price of period 0 endowment is normalized to 1, and the endowments
e
. ek
of a typical agent k are described by the vector | *
eX

In equilibrium, not only are the allocations optimal, but at the prevailing
prices, supply equals demand in every market:

K

K
k_ k
o= >_ €, and
k=1 k=1
K K
S ch= 3" ek, for every state 6,
k=1 k=1

We know this competitive equilibrium allocation is Pareto optimal: No one can
be better off without making someone else worse off. One important implica-
tion of this property for our problem is that there exists some set of weights



(A, ooy Ac), which in general will depend on the initial endowments, such that
the solution to the following problem gives an allocation that is identical to the
equilibrium allocation:

K N
max ZAk {Uk(cg) + 6kZ7r9Uk(c§)}7

k=1 0=1
K K
s.t. Zcé = Zeg7
k=1 k=1
K K
Zc’g = Ze’g, Vo
k=1 k=1

K

> A =1LA >0, VE.
k=1

This maximization is meant to represent the problem of a benevolent central
planner attempting to allocate the aggregate resources of the economy so as to
maximize the weighted sum of the utilities of the individual agents. We stated a
similar problem in Chapter 8 in order to identify the conditions characterizing a
Pareto optimal allocation of resources. Here we see this problem as suggestive of
the form the representative agent’s preference ordering, defined over aggregate
consumption, can take (the representative agent is denoted by the superscript

A):

N
UA (et cg) =Ug () + > moU? (cg') , where
=1

K K K
ug (c(‘?) = kgl M\ UE (cﬁ) with kzl ck = kzl ek = cif

A (A K ok S . K
U (09) = kz::lé AU (Ce) with kzl cg = kgle

Skl

= 6‘94, for each state 6.

In this case, the aggregate utility function directly takes into account the distri-
bution of consumption across agents. This setup generalizes to as many periods
as we like and, with certain modifications, to an infinite horizon. It is an intu-
itive sense of a representative agent as one who constitutes a weighted average
of all the economy’s participants.

A conceptual problem with this discussion resides in the fact that, in general,
the weights {1, Ag,..., Ak} will depend on the initial endowments: Loosely
speaking, the agent with more wealth gets a bigger A weight. It can be shown,
however, that the utility function, constructed as previously shown, will, in
addition, be independent of the initial endowment distribution if two further
conditions are satisfied:



1. the discount factor of every agent is the same (i.e., all agents §’s are the
same).
2. agents’ period preferences are of either of the two following forms:

k

Y ( k 1_% k _ —ae
o + ~c) or U%(c)=—e .

UHe) = 15

If either of these two conditions are satisfied, that is, by and large, if the agents’
preferences can be represented by either a CRRA or a CARA utility func-
tion, then there exists a representative agent economy for which the equilibrium
Arrow-Debreu prices are the same as they are for the K agent economy, and for
which

UAc) = g(c)H (A1, ..., \ic) , where g, (c) > 0, g11(c) < 0.

In this case, the weights do not affect preferences because they appear in the
form of a multiplicative scalar.

Let us repeat that, even if the individual agent preferences do not take either
of the two forms previously listed, there will still be a representative agent whose
preferences are the weighted average of the individual agent preferences. Unlike
the prior case, however, this ordering will then depend on the initial endowments
[see Constantinides (1982)]. O

9.2.2 On the Concept of a “No-Trade” Equilibrium

In a representative agent economy we must, of necessity, use a somewhat special-
ized notion of equilibrium — a no-trade equilibrium. If, indeed, for a particular
model specification, some security is in positive net supply, the equilibrium price
will be the price at which the representative agent is willing to hold that amount
— the total supply — of the security. In other specifications we will price secu-
rities that do not appear explicitly — securities that are said to be in zero net
supply. The prototype of the latter is an IOU type of contract: In a one agent
economy, the total net supply of IOUs must, of course, be zero. In this case, if
at some price the representative agent wants to supply (sell) the security, since
there is no one to demand it, supply exceeds demand. Conversely, if at some
price the representative agent wants to buy the security (and thus no one wants
to supply it), demand exceeds supply. Financial markets are thus in equilib-
rium, if and only if, at the prevailing price, supply equals demand and both are
simultaneously zero. In all cases, the equilibrium price is that price at which the
representative agent wishes to hold exactly the amount of the security present
in the economy. Therefore, the essential question being asked is: What prices
must securities assume so that the amount the representative agent must hold
(for all markets to clear) exactly equals what he wants to hold. At these prices,
further trade is not utility enhancing. In a more conventional multi-agent econ-
omy, an identical state of affairs is verified post-trade. The representative agent
class of models is not appropriate, of course, for the analysis of some issues in
finance; for example, issues linked with the volume of trade cannot be studied
since, in a representative agent model, trading volume is, by construction, equal
to zero.



9.3 An Exchange (Endowment) Economy
9.3.1 The Model

This economy will be directly analogous to the Arrow-Debreu exchange economies
considered earlier: production decisions are in the background and abstracted
away. It is, however, an economy that admits recursive trading, resulting from
investment decisions made over time, period after period (as opposed to being
made once and for all at date 0).

There is one, perfectly divisible share which we can think of as represent-
ing the market portfolio of the CAPM (later we shall relax this assumption).
Ownership of this share entitles the owner to all the economy’s output (in this
economy, all firms are publicly traded). Output is viewed as arising exogenously,
and as being stochastically variable through time, although in a stationary fash-
ion. This is the promised, although still remote, link with the real side of the
economy. And we will indeed use macroeconomic data to calibrate the model in
the forthcoming sections. At this point, we can think of the output process as
being governed by a large-number-of-states version of the three-state probability
transition matrix found in Table 9.1.

Table 9.1: Three-State Probability Transition Matrix
Output in Period t +1

Yyl Y2 y3
y! Tl T2 713

Output in Period ¢t Y2 M1 Mg mo3 | =T
)& T31 T3z a3

where m;; = Prob (Yt+1 =YI Y, = Yi) for any t.

That is, there are a given number of output states, levels of output that
can be achieved at any given date, and the probabilities of transiting from one
output state to another are constant and represented by entries in the matrix
T. The stationarity hypothesis embedded in this formulation may, at first sight,
appear extraordinarily restrictive. The output levels defining the states may,
however, be normalized variables, for instance to allow for a constant rate of
growth. Alternatively, the states could themselves be defined in terms of growth
rates of output rather than output levels. See Appendix 9.1 for an application.

If we adopt a continuous-state version of this perspective, the output process
can be similarly described by a probability transition function

G(Yiq1|Yy) =Prob (Vo1 <Y/ |Y; =Y7).

We can imagine the security as representing ownership of a fruit tree where the
(perishable) output (the quantity of fruit produced by the tree - the dividend)



varies from year to year. This interpretation is often referred to as the Lucas
fruit tree economy in tribute to 1996 Nobel prize winner, R. E. Lucas Jr., who,
in his 1978 article, first developed the CCAPM. The power of the approach,
however, resides in the fact that any mechanism delivering a stochastic process
on aggregate output, such as a full macroeconomic equilibrium model, can be
grafted on the CCAPM. This opens up the way to an in-depth analysis of the
rich relationships between the real and the financial sides of an economy.

This will be a rational expectations economy. By this expression we mean
that the representative agent’s expectations will be on average correct, and in
particular will exhibit no systematic bias. In effect we are assuming, in line
with a very large literature (and with most of what we have done implicitly
so far), that the representative agent knows both the general structure of the
economy and the exact output distribution as summarized by the matrix T.
One possible justification is that this economy has been functioning for a long
enough time to allow the agent to learn the probability process governing output
and to understand the environment in which he operates. Accumulating such
knowledge is clearly in his own interest if he wishes to maximize his expected
utility.

The agent buys and sells securities (fractions of the single, perfectly divisible
share) and consumes dividends. His security purchases solve:

{zt41}
S.t. ¢t + preep1 < 2 Y + pray
Zt S 1,Vt

max E (oo §tU(6t)>
=0

where p; is the period t real price of the security in terms of consumption!
(the price of consumption is 1) and z; is the agent’s beginning-of-period ¢ hold-
ings of the security. Holding a fraction z; of the security entitles the agent to
the corresponding fraction of the distributed dividend, which in an exchange
economy without investment, equals total available output. The expectations
operator applies across all possible values of Y feasible at each date ¢ with the
probabilities provided by the matrix T.

Let us assume the representative agent’s period utility function is strictly
concave with clim0 Ui (et) = oco. Making this latter assumption insures that it is

—

never optimal for the agent to select a zero consumption level. It thus normally
insures an interior solution to the relevant maximization problem. The necessary
and sufficient condition for the solution to this problem is then given by: For
all ¢, 2441 solves:

Uir(er)pr = 0B, {Ul(étJrl) (ﬁt+1+?t+1)} (9.1)

where ¢; = (przt + 2¢Y: — prze+1). Note that the expectations operator applies
across possible output state levels; if we make explicit the functional dependence

In the notation of the previous chapter: p = ¢°¢.



on the output state variables, Equation (9.1) can be written (assuming Y; is the
current state):

Ur(ce(Y)pe(Y") = 5ZU1 (cor1 (YD) (prar (Y))+Y )y

In Equation (9.1), Ui(c:)pe is the utility loss in period ¢ associated with the
purchase of an additional unit of the security, while 6U;(ct11) is the marginal
utility of an additional unit of consumption in period ¢ + 1 and (pg+1 + Yiq1) is
the extra consumption (income) in period ¢ + 1 from selling the additional unit
of the security after collecting the dividend entitlement. The RHS is thus the
expected discounted gain in utility associated with buying the extra unit of the
security. The agent is in equilibrium (utility maximizing) at the prevailing price
py if the loss in utility today, which he would incur by buying one more unit of
the security (Uy(ct)p:), is exactly offset by (equals) the expected gain in utility
tomorrow (6 E;U1(¢r41) [ﬁtH + ﬁﬂ] ), which the ownership of that additional
security will provide. If this equality is not satisfied, the agent will try either to
increase or to decrease his holdings of securities.?

For the entire economy to be in equilibrium, it must, therefore, be true that:

(i) 2t = zt41 = 2zt42 = ... = 1, in other words, the representative agent owns
the entire security;

(ii) ¢; = Vs, that is, ownership of the entire security entitles the agent to all
the economy’s output and,

(iii) Uy(ct)pr = 0B {U1(6t+1) (ﬁtH —i—ﬁﬂ)}, or, the agents’ holdings of

the security are optimal given the prevailing prices. Substituting (ii) into (iii)
informs us that the equilibrium price must satisfy:

Ui (Yy)pe = 0B, {Ul(f/tﬂ)(ﬁtﬂ + Y/t+1)} (9.2)

If there were many firms in this economy — say H firms, with firm h producing
the (exogenous) output Y3 ¢, then the same equation would be satisfied for each
firm’s stock price, pp ¢, that is,

PhtUi (¢r) = 0By { [Ul (Ct41) Ph,e+1 + Y’h,tﬂ} } (9.3)

H
where ¢; = Y}, ¢ in equilibrium.
h=1
Equations (9.2) and (9.3) are the fundamental equations of the consumption-
based capital asset pricing model.?

2In equilibrium, however, this is not possible and the price will have to adjust until the
equality in Equation (9.1) is satisfied.

3The fact that the representative agent’s consumption stream — via his MRS — is critical
for asset pricing is true for all versions of this model, including ones with nontrivial production
settings. More general versions of this model may not, however, display an identity between
consumption and dividends. This will be the case, for example, if there is wage income to the
agent.



A recursive substitution of Equation (9.2) into itself yields*

pt = Ey Z o7
T=1

establishing the stock price as the sum of all expected discounted future divi-
dends. Equation (9.4) resembles the standard discounting formula of elementary
finance, but for the important observation that discounting takes place using
the inter-temporal marginal rates of substitution defined on the consumption
sequence of the representative agent. If the utility function displays risk neu-
trality and the marginal utility is constant (U;; = 0), Equation (9.4) reduces
to

Ur(Yr) ©-4)

Ui(Visr) ]

pt:Et;y [ffm} :Et; (15::;;)7 , (9.5)

which states that the stock price is the sum of expected future dividends dis-
counted at the (constant) risk-free rate. The intuitive link between the discount
factor and the risk-free rate leading to the second inequality in Equation (9.5)
will be formally established in Equation (9.7). The difference between Equa-
tions (9.4) and (9.5) is the necessity, in a world of risk aversion, of discounting
the flow of expected dividends at a rate higher than the risk-free rate, so as
to include a risk premium. The question as to the appropriate risk premium
constitutes the central issue in financial theory. Equation (9.4) proposes a def-
inite, if not fully operational (due to the difficulty in measuring marginal rates
of substitution), answer.

Box 9.2
Calculating the Equilibrium Price Function

Equation (9.2) implicitly defines the equilibrium price series. Can it be
solved directly to produce the actual equilibrium prices {p(Yj) i=12 ..., N}?
The answer is positive. First, we must specify parameter values and functional
forms. In particular, we need to select values for § and for the various out-
put levels Y7, to specify the probability transition matrix T and the form of
the representative agent’s period utility function (a CRRA function of the form

Ule) = 011:; is a natural choice). We may then proceed as follows. Solve for the
{p(Yj) 1 =1,2,..., N} as the solution to a system of linear equations. Notice
that Equation 9.2 can be written as the following system of linear equations

(one for each of the N possible current states Y7):

U (Y)p(Yh) =6 mUn (Y)Y 4+ 6 my;Un(Y7)p(Y7)

j=1 j=1

4That is, update Equation (9.2) with p;y1 on the left-hand side and p¢42 in the RHS and
substitute the resulting RHS (which now contains a term in p¢y2) into the original Equation
(9.2) ; repeat for pt42, pt+3, and so on, regroup terms and extrapolate.



N N
U (YM)p(YN) =6 mniUn (Y)Y +6 ) an;Ur (Y7 )p(YY)

j=1 j=1
with unknowns p(Y'1), p(Y2),...,p(Y™V). Notice that for each of these equations,
the first term on the right-hand side is simply a number while the second term
is a linear combination of the p(Y7)s. Barring a very unusual output process,
this system will have a solution: one price for each Y7, that is, the equilibrium
price function.

Let us illustrate: Suppose U(c) =In(c),d = .96 and (Y1, Y2, Y3) = (1.5, 1, .5)

— an exaggeration of boom, normal, and depression times. The transition matrix
is taken to be as found in Table 9.2.

Table 9.2 Transition Matrix

1.5 1 5
1.5 D 250 .25
1 25 5 .25
5 25 .25 .5

The equilibrium conditions implicit in Equation (9.2) then reduce to :

Y1:2/3p(1.5) = .96 + .96 { $p(1.5) + 1p(1) + 2p(.5) }
Y2 :p(1) = .96 + 96{6]3 (1.5) + ip (1)+§p(.5)
Y3 :2p(.5) = .96 4+ .96 { £p(1. 5) + 1p(1) + 1p(.5) }

Y1:0=.96—.347p(1.5) + .24p(1) + 48p(.5) (i)
or, Y2:0=.96+.16p(1.5) — .52p(1) + .48p(.5) (i)
Y3:0=.96+.16p(1.5) + .24p(1) — 1.04p(.5) (i)

(i)-(ii) yields: p(1.5) = ‘?87]9( )= 1.5p(1) (iv)
(ii)-(iii) gives: p(.5) = 153p(1) = 3p(1)  (v)

substituting (%) and (v) into Equation (i) to solve for p(1) yields p(1) = 24;
p(1.5) = 36 and p(.5) = 12 follow. OJ

9.3.2 Interpreting the Exchange Equilibrium

To bring about a closer correspondence with traditional asset pricing formulae
we must first relate the asset prices derived previously to rates of return. In
particular, we will want to understand, in this model context, what determines



the amount by which the risky asset’s expected return exceeds that of a risk-
free asset. This basic question is also the one for which the standard CAPM
provides such a simple, elegant answer (E7; —ry = ;(E7a — r5)). Define the
period t to t+1 return for security j as

Pl Yt

Ltrjes = Pia
Then Equation 9.3 may be rewritten as:
Ui (C41) -
1=0F ¢ ————=(1+7; 9.6
A ) 0.6

Let g% denote the price in period ¢ of a one-period riskless discount bond in zero
net supply, which pays 1 unit of consumption (income) in every state in the
next period. By reasoning analogous to that presented previously,

@/ U (ct) = 0B {U1(Gr41)1}

The price ¢7 is the equilibrium price at which the agent desires to hold zero
units of the security, and thus supply equals demand. This is so because if he
were to buy one unit of this security at a price ¢?, the loss in utility today would
exactly offset the gain in expected utility tomorrow. The representative agent
is, therefore, content to hold zero units of the security.

Since the risk-free rate over the period from date ¢ to t+1, denoted r¢;11,
is defined by ¢¢(1+ry411) = 1, we have

1

=4 =90E {Ul(ct“) } :
L+rpir

U1 (Ct)

which formally establishes the link between the discount rate and the risk-
free rate of return we have used in Equation (9.5) under the risk neutrality
hypothesis. Note that in the latter case (U1; = 0), Equation (9.7) implies that
the risk-free rate must be a constant.

Now we will combine Equations (9.6) and (9.7). Since, for any two random
variables Z, g, E (z - §) = E(Z) - E(g) + cov (Z - ), we can rewrite equation (9.6)
in the form

(9.7)

U (Ceq1) . Ui (Cei1) -
1=0F ¢ ————= ¢ E  {1+7, ) —T 9.8
: { Ur(c) t {14741} + dcovy Uy(c) o0 (9-8)
Let us denote Ey {147, 411} = 147, 41. Then substituting Equation (9.7) into
Equation (9.8) gives

1475441 <U1(5t+1) - ) .
1 = —2T 4 Seovy | ——2 75 , Or, rearranging,
1 + Tf,tJrl t Ul (Ct) il gimg
1+75411 (Ul (Ct+1) )
- P — 1 —fcovy | —L T , OT
T+rpi ! Ui (ct) It
_ Ui(¢ -
Titt1 —Trer1 = —0(1+7pe41)cov (é((;)l)a 7‘j,t+1> : (9.9)
1(ct
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Equation (9.9) is the central relationship of the consumption CAPM and we
must consider its implications. The LHS of Equation (9.9) is the risk-premium
on security j. Equation (9.9) tells us that the risk premium will be large when

covy (U[}(lit;tr)l),fj,t_i'_l) is large and negative, that is, for those securities paying
high returns when consumption is high (and thus when U (¢¢41) is low), and low
returns when consumption is low (and Uy (c¢41) is high). These securities are not
very desirable for consumption risk reduction (consumption smoothing): They
pay high returns when investors don’t need them (consumption is high anyway)
and low returns when they are most needed (consumption is low). Since they
are not desirable, they have a low price and high expected returns relative to
the risk-free security.

The CAPM tells us that a security is relatively undesirable and thus com-
mands a high return when it covaries positively with the market portfolio, that
is, when its return is high precisely in those circumstances when the return on
the market portfolio is also high, and conversely. The consumption CAPM is
not in contradiction with this basic idea but it adds some further degree of pre-
cision. From the viewpoint of smoothing consumption and risk diversification,
an asset is desirable if it has a high return when consumption is low and vice
versa.

When the portfolio and asset pricing problem is placed in its proper multi-
period context, the notion of utility of end of period wealth (our paradigm of
Chapters 5 to 7) is no longer relevant and we have to go back to the more fun-
damental formulation in terms of the utility derived from consumption: U(c;).
But then it becomes clear that the possibility of expressing the objective as
maximizing the utility of end-of-period wealth in the 2 dates setting has, in
some sense, lured us down a false trail: In a fundamental sense, the key to an
asset’s value is its covariation with the marginal utility of consumption, not with
the marginal utility of wealth.

Equation (9.9) has the unappealing feature that the risk premium is defined,
in part, in terms of the marginal utility of consumption, which is not observable.
To eliminate this feature, we shall make the following approximation.

Let Ulct) = acy — %C? (i.e., a quadratic utility function or a truncated Taylor
series expansion of a general U(.)) where a > 0,b > 0, and the usual restrictions
apply on the range of consumption. It follows that Uy (¢;) = a—bey; substituting
this into Equation (9.9) gives

T ~ a — bé 1
Tiarr = Tpeer = —0(L4 g ) covy (Tj,tﬂ, th+)
— 0¢y
1 ~ ~
= —5 (1 + ’rfyt-‘rl) COV¢ (Tj,t-‘y-lact—‘,—l) (_b)7 or
a— bey

ob (1 + T‘f’tJ’»l)

a_ bct COU¢ (Fj’t+17ét+1) . (910)

Tjt+1 = Tf+1

Equation (9.10) makes this point easier to grasp: since the term in front of the
covariance expression is necessarily positive, if next-period consumption covaries
in a large positive way with 7;;41, then the risk premium on j will be high.
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9.3.3 The Formal Consumption CAPM

As a final step in our construction, let us denote the portfolio most highly
correlated with consumption by the index j = ¢, and its expected rate of return
for the period from ¢ to ¢t + 1 by 7¢ 141

Equation (9.10) applies as well to this security so we have

6b(1+7pe41)

a_ bct :| COov¢ (fc,t+lyét+1) . (911)

Tet+l —TVftt1 = [

Dividing Equation (9.10) by (9.11) and thus eliminating the term [w} ,

a—bcy
one obtains

Tjt+1 — Tft+1 covy (Tj441,Ce41)
— ~ ~ b
Tet+1 — Tft4+1 COVy (Tc,t+1, Ct+1)

_ covy (7),t41,E¢41)
Tit+1 — Tft+1 var(Ce41)

r = G = ) or
Tet+1 = Tft+1 €OVt (Te,t+1,Ct41)
var(Ci41)
r — ﬁj,ct —
Titrl —Tfte1 = 3 [Fett1 — Tfi1] (9.12)
C,Ct

for Bj.c, = Covﬁ/(giéaxf—g“), the consumption-g3 of asset j, and 760”52;&13* U the

consumption-/3 of portfolio ¢. This equation defines the consumption CAPM.
If it is possible to construct a portfolio ¢ such that 8.., = 1 one gets the

direct analogue to the CAPM, with 7. ;1 replacing the expected return on the

market and 3; ., the relevant beta:

Tit1 = Tre+1 = Bie, (Tetr1 — Tat1) - (9.13)

9.4 Pricing Arrow-Debreu State-Contingent Claims with
the CCAPM

Chapter 8 dwelled on the notion of an Arrow-Debreu state claim as the basic
building block for all asset pricing and it is interesting to understand what form
these securities and their prices assume in the consumption CAPM setting. Our
treatment will be very general and will accommodate more complex settings
where the state is characterized by more than one variable.

Whatever model we happen to use, let s; denote the state in period ¢. In
the prior sections s; coincided with the period t output, Y;.

Given that we are in state s in period ¢, what is the price of an Arrow-Debreu
security that pays 1 unit of consumption if and only if state s’ occurs in period
t+17 We consider two cases.

12



1. Let the number of possible states be finite; denote the Arrow-Debreu
price as
q(st+1 =55, = 5)
with the prime superscript referring to the value taken by the random state

variable in the next period. Since this security is assumed to be in zero net
supply,® it must satisfy, in equilibrium,

Ui (c(5)) q(se41 = 8"550 = 5) = 0U1 (c(s")) prob (si11 = s'580 = s),

or
IUACED)

Ui (c(s))
As a consequence of our maintained stationarity hypothesis, the same price
occurs when the economy is in state s and the claim pays 1 unit of consumption
in the next period if and only if state s’ occurs, whatever the current time period
t. We may thus drop the time subscript and write

Uy (c(s")) '1s) = Palets)
T (el PP 5 =95 s

in the notation of our transition matrix representation. This is equation (8.1)
of our previous chapter.
2. For a continuum of possible states, the analogous expression is

g = g d1le(s)
q(S, ) 5U1(C(S))

where f(s';s) is the conditional density function on s;11 given s, evaluated at
!
s’
Note that under risk neutrality, we have a reconfirmation of our earlier iden-
tification of Arrow-Debreu prices as being proportional to the relevant state
probabilities, with the proportionality factor corresponding to the time discount

coefficient:

q(sty1 =858 = 5) prob (s;y1 = 8’58 = 5).

q(s'ss) =19

Tss!y

f(s'ss)

q(s';8) =0f(s';8) = Omss.

These prices are for one-period state-contingent claims; what about N-period
claims? They would be priced exactly analogously:

(C(S/))
N ', syUnlels)) ' ,
q (St+N S St S) . (c(s)) pro (St+N S5 St 8)

The price of an N-period risk-free discount bound ¢?V, given state s, is thus

given by
(c(s’

_ Uy ) e
PN (s) = 6N %: mprob (sian =855, =) (9.14)

5And thus its introduction does not alter the structure of the economy described previously.

13



or, in the continuum of states notation,

gy gy (U)o Ui ()
() =¥ [ T (s =, {or P,

s/

where the expectation is taken over all possible states s’ conditional on the
current state being 5.5

Now let us review Equation (9.4) in the light of the expressions we have just
derived.

Dt

I
=
M8
>
3
L —
=
°
J’_
N
=
+
3
|

|
>,
S
| — |
S
=8
Qq
\_/
S~—
=
J’_
3
S~—"
—_
o)
=
o
on
—
&L
+
3
|
»
»
<
|
=

::Zif@mww, (9.15)

What this development tells us is that taking the appropriately discounted
(at the inter-temporal MRS) sum of expected future dividends is simply valuing
the stream of future dividends at the appropriate Arrow-Debreu prices! The
fact that there are no restrictions in the present context in extracting the prices
of Arrow-Debreu contingent claims is indicative of the fact that this economy is
one of complete markets.”

Applying the same substitution to Equation (9.4) as employed to obtain
Equation (9.8) yields:

S ) o (50

SR O O, con (S Vi)
-] m e (e s ] i

where the expectations operator applies across all possible values of the state
output variable, with probabilities given on the line corresponding to the current
state s; in the matrix T raised to the relevant power (the number of periods to
the date of availability of the relevant cash flow).

Using the expression for the price of a risk-free discount bond of 7 periods to
maturity derived earlier and the fact that (1 +77¢4,)7¢)" = 1, we can rewrite

6The corresponding state probabilities are given by the Nth power of the matrix T.

"This result, which is not trivial (we have an infinity of states of nature and only one asset
- the equity), is the outcome of the twin assumptions of rational expectations and agents’
homogeneity.
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this expression as:

cov(Us (G47),Vitr)
Y—t+‘r} {1 + EelU (s Bs [{/wrr] }}

(L+7rpe4r)”

(9.16)

The quantity being discounted (at the risk-free rate applicable to the relevant
period) in the present value term is the equilibrium certainty equivalent of the
real cash flow generated by the asset. This is the analogue for the CCAPM of
the CAPM expression derived in Section 7.3.

If the cash flows exhibit no stochastic variation (i.e., they are risk free), then
Equation (9.16) reduces to

This relationship will be derived again in Chapter 10 where we discounted risk-
free cash flows at the term structure of interest rates. If, on the other hand, the
cash flows are risky, yet investors are risk neutral (constant marginal utility of
consumption), Equation (9.16) becomes

D = i _BWe] (9.17)

which is identical to Equation (9.5) once we recall, from Equation (9.7), that
the risk-free rate must be constant under risk neutrality.

Equation (9.16) is fully in harmony with the intuition of Section 9.3: if
the representative agent’s consumption is highly positively correlated with the
security’s real cash flows, the certainty equivalent values of these cash flows
will be smaller than their expected values (viz., cov(Uy(¢ryr), Yiqyr) < 0). This
is so because such a security is not very useful for hedging the agent’s future
consumption risk. As a result it will have a low price and a high expected
return. In fact, its price will be less than what it would be in an economy of
risk-neutral agents [Equation (9.17)]. The opposite is true if the security’s cash
flows are negatively correlated with the agent’s consumption.

9.5 Testing the Consumption CAPM: The Equity Pre-
mium Puzzle

In the rest of this chapter we discuss the empirical validity of the CCAPM.
We do this here (and not with the CAPM and other pricing models seen so
far) because a set of simple and robust empirical observations has been put
forward that falsifies this model in an unusually strong way. This forces us to
question its underlying hypotheses and, a fortiori, those underlying some of the
less-sophisticated models seen before. Thus, in this instance, the recourse to
sophisticated econometrics for drawing significant lessons about our approach
to modeling financial markets is superfluous.
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A few key empirical observations regarding financial returns in U.S. markets
are summarized in Table 9.3, which shows that over a long period of observation
the average ex-post return on a diversified portfolio of U.S. stocks (the market
portfolio, as approximated in the U.S. by the S&P 500) has been close to 7
percent (in real terms, net of inflation) while the return on one-year T-bills
(taken to represent the return on the risk-free asset) has averaged less than 1
percent. These twin observations make up for an equity risk premium of 6.2
percent. This observation is robust in the sense that it has applied in the U.S.
for a very long period, and in several other important countries as well. Its
meaning is not totally undisputed, however. Goetzmann and Jorion (1999),
in particular, argue that the high return premium obtained for holding U.S.
equities is the exception rather than the rule.®

Here we will take the 6 percent equity premium at face value, as has the huge
literature that followed the uncovering of the equity premium puzzle by Mehra
and Prescott (1985). The puzzle is this: Mehra and Prescott argue that the
CCAPM is completely unable, once reasonable parameter values are inserted in
the model, to replicate such a high observed equity premium.

Table 9.3 : Properties of U.S. Asset Returns

U.S. Economy
@ (b)
T 6.98 16.54
T .80 5.67
r—rf 6.18 16.67

(a) Annualized mean values in percent;
(b) Annualized standard deviation in percent.
Source: Data from Mehra and Prescott (1985).

Let us illustrate their reasoning. According to the consumption CAPM, the
only factors determining the characteristics of security returns are the represen-
tative agent’s utility function, his subjective discount factor, and the process on
consumption (which equals output or dividends in the exchange economy equi-
librium). Consider the utility function first. It is natural in light of Chapter 4
to assume the agent’s period utility function displays CRRA; thus let us set

et

U (c)

8Using shorter, mostly postwar, data, premia close or even higher than the U.S. equity
premium are obtained for France, Germany, the Netherlands, Sweden, Switzerland, and the
United Kingdom [see, e.g., Campbell (1998)]. Goetzmann and Jorion however argue that such
data samples do not correct for crashes and period of market interruptions, often associated
with WWII, and thus are not immune from a survivorship bias. To correct for such a bias,
they assemble long data series for all markets that existed during the twentieth century. They
find that the United States has had “by far the highest uninterrupted real rate of appreciation
of all countries, at about 5 percent annually. For other countries, the median appreciation
rate is about 1.5 percent.”

16



Empirical studies associated with this model have placed v in the range of (1, 2).
A convenient consequence of this utility specification is that the inter-temporal
marginal rate of substitution can be written as

iy = (%) o

The second major ingredient is the consumption process. In our version of the
model, consumption is a stationary process: It does not grow through time.
In reality, however, consumption is growing through time. In a growing econ-
omy, the analogous notion to the variability of consumption is variability in the
growth rate of consumption.

Let x¢y1 = C*‘Ctl, denote per capita consumption growth, and assume, for
illustration that x; is independently and identically lognormally distributed
through time. For the period 1889 through 1978, the U.S. economy aggre-
gate consumption has been growing at an average rate of 1.83 percent annually
with a standard deviation of 3.57 percent, and a slightly negative measure of
autocorrelation (-.14) [cf. Mehra and Prescott (1985)].

The remaining item is the agent’s subjective discount factor §: What value
should it assume? Time impatience requires, of course, that § < 1, but this is
insufficiently precise. One logical route to its estimation is as follows: Roughly
speaking, the equity in the CCAPM economy represents a claim to the aggregate
income from the underlying economy’s entire capital stock. We have just seen
that, in the United States, equity claims to private capital flows average a 7
percent annual real return, while debt claims average 1 percent.? Furthermore,
the economy-wide debt-to-equity rates are not very different from 1. These
facts together suggest an overall average real annual return to capital of about
4 percent.

If there were no uncertainty in the model, and if the constant growth rate
of consumption were to equal its long-run historical average (1.0183), the asset
pricing Equation (9.6) would reduce to

1 =0F; { (ct“) B Rtﬂ} =6(Z) "R, (9.19)

Cy¢

where R;y1 is the gross rate of return on capital and the upper bars denote
historical averages.'? For v = 1,7 = 1.0183, and R=1.04, we can solve for the
implied § to obtain § 2 0.97. Since we have used an annual estimate for Z, the
resulting § must be viewed as an annual or yearly subjective discount factor; on
a quarterly basis it corresponds to § = 0.99. If, on the other hand, we want to
assume vy = 2, Equation (9.19) solves for § = .99 on an annual basis, yielding a
quarterly § even closer to 1. This reasoning demonstrates that assuming higher

9Strictly speaking, these are the returns to publicly traded debt and equity claims. If
private capital earns substantially different returns, however, capital is being inefficiently
allocated; we assume this is not the case.

10Time average and expected values should coincide in a stationary model, provided the
time series is of sufficient length.
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rates of risk aversion would be incompatible with maintaining the hypothesis
of a time discount factor less than 1. While technically, in the case of positive
consumption growth, we could entertain the possibility of a negative rate of
time preference, and thus of a discount factor larger than 1, we rule it out on
grounds of plausibility.

At the root of this difficulty is the low return on the risk-free asset (1 per-
cent), which will haunt us in other ways. As we know, highly risk-averse indi-
viduals want to smooth consumption over time, meaning they want to transfer
consumption from good times to bad times. When consumption is growing pre-
dictably, the good times lie in the future. Agents want to borrow now against
their future income. In a representative agent model, this is hard to reconcile
with a low rate on borrowing: everyone is on the same side of the market, a
fact that inevitably forces a higher rate. This problem calls for an independent
explanation for the abnormally low average risk-free rate [e.g., in terms of the
liquidity advantage of short-term government debt as in Bansal and Coleman
(1996)] or the acceptance of the possibility of a negative rate of time preference
so that future consumption is given more weight than present consumption. We
will not follow either of these routes here, but rather will, in the course of the
present exercise, limit the coefficient of relative risk aversion to a maximal value
of 2.

With these added assumptions we can manipulate the fundamental asset
pricing Equation (9.2) to yield two equations that can be used indirectly to test
the model. The key step in the reasoning is to demonstrate that, in the context
of these assumptions, the equity price formula takes the form

Py = vY;

where v is a constant coefficient. That is, the stock price at date ¢ is proportional
to the dividend paid at date t.!! To confirm this statement, we use a standard
trick consisting of guessing that this is the form taken by the equilibrium pricing
function and then verifying that this guess is indeed borne out by the structure
of the model. Under the p; = vY; hypothesis, Equation (9.1) becomes:

vY; = 0E; {(U}}t+1+}~/t+1> U (o)

Using Equation (9.18) and dropping the conditional expectations operator, since
x is independently and identically distributed through time (its mean is inde-
pendent of time), this equation can be rewritten as

v=0E {(v—H) Y;“:ztjl} .
i

11Note that this property holds true as well for the example developed in Box 9.2 as Equa-
tions (iv) and (v) attest.
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The market clearing condition implies that Yg L =444, thus
v = SE{(v+1)i'7"}
e {a'}
1= SE{z1)

This is indeed a constant and our initial guess is thus confirmed!
Taking advantage of the validated pricing hypothesis, the equity return can
be written as:

i+ Yepr v A1V v+l
Dt v Y,

Ri1 =141 = Tiy1-

Taking expectations we obtain:

B (firna) = B (Runs) = "L B () = (mjﬁx)}

The risk-free rate is [Equation (9.7)]:

which is seen to be constant under our current hypotheses.
Taking advantage of the lognormality hypothesis, the ratio of the two pre-
ceding equations can be expressed as (see Appendix 9.2 for details)

E (Ri T T
(Rf+ ) _ PP — o hod), (9.21)

where o2 is the variance of Inz. Taking logs, we finally obtain:
In (ER) —In(Ry) = yo2. (9.22)

Now, we are in a position to confront the model with the data. Let us start
with Equation (9.22). Feeding in the return characteristics of the U.S. economy
and solving for v, we obtain (see Appendix 9.2 for the computation of ¢2),

In(ER) —In(E,.)  1.0698 —1.008
02 (.0357)°

= 50.24 = 7.

Alternatively, if we assume v = 2 and multiply by o2 as per Equation (9.22),
one obtains an equity premium of

2(.00123) = .002 = (In(ER) — In(ERs) = ER — ER; (9.23)

In either case, this reasoning identifies a major discrepancy between model
prediction and reality. The observed equity premium can only be explained
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by assuming an extremely high coefficient of relative risk aversion (~ 50), one
that is completely at variance with independent estimates. An agent with risk
aversion of this level would be too fearful to take a bath (many accidents involve
falling in a bathtub!), or to cross the street. On the other hand, insisting on a
more reasonable coefficient of risk aversion of 2 leads to predicting a minuscule
premium of 0.2 percent, much below the 6.2 percent that has been historically
observed over long periods.

Similarly, it is shown in Appendix 9.2 that E {x;'y }: .97 for v = 2; Equation
(9.20) and the observed value for Ry (1.008) then implies that § should be
larger than 1 (1.02). This problem was to be anticipated from our discussion
of the calibration of §, which was based on reasoning similar to that underlying
Equation (9.20). Here the problem is compounded by the fact that we are
using an even lower risk-free rate (.8 percent) rather than the steady-state rate
of return on capital of 4 percent used in the prior reasoning. In the present
context, this difficulty in calibrating ¢ or, equivalently, in explaining the low
rate of return on the risk-free asset has been dubbed the risk-free rate puzzle
by Weil (1989). As said previously, we read this result as calling for a specific
explanation for the observed low return on the risk-free asset, one that the
CCAPM is not designed to provide.

9.6 Testing the Consumption CAPM: Hansen-Jagannathan
Bounds

Another, parallel perspective on the puzzle is provided by the Hansen-Jagannathan
(1991) bound. The idea is very similar to our prior test and the end result is
the same. The underlying reasoning, however, postpones as long as possible
making specific modeling assumptions. It is thus more general than a test of
a specific version of the CCAPM. The bound proposed by Hansen and Jagan-
nathan potentially applies to other asset pricing formulations. It similarly leads
to a falsification of the standard CCAPM.

The reasoning goes as follows: For all homogeneous agent economies, the
fundamental equilibrium asset pricing Equation (9.2) can be expressed as

P(s¢) = Ey[mey1(3e41) Xeg1(8641); 8¢, (9.24)

where s; is the state today (it may be today’s output in the context of a simple
exchange economy or it may be something more elaborate as in the case of a
production economy), X;y1(8¢+1) is the total return in the next period (e.g., in
the case of an exchange economy this equals (P41 + Y/;&+1) and myy1(8¢41) is
the equilibrium pricing kernel, also known as the stochastic discount factor:

6U1 (ct+1(5e+1))
U1 (Ct) ’

Myy1(Se41) =

As before U;( ) is the marginal utility of the representative agent and ¢; is his
equilibrium consumption. Equation (9.24) is thus the general statement that the
price of an asset today must equal the expectation of its total payout tomorrow
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multiplied by the appropriate pricing kernel. For notational simplicity, let us
suppress the state dependence, leaving it as understood, and write Equation
(9.24) as

pe = B[ 1 Xe41]. (9.25)

This is equivalent to _
1= Et[mt+1Rt+1]7

where Rt-i—l is the gross return on ownership of the asset. Since Equation (9.25)
holds for each state sy, it also holds unconditionally; we thus can also write

1 = E[mR]

where E denotes the unconditional expectation. For any two assets ¢ and j (to
be viewed shortly as the return on the market portfolio and the risk-free return,
respectively) it must, therefore, be the case that
E[m(R; — R;)] =0,
or }
EmR;_;] =0,

where, again for notational convenience, we substitute Ri,j for R; — I:Zj . This
latter expression furthermore implies the following series of relationships:

EmER;_j + cov(r, R;_j) = 0,

or
EMER;_; + p(iit, Ri_j)omor,_, =0,
or
ERZ',J' . = Om
S R,_j))=— =0,
OR; olm, J)Em
or
Eéi_j . Om
e P, Rij) oo (9.26)

It follows from Equation (9.26) and the fact that a correlation is never larger
than 1 that

‘ERi_j
>

Om

—_— 9.27
Em OR;_; ( )
The inequality in expression (9.27) is referred to as the Hansen-Jagannathan
lower bound on the pricing kernel. If, as noted earlier, we designate asset i
as the market portfolio and asset j as the risk-free return, then the data from
Table 9.3 and Equation (9.27) together imply (for the U.S. economy):

Tm |E(Tar — 1) 062

Zm =22 = 371
Em Trar—rs 167
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Let us check whether this bound is satisfied for our model. From Equation
(9.18), m(ét41,ct) = d(xe) 7, the expectation of which we can be computed
(See Appendix 9.2) to be

1
Em = §exp(—ypz + 57205) =.99(.967945) = .96 for y = 2.

In fact, Equation (9.20) reminds us that Em is simply the expected value
of the price of a one-period risk-free discount bound, which cannot be very far
away from 1. This implies that for the Hansen-Jagannathan bound to be satis-
fied, the standard deviation of the pricing kernel cannot be much lower than .3;
given the information we have on x4, it is a short step to estimate this parameter
numerically under the assumption of lognormality. When we do this (see Ap-
pendix 9.2 again), we obtain an estimate for o(m) = .002, which is an order of
magnitude lower than what is required for Equation (9.27) to be satisfied. The
message is that it is very difficult to get the equilibrium to be anywhere near
the required level. In a homogeneous agent, complete market model with stan-
dard preferences, where the variation in equilibrium consumption matches the
data, consumption is just too smooth and the marginal utility of consumption
does not vary sufficiently to satisfy the bound implied by the data (unless the
curvature of the utility function — the degree of risk aversion — is assumed to
be astronomically high, an assumption which, as we have seen, raises problems
of its own).

9.7 Some Extensions
9.7.1 Reviewing the Diagnosis

Our first dynamic general equilibrium model thus fails when confronted with
actual data. Let us review the source of this failure. Recall our original pricing
Equation (9.9), specialized for a single asset, the market portfolio:

_ Ui (¢ -
"Mit+1 —Tfit+1 = = (1 + Tf,t+1) COVy <1(t+1),rM7t+1>
U1 (Ct)

= — (T 4rfeq1) p(Me,Tare1) o (M) 0 (Tars1)

) o (Tare+1)

Written in this way, it is clear that the equity premium depends upon the
standard deviation of the MRS (or, equivalently, the stochastic discount factor),
the standard deviation of the return on the market portfolio, and the correlation
between these quantities. For the United States, and most other industrial
countries, the problem with a model in which pricing and return relationships
depend so much on consumption (and thus MRS) variation is that average per
capita consumption does not vary much at all. If this model is to have any
hope of matching the data, we must modify it in a way that will increase the
standard deviation of the relevant MRS, or the variability of the dividend being
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priced (and thus the o (rar41)). We do not have complete freedom over this
latter quantity, however, as it must be matched to the data as well.

9.7.2 The CCAPM with Epstein-Zin Utility

At this stage it is interesting to inquire whether, in addition to its intellectual
appeal on grounds of generality, Epstein and Zin’s (1989) separation of time
and risk preferences might contribute a solution to the equity premium puzzle,
and more generally, alter our vision of the CCAPM and its message.

Let us start by looking specifically at the equity premium puzzle. It will facil-
itate our discussion to repeat Equations (5.10) and (5.12) defining the Epstein-
Zin preference representation (refer to Chapter 5 for a discussion and for the
log case):

6

11 115
U(cs,CEry1) = {(1 —0)e,” + 0CE, } ’
- 1=y ~ 1—
where {CE(UtH)} = Ei(U1) 7,
1—
and = - T 0<0<1, 1£7>0, p>0;
P

Weil (1989) uses these preferences in a setting otherwise identical to that of
Mehra and Prescott (1985). Asset prices and returns are computed similarly.
What he finds, however, is that this greater generality does not resolve the risk
premium puzzle, but rather tends to underscore what we have already introduced
as the risk-free rate puzzle.

The Epstein-Zin (1989, 1991) preference representation does not innovate
along the risk dimension, with the parameter v alone capturing risk aversion
in a manner very similar to the standard case. It is, therefore, not surprising
that Weil (1989) finds that only if this parameter is fixed at implausibly high
levels (v & 45) can a properly calibrated model replicate the premium — the
Mehra and Prescott (1985) result revisited. With respect to time preferences,
if p is calibrated to respect empirical studies, then the model also predicts
a risk-free rate that is much too high. The reason for this is the same as
the one outlined at the end of Section 9.5: Separately calibrating the inter-
temporal substitution parameter p tends to strengthen the assumption that the
representative agent is highly desirous of a smooth inter-temporal consumption
stream. With consumption growing on average at 1.8 percent per year, the
agent must be offered a very high risk-free rate in order to be induced to save
more and thus making his consumption tomorrow even more in excess of what
it is today (less smoothing).

While Epstein and Zin preferences do not help in solving the equity pre-
mium puzzle, it is interesting to study a version of the CCAPM with these
generalized preferences. The idea is that the incorporation of separate time and
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risk preferences may enhance the ability of that class of models to explain the
general pattern of security returns beyond the equity premium itself. The set-
ting is once again a Lucas (1978) style economy with N assets, with the return
on the equilibrium portfolio of all assets representing the return on the market
portfolio. Using an elaborate dynamic programming argument, Epstein and Zin
(1989, 1991) derive an asset pricing equation of the form

B { [5(5t+1)—2r {1} s fNH)} =1, (9.28)

ct 14+ 7w+

where 737+ denotes the period ¢ return on the market portfolio, and 7“{ the
period ¢ return on some asset in it. Note that when time and risk preferences
coincide (y = %, 6 = 1), Equation (9.28) reduces to the pricing equation of the
standard time-separable CCAPM case.

The pricing kernel itself is of the form

[5(@“)_3’]9 {1]19, (9.29)

Ct 14 7are41

which is a geometric average (with weights 6 and 1 — 6, respectively) of the
1

pricing kernel of the standard CCAPM, [5(%) P] , and the pricing kernel for
the log(p = 0) case, {m]

Epstein and Zin (1991) next consider a linear approximation to the geometric
average in Equation (9.29),

0 {5(@“);] +(1—0) [1} . (9.30)

Ct 14+ 7are41

Substituting Equation (9.30) into Equation (9.28) gives

E, {{9 [5 (Ei)l +(1-0) [1} } (1 +m+1)} ~1, or

1+ 741
E, {9 5 (Ct“) E
Ct

Equation (9.31) is revealing. As we noted earlier, the standard CAPM relates
the (essential, non-diversifiable) risk of an asset to the covariance of its returns
with M, while the CCAPM relates its riskiness to the covariance of its returns
with the growth rate of consumption (via the IMRS). With separate time and
risk preferences, Equation (9.31) suggests that both covariances matter for an
asset’s return pattern'?. But why are these effects both present separately and

1
1+ 741

(14 7j01) + (1 =0) { } (1+7:j,t+1)} ~ 1.

(9.31)

12To see this recall that for two random variables & and §, E(&j) = E(Z)E(§) + cov(,§) ,
and employ this substitution in both terms on the left-hand side of Equation (9.31).
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individually? The covariance of an asset’s return with M captures its atemporal,
non-diversifiable risk (as in the static model). The covariance of its returns
with the growth rate of consumptions fundamentally captures its risk across
successive time periods. When risk and time preferences are separated, it is not
entirely surprising that both sources of risk should be individually present. This
relationship is more strikingly apparent if we assume joint lognormality and
heteroskedasticity in consumption and asset returns; Campbell et al. (1997)
then express Equation (9.31) in a form whereby the risk premium on asset @
satisfies:

- o? Oic
Et(ri7t+1) — Tf7t+1 —+ 7% = 6? —+ (1 — (5)0’1‘M, (932)

where ;. = cov(7y, Cf—il), and o;ar = cov(F, Fare). Both sources of risk are
clearly present.

9.7.3 Habit Formation

In the narrower perspective of solving the equity premium puzzle, probably the
most successful modification of the standard setup has been to admit utility
functions that exhibit higher rates of risk aversion at the margin, and thus can
translate small variations in consumption into a large variability of the MRS.
One way to achieve this objective without being confronted with the risk-free
rate puzzle — which is exacerbated if we simply decide to postulate a higher
— is to admit some form of habit formation. This is the notion that the agent’s
utility today is determined not by her absolute consumption level, but rather by
the relative position of her current consumption vis-a-vis what can be viewed as
a stock of habit, summarizing either her past consumption history (with more
or less weight placed on distant or old consumption levels) or the history of
aggregate consumption (summarizing in a sense the consumption habits of her
neighbors; a “keeping up with the Joneses” effect). This modeling perspective
thus takes the view that utility of consumption is primarily dependent on (af-
fected by) departures from prior consumption history, either one’s own or that
of a social reference group; departures from what we have been accustomed
to consuming; or what we may have been led to consider “fair” consumption.
This concept is open to a variety of different specifications, with diverse im-
plications for behavior and asset pricing. The interested reader is invited to
consult Campbell and Cochrane (1999) for a review. Here we will be content to
illustrate briefly the underlying working principle. To that end, we specify the
representative agent’s period preference ordering to be of the form

(¢t — xce—1)' 7

Ulet,cr-1) 1—~

)

where x < 1 is a parameter. In an extreme case, x = 1, the period utility
depends only upon the deviation of current period t consumption from the
prior period’s consumption. As we noted earlier, actual data indicates that per
capita consumption for the United States and most other developed countries is
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very smooth. This implies that (c; - c;—1) is likely to be very small most of the
time. For this specification, the agent’s effective (marginal) relative risk aversion
reduces to Rr(ct) = m; with ¢; & ¢;_1, the effective Rp(c) will thus be
very high, even with a low =, and the representative agent will appear as though
he is very risk averse. This opens the possibility for a very high return on the
risky asset. With a careful choice of the habit specification, the risk-free asset
pricing equation will not be materially affected and the risk-free rate puzzle will
be avoided [see Constantinides (1990) and Campbell and Cochrane (1999)].

We find this development interesting not only because of its implications for
pricing assets in an exchange economy. It also suggests a more general reevalua-
tion of the standard utility framework discussed in Chapter 2. It may, however,
lead to questioning some of the basic tenets of our financial knowledge: It would
hardly be satisfactory to solve a puzzle by assuming habit formation and high
effective rates of risk aversion and ignore this behavioral assumption when at-
tending to other problems tackled by financial theory. In fact, a confirmed habit
formation utility specification would, for the same reasons, have significant im-
plications for macroeconomics as well (as modern macroeconomics builds on
the same theoretical principles as the CCAPM of this section). It is not clear,
however, that high effective rates of risk aversion are consistent with our cur-
rent understanding of short-run macroeconomic fluctuations. This discussion
suggests that it is worthwhile to explore alternative potential solutions to the
puzzle, all the while attempting to understand better the connections between
the real and the financial sides of the economy.

9.7.4 Distinguishing Stockholders from Non-Stockholders

In this spirit, another approach to addressing the outstanding financial puzzles
starts by recognizing that only a small fraction of the population holds sub-
stantial financial assets, stocks in particular. This fact implies that only the
variability of the consumption stream of the stockholding class should matter
for pricing risky assets. There are reasons to believe that the consumption pat-
terns of this class of the population are both more variable and more highly
correlated with stock returns than average per capita consumption.!® Observ-
ing, furthermore, that wages are very stable and that the aggregate wage share
is countercyclical (that is, proportionately larger in bad times when aggregate
income is relatively low), it is not unreasonable to assume that firms, and thus
their owners, the shareholders, insure workers against income fluctuations asso-
ciated with the business cycle. If this is a significant feature of the real world,
it should have implications for asset pricing as we presently demonstrate.
Before trying to incorporate such a feature into a CCAPM-type model, it
is useful first to recall the notion of risk sharing. Consider the problem of
allocating an uncertain income (consumption) stream between two agents so as
to maximize overall utility. Assume, furthermore, that these income shares are

13Mankiw and Zeldes (1991) attempt, successfully, to confirm this conjecture. They indeed
find that shareholder consumption is 2.5 times as variable as non-shareholder consumption.
Data problems, however, preclude taking their results as more than indicative.
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not fixed across all states, but can be allocated on a state-by-state basis. This
task can be summarized by the allocation problem

max  U(c1(0)) + puV (c2(0)), s.t.
o (hax (c1(0)) + pV (c2(0))

e1(8) + () < Y (B),
where U( ), V() are, respectively, the two agents’ utility functions, cl(é)

and ¢,(0) their respective income assignments, Y (9) the economy-wide state-
dependent aggregate income stream, and p their relative weight.

The necessary and sufficient first-order condition for this problem is

Ui(c1(0)) = uVi(ca(0)). (9.33)

Equation (9.33) states that the ratio of the marginal utilities of the two agents
should be constant. We have seen it before as Equation (8.3) of Chapter 8. As
we saw there, it can be interpreted as an optimal risk sharing condition in the
sense that it implicitly assigns more of the income risk to the less risk-averse
agent. To see this, take the extreme case where one of the agents, say the one
with utility function V() is risk neutral — indifferent to risk. According to
Equation (9.33) it will then be optimal for the other agent’s income stream to
be constant across all states: He will be perfectly insured. Agent V(') will thus
absorb all the risk (in exchange for a higher average income share).

To understand the potential place of these ideas in the consumption CAPM
setting, let V() now denote the period utility function of the representative
shareholder, and U( ) the period utility function of the representative worker
who is assumed not to hold any financial assets and who consequently consumes
his wage w;. As before, let Y; be the uncertain (exogenously given) output. The
investment problem of the shareholders — the maximization problem with which
we started this chapter — now becomes

max E(> 6V (¢))

{z¢} =0

s.t.

¢t + Pzt < zdy + piz
dy =Y, —wy

Ur(wy) = pVi(dy),

Zt < 1, Vit

Here we simply introduce a distinction between the output of the tree, Y;, and
the dividends paid to its owners, d;, on the plausible grounds that people (work-
ers) need to be paid to take care of the trees and collect the fruits. This payment
is wy;. Moreover, we introduce the idea that the wage bill may incorporate a
risk insurance component, which we formalize by assuming that the variability
of wage payments is determined by an optimal risk sharing rule equivalent to
Equation (9.33). One key parameter is the income share, u, which may be inter-
preted as reflecting the relative bargaining strengths of the two groups. Indeed,
a larger pu gives more income to the worker.
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Assets in this economy are priced as before with Equation (9.1) becoming

Vi(e)pe = 0B, {Vl (C41) (ﬁt+1+dt+1)} . (9.34)

While the differences between Equations (9.1) and (9.34) may appear purely
notational, their importance cannot be overstated. First, the pricing kernel
derived from Equation (9.34) will build on the firm owners’ MRS, defined over
shareholder consumption (dividend) growth rather than the growth in average
per capita consumption. Moreover, the definition of dividends as output minus
a stabilized stream of wage payments opens up the possibility that the flow of
payments to which firm owners are entitled is effectively much more variable,
not only than consumption but than output as well. Therein lies a concept of
leverage, one that has been dubbed operating leverage, similar to the familiar
notion of financial leverage. In the same way that bondholders come first,
and are entitled to a fixed, noncontingent interest payment, workers also have
priority claims to the income stream of the firm and macroeconomic data on
the cyclical behavior of the wage share confirm that wage payments are more
stable than aggregate income.

We have explored the potential of these ideas in recent research work (Dan-
thine and Donaldson, 2002) to which the reader is referred for details, and find
that this class of models can generate significantly increased equity premia.
When we add an extra notion of distributional risk associated with the possi-
bility that p varies stochastically, in a way that permits better accounting of
the observed behavior of the wage share over the medium run, the premium
approaches 6 percent.

9.8 Conclusions

The two modifications discussed in the previous section are far from represent-
ing the breadth and depth of the research that has been stimulated by the
provocative result presented in Mehra and Prescott (1985). For a broader and
more synthetic perspective, we refer the reader to the excellent recent survey of
Kocherlakota (1996).

The material covered in this chapter contains recent developments illustrat-
ing some of the most important directions taken by modern financial theory.
Much work remains to be done, as the latest sections indicate, and this is in-
deed a fertile area for current research. At this juncture, one may be led to the
view that structural asset pricing theory, based on rigorous dynamic general
equilibrium models, provides limited operational support in our quest for un-
derstanding financial market phenomena. While the search goes on, this state
of affairs nevertheless explains the popularity of less encompassing approaches
based on the concept of arbitrage reviewed in Chapters 10 to 13.
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Appendix 9.1: Solving the CCAPM with Growth

Assume that there is a finite set of possible growth rates {x1, ..., 2y} whose
realizations are governed by a Markov process with transition matrix T and
entries m;;. Then, for whatever z; is realized in period ¢ 41,

dt+1 = 90t+1Yt = Tt41Ct = TCt.

Under the usual utility specification, U(c) = %7 the basic asset pricing equa-

5
tion reduces to
N
¢ (Vi) = 8 mi(wie) Y ey +p(aYi,ap)], or
j=1
N xict\
p(Ye, @) = 527% (”) [cex; + p(z; Yy, x5)] .
=1 “t

So we see that the MRS is determined exclusively by the consumption growth

rate.
The essential insight of Mehra and Prescott (1985) was to observe that a
solution to this linear system has the form

p(Ys, ;) = ples, @) = vicy

for a set of constants {vy, ..., vx }, each identified with the corresponding growth
rate.
With this functional form, the asset pricing equation reduces to

N
vicy = 527@(3@)‘7 [zjc; +vjxjce], or
Jj=1
N
v; = (SZ’]Tij(l'j)l_’y [1 + ’Uj] . (935)
j=1

This is again a system of linear equations in the N unknowns {v1,...,vn}.
Provided the growth rates are not too large (so that the agent’s utility is not
unbounded), a solution exists — a set of {v],...,v}3} that solves the system of
Equations (9.35).
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Thus, for any state (Y, z;) = (¢, x;), the equilibrium equity asset price is
p(Y,x;) = vY.

If we suppose the current state is (Y, z;) while next period it is (z;Y, z;), then
the one-period return earned by the equity security over this period is

pla;Y,x)) + 2;Y — p(Y, )

e p(Y, ;)
_ vin;Y + ;Y — oY
viY
B xj(v;-‘ +1)
= = ,

K3

and the mean or expected return, conditional on state %, is

N
r, = E 7Tij7’j.
j=1

The unconditional equity return is thus given by

N
Er= E 7§
=1

where 7; are the long-run stationary probabilities of each state.
The risk-free security is analogously priced as:

N
P (e, z;) = 6Z7rij(xj)_"’7 ete.
j=1

Appendix 9.2:
Some Properties of the Lognormal Distribution

Definition A9.1:
A variable x is said to follow a lognormal distribution if Inz is normally
distributed. Let Inx ~ N (,um, ag). If this is the case,

1
B = ep{p+ g0}
@ Ly
E(z") = expqap, + 547
var(z) = exp{2u, + O—,’%} (expa — 1)

Suppose furthermore that  and y are two variables that are independently and
identically lognormally distributed; then we also have

1
E (ﬂﬁayb) = exp {aﬂx + by + B (ani + b20§) + 2pabaway}

31



where p is the correlation coefficient between Inz and Iny.

Let us apply these relationships to consumption growth: z; is lognormally
distributed, that is, Inz; ~ N (pz, 02).

We know that E(z;) = 1.0183 and var(z;) = (.0357)%. To identify (u.,02),
we need to find the solutions of

1
1.0183 = exp {um + 20—3}
(.0357)* = exp{2u, + 05} (expos —1)

Substituting the first equation squared into the second [by virtue of the fact
that [exp(y)]® = exp(2y)] and solving for o2, one obtains

o2 = .00123.

x

Substituting this value in the equation for p,, one solves for p, = .01752
We can directly use these values to solve Equation (9.20):

_ 1
E{z;7} =exp {—wx + 27205} = exp {—.03258} = .967945,

thus § = 1.024.
Focusing now on the numerator of Equation (9.21), one has:

e 12 _ }22
xp uz+2% exp wx+27 Ox (>

while the denominator is
1
exp { (1= + 51— )02 .

It remains to recall that %‘Z;‘)(b) = exp(a+b—c) to obtain Equation (9.22).

Another application: The standard deviation of the pricing kernel m; = z; ’
where consumption growth z; is lognormally distributed. Given that Em; is as
derived in Section 9.6, one estimates

k

o= H{ 3 e - .

=1

for Inx; drawn from N(.01752;.00123) and k sufficiently large (say k= 10,000).
For v =2, one obtains o%(m;) = (.00234)2, which yields
Om .00234

= = .00245.
Em 9559 00245
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Part IV

Arbitrage Pricing



Chapter 10: Arrow-Debreu Pricing II: the Arbi-
trage Perspective

10.1 Introduction

Chapter 8 presented the Arrow-Debreu asset pricing theory from the equilibrium
perspective. With the help of a number of modeling hypotheses and building
on the concept of market equilibrium, we showed that the price of a future
contingent dollar can appropriately be viewed as the product of three main
components: a pure time discount factor, the probability of the relevant state
of nature, and an intertemporal marginal rate of substitution reflecting the col-
lective (market) assessment of the scarcity of consumption in the future relative
to today. This important message is one that we confirmed with the CCAPM of
Chapter 9. Here, however, we adopt the alternative arbitrage perspective and
revisit the same Arrow-Debreu pricing theory. Doing so is productive precisely
because, as we have stressed before, the design of an Arrow-Debreu security is
such that once its price is available, whatever its origin and make-up, it pro-
vides the answer to the key valuation question: what is a unit of the future state
contingent numeraire worth today. As a result, it constitutes the essential piece
of information necessary to price arbitrary cash flows. Even if the equilibrium
theory of Chapter 8 were all wrong, in the sense that the hypotheses made there
turn out to be a very poor description of reality and that, as a consequence,
the prices of Arrow-Debreu securities are not well described by equation (8.1),
it remains true that if such securities are traded, their prices constitute the es-
sential building blocks (in the sense of our Chapter 2 bicycle pricing analogy)
for valuing any arbitrary risky cash-flow.

Section 10.2 develops this message and goes further, arguing that the detour
via Arrow-Debreu securities is useful even if no such security is actually traded.
In making this argument we extend the definition of the complete market con-
cept. Section 10.3 illustrates the approach in the abstract context of a risk-free
world where we argue that any risk-free cash flow can be easily and straightfor-
wardly priced as an equivalent portfolio of date-contingent claims. These latter
instruments are, in effect, discount bonds of various maturities.

Our main interest, of course, is to extend this approach to the evaluation of
risky cash flows. To do so requires, by analogy, that for each future date-state
the corresponding contingent cash flow be priced. This, in turn, requires that
we know, for each future date-state, the price today of a security that pays off in
that date-state and only in that date-state. This latter statement is equivalent
to the assumption of market completeness.

In the rest of this chapter, we take on the issue of completeness in the context
of securities known as options. Our goal is twofold. First, we want to give the
reader an opportunity to review an important element of financial theory — the
theory of options. A special appendix to this chapter, available on this text
website, describes the essentials for the reader in need of a refresher. Second,



we want to provide a concrete illustration of the view that the recent expansion
of derivative markets constitutes a major step in the quest for the “Holy Grail”
of achieving a complete securities market structure. We will see, indeed, that
options can, in principle, be used relatively straightforwardly to complete the
markets. Furthermore, even in situations where this is not practically the case,
we can use option pricing theory to value risky cash flows in a manner as though
the financial markets were complete. Our discussion will follow the outline
suggested by the following two questions.

1. How can options be used to complete the financial markets? We will first
answer this question in a simple, highly abstract setting. Our discussion closely
follows Ross (1976).

2. What is the link between the prices of market quoted options and the
prices of Arrow-Debreu securities? We will see that it is indeed possible to infer
Arrow-Debreu prices from option prices in a practical setting conducive to the
valuation of an actual cash flow stream. Here our discussion follows Banz and
Miller (1978) and Breeden and Litzenberger (1978).

10.2 Market Completeness and Complex Securities

In this section we pursue, more systematically, the important issue of market
completeness first addressed when we discussed the optimality property of a
general competitive equilibrium. Let us start with two definitions.

1. Completeness. Financial markets are said to be complete if, for each
state of nature 6, there exists a market for contingent claim or Arrow-Debreu
security 6; in other words, for a claim promising delivery of one unit of the
consumption good (or, more generally, the numeraire) if state 6 is realized, and
nothing otherwise. Note that this definition takes a form specifically appropriate
to models where there is only one consumption good and several date states.
This is the usual context in which financial issues are addressed.

2. Complex security. A complex security is one that pays off in more
than one state of nature.

Suppose the number of states of nature N = 4; an example of a complex
security is S = (5,2,0,6) with payoffs 5,2,0, and 6, respectively, in states of
nature 1,2, 3, and 4. If markets are complete, we can immediately price such a
security since

(5,2,0,6) = 5(1,0,0,0) + 2(0,1,0,0) + 0(0,0, 1,0) + 6(0,0,0,1),
in other words, since the complex security can be replicated by a portfolio of

Arrow-Debreu securities, the price of security S, pg, must be

ps = 5q1 + 2qg2 + 6¢4.

We are appealing here to the law of one price! or, equivalently, to a condition
of no arbitrage. This is the first instance of our using the second main approach

IThis is stating that the equilibrium prices of two separate units of what is essentially



to asset pricing, the arbitrage approach, that is our exclusive focus in Chapters
10-13. We are pricing the complex security on the basis of our knowledge of
the prices of its components. The relevance of the Arrow-Debreu pricing theory
resides in the fact that it provides the prices for what can be argued are the
essential components of any asset or cash-flow.

Effectively, the argument can be stated in the following proposition.

Proposition 10.1: If markets are complete, any complex security or any
cash flow stream can be replicated as a portfolio of Arrow-Debreu securities.

If markets are complete in the sense that prices exist for all the relevant
Arrow-Debreu securities, then the "no arbitrage” condition implies that any
complex security or cash flow can also be priced using Arrow-Debreu prices as
fundamental elements. The portfolio, which is easily priced using the ( Arrow-
Debreu) prices of its individual components, is essentially the same good as
the cash flow or the security it replicates: it pays the same amount of the
consumption good in each and every state. Therefore it should bear the same
price. This is a key result underlying much of what we do in the remainder of
this chapter and our interest in Arrow-Debreu pricing.

If this equivalence is not observed, an arbitrage opportunity - the ability to
make unlimited profits with no initial investment - will exist. By taking positions
to benefit from the arbitrage opportunity, however, investors will expeditiously
eliminate it, thereby forcing the price relationships implicitly asserted in Theo-
rem 10.1. To illustrate how this would work, let us consider the prior example
and postulate the following set of prices: ¢q1 = $.86,q2 = $.94,¢3 = $.93,q4 =
$.90, and ¢(5,2,0,6) = $9.80. At these prices, the law of one price fails, since the
price of the portfolio of state claims that exactly replicates the payoff to the
complex security does not coincide with the complex’s security’s price:

4(5,2,0,6) = $9.80 < $11.58 = 5q1 + 2q2 + 64q4.

We see that the complex security is relatively undervalued vis-a-vis the state
claim prices. This suggests acquiring a positive amount of the complex secu-
rity while selling (short) the replicating portfolio of state claims. Table 10.1
illustrates a possible combination.

the same good should be identical. If this were not the case, a riskless and costless arbitrage
opportunity would open up: Buy extremely large amounts at the low price and sell them at the
high price, forcing the two prices to converge. When applied across two different geographical
locations, (which is not the case here: our world is a point in space), the law of one price may
not hold because of transport costs rendering the arbitrage costly.



Table 10.1: An arbitrage Portfolio

t=20 t = 1 payoffs
Security Cost | 01 | 05 | O3 | O4
Buy 1 complex security -$9.80 | 5 | 2 | 0 | 6
Sell short 5 (1,0,0,0) securities | $4.30 | -5 | 0 | O | O
Sell short 2 (0,1,0,0) securities | $1.88 | 0 | -2 | 0 | O
Sell short 6 (0,0,0,1) securities | $5.40 | 0 | O | O | -6
Net $1.79 | O [ 0| O | O

So the arbitrageur walks away with $1.78 while (1) having made no invest-
ment of his own wealth and (2) without incurring any future obligation (per-
fectly hedged). She will thus replicate this portfolio as much as she can. But the
added demand for the complex security will, ceteris paribus, tend to increase
its price while the short sales of the state claims will depress their prices. This
will continue (arbitrage opportunities exist) so long as the pricing relationships
are not in perfect alignment.

Suppose now that only complex securities are traded and that there are M
of them (NN states). The following is true.

Proposition 10.2: If M = N, and all the M complex securities are linearly
independent, then (i) it is possible to infer the prices of the Arrow-Debreu
state-contingent claims from the complex securities’ prices and (ii) markets are
effectively complete.?

The hypothesis of linear independence can be interpreted as a requirement
that there exist N truly different securities for completeness to be achieved.
Thus it is easy to understand that if among the N complex securities available,
one security, A, pays (1, 2, 3) in the three relevant states of nature, and the
other, B, pays (2, 4, 6), only N-1 truly distinct securities are available: B does
not permit any different redistribution of purchasing power across states than
A permits. More generally, the linear independence hypothesis requires that
no one complex security can be replicated as a portfolio of some of the other
complex securities. You will remember that we made the same hypothesis at
the beginning of Section 6.3.

Suppose the following securities are traded:

(3,2,0) (1,1,1) (2,0,2)

at equilibrium prices $1.00, $0.60, and $0.80, respectively. It is easy to verify
that these three securities are linearly independent. We can then construct the
Arrow-Debreu prices as follows. Consider, for example, the security (1,0, 0):

(1,0,0) = w1(3,2,0) + wa2(1,1,1) + w3(2,0,2)

2When we use the language “linearly dependent,” we are implicitly regarding securities as
N-vectors of payoffs.



Thus, 1 = 3w + wy + 2ws
0 = 2’UJ1 =+ wo
0 = wy+2w;

Solve: wy = 1/3, w2 = —2/3 w3 = 1/3, and q(1,0,0) = 1/3(1.00)+(—2/3)(.60)+
1/3(.80) = .1966

Similarly, we could replicate (0,1,0) and (0,0,1) with portfolios (w; =
0,wy = lL,ws = —1/2) and (w; = —1/3,ws = 2/3,ws = 1/6), respectively,
and price them accordingly.

Expressed in a more general way, the reasoning just completed amounts to
searching for a solution of the following system of equations:

312 wi w? wi 100
210 wi wi wi = 010
012 wi wi wi 001
312\ /100
Of course, this system has solution | 210 010 | onlyifthe matrix
012 001

of security payoffs can be inverted, which requires that it be of full rank, or
that its determinant be nonzero, or that all its lines or columns be linearly
independent.

Now suppose the number of linearly independent securities is strictly less
than the number of states (such as in the final, no-trade, example of Section
8.3 where we assume only a risk-free asset is available). Then the securities
markets are fundamentally incomplete: There may be some assets that cannot
be accurately priced. Furthermore, risk sharing opportunities are less than if
the securities markets were complete and, in general, social welfare is lower than
what it would be under complete markets: some gains from exchange cannot
be exploited due to the lack of instruments permitting these exchanges to take
place.

We conclude this section by revisiting the project valuation problem. How
should we, in the light of the Arrow-Debreu pricing approach, value an uncertain
cash flow stream such as:

t= 0 1 2 3 .. T
I, CF, CFy CFy .. CFyp

This cash flow stream is akin to a complex security since it pays in multiple
states of the world. Let us specifically assume that there are N states at each
date ¢, t =1,...,T and let us denote g; ¢ the price of the Arrow-Debreu security
promising delivery of one unit of the numeraire if state 6 is realized at date
t. Similarly, let us identify as C'Fy g the cash flow associated with the project



in the same occurrence. Then pricing the complex security a la Arrow-Debreu
means valuing the project as in Equation (10.1).

T N

NPV =—Ip+ > > ¢4CFiy. (10.1)
t=10=1

Although this is a demanding procedure, it is a pricing approach that is fully
general and involves no approximation. For this reason it constitutes an ex-
tremely useful reference.

In a risk-free setting, the concept of state contingent claim has a very familiar
real-world counterpart. In fact, the notion of the term structure is simply a
reflection of “date-contingent” claims prices. We pursue this idea in the next
section.

10.3 Constructing State Contingent Claims Prices in a
Risk-Free World: Deriving the Term Structure

Suppose we are considering risk-free investments and risk-free securities exclu-
sively. In this setting — where we ignore risk — the “states of nature” that
we have been speaking of simply correspond to future time periods. This sec-
tion shows that the process of computing the term structure from the prices
of coupon bonds is akin to recovering Arrow-Debreu prices from the prices of
complex securities.

Under this interpretation, the Arrow-Debreu state contingent claims corre-
spond to risk-free discount bonds of various maturities, as seen in Table 10.2.

Table 10.2: Risk-Free Discount Bonds As Arrow-Debreu Securities

Current Bond Price Future Cash Flows
t=0 1 2 3 4 T

—q1 $1,000

—q2 $1,000

—qr $1,000

where the cash flow of a “j-period discount bond” is just

t=0 1 .. j j+1 .. T
~¢; 0 0 $1,000 0 0 0

These are Arrow-Debreu securities because they pay off in one state (the
period of maturity), and zero for all other time periods (states).

In the United States at least, securities of this type are not issued for ma-
turities longer than one year. Rather, only interest bearing or coupon bonds
are issued for longer maturities. These are complex securities by our definition:
They pay off in many states of nature. But we know that if we have enough



distinct complex securities we can compute the prices of the Arrow-Debreu se-
curities even if they are not explicitly traded. So we can also compute the
prices of these zero coupon or discount bonds from the prices of the coupon or
interest-bearing bonds, assuming no arbitrage opportunities in the bond market.

For example, suppose we wanted to price a 5-year discount bond coming due
in November of 2009 (we view ¢t = 0 as November 2004), and that we observe
two coupon bonds being traded that mature at the same time:

(i) 72% bond priced at 10935, or $1097.8125/$1,000 of face value

(i) 52% bond priced at 10055, or $1002.8125/$1,000 of face value
The coupons of these bonds are respectively,

.07875 % $1,000 = $78.75 / year

.05625 = $1,000 = $56.25 /year®

The cash flows of these two bonds are seen in Table 10.3.

Table 10.3: Present And Future Cash Flows For Two Coupon Bonds

Bond Type Cash Flow at Time t
t=0 1 2 3 4 5

77/¢ bond:  —1,097.8125 78.75 78.75 7875 78.75 1,078.75

55/¢ bond:  —1,002.8125 56.25 56.25 56.25 56.25 1,056.25

Note that we want somehow to eliminate the interest payments (to get a
discount bond) and that % = 1.4 So, consider the following strategy: Sell
one 77/s% bond while simultaneously buying 1.4 unit of 5°/3% bonds. The

corresponding cash flows are found in Table 10.4.

Table 10.4 : Eliminating Intermediate Payments
Bond Cash Flow at Time ¢

t=0 1 2 3 4 5
—1x 77/g bond:  +1,097.8125 —78.75 —78.75 —78.75 —78.75 —1,078.75
+1.4x 5° /g bond:  —1,403.9375 78.75 78.75 78.75 78.75 1,478.75

Difference: —-306.125 0 0 0 0 400.00

The net cash flow associated with this strategy thus indicates that the t = 0
price of a $400 payment in 5 years is $306.25. This price is implicit in the pricing
of our two original coupon bonds. Consequently, the price of $1,000 in 5 years

must be 1000
.12
$306.125 x 100

= $765.3125

3In fact interest is paid every 6 months on this sort of bond, a refinement that would double
the number of periods without altering the argument in any way.



Alternatively, the price today of $1.00 in 5 years is $.7653125. In the notation
of our earlier discussion we have the following securities:

0, 78.75 56.25
) 78.75 56.25
03 78.75 and 56.25 and we consider

04 78.75 56.25
05 1078.75 1056.25

78.75 56.25 0

78.75 56.25 0

e 875 |+ 4 56.25 | = | 0

78.75 56.25 0

1078.75 1056.25 1

This is an Arrow-Debreu security in the riskless context we are considering
in this section.

If there are enough coupon bonds with different maturities with pairs coming
due at the same time and with different coupons, we can thus construct a
complete set of Arrow-Debreu securities and their implicit prices. Notice that
the payoff patterns of the two bonds are fundamentally different: They are
linearly independent of one another. This is a requirement, as per our earlier
discussion, for being able to use them to construct a fundamentally new payoff
pattern, in this case, the discount bond.

Implicit in every discount bond price is a well defined rate of return notion.
In the case of the prior illustration, for example, the implied 5-year compound
risk free rate is given by

$765.3125(1 +r5)° = $1000, or
rs = .078

This observation suggests an intimate relationship between discounting and
Arrow-Debreu date pricing. Just as a full set of date claims prices should allow
us to price any risk free cash flow, the rates of return implicit in the Arrow-
Debreu prices must allow us to obtain the same price by discounting at the
equivalent family of rates. This family of rates is referred to as term structure
of interest rates.

Definition: The term structure of interest rates ri,ro,... is the family of
interest rates corresponding to risk free discount bonds of successively greater
maturity; i.e., r; is the rate of return on a risk free discount bond maturing ¢
periods from the present.

We can systematically recover the term structure from coupon bond prices
provided we know the prices of coupon bonds of all different maturities. To



illustrate, suppose we observe risk-free government bonds of 1,2,3,4-year matu-
rities all selling at par? with coupons, respectively, of 6%, 6.5%, 7.2%, and 9.5%.
We can construct the term structure as follows:

r1: Since the 1-year bond sells at par, we have r; = 6%;
ro: By definition, we know that the two year bond is priced such that

65 1065 . .
1000 = A+ + At which, given that r, = 6%, solves for ro = 6.5113%.

r3: is derived accordingly as the solution to

72 n 72 + 1072
(1+r) (Q4+r)?2 (1+47r3)3

1000 =

With r1 = 6% and 7o = 6.5113%, the solution is 73 = 7.2644%. Finally, given
these values for r; to r3, r4 solves:
95 95 95 1095

1000 = + + + ,1.e., ry = 9.935%.
A+r)  (A+r)2  (A+r3)3  (I+ry)t 4 ¢

Note that these rates are the counterpart to the date contingent claim prices.

Table 10.5: Date Claim Prices vs. Discount Bond Prices

Price of a N year claim Analogous Discount Bond
Price ($1,000 Denomination)
N=1|q = $1/1.06 = $.94339 $ 943.39
N =2 qy=$1/(1.065113)? = $.88147 | $ 881.47
N =3[ q3 = $1/(1.072644)° = $.81027 | $ 810.27
N =4[ q4 = $1/1.09935)* =$ .68463 $ 684.63

Of course, once we have the discount bond prices (the prices of the Arrow-
Debreu claims) we can clearly price all other risk-free securities; for example,
suppose we wished to price a 4-year 8% bond:

t=0 1 2 3 4
—po(?) 80 80 80 1080

and suppose also that we had available the discount bonds corresponding to
Table 10.5 as in Table 10.6.

Then the portfolio of discount bonds (Arrow-Debreu claims) which replicates
the 8% bond cash flow is (Table 10.7):

{.08 x 1-yr bond, .08 x 2-yr bond, .08 x 3-yr bond, 1.08 x 4-yr bond}.

4That is, selling at their issuing or face value, typically of $1,000.
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Table 10.6: Discount Bonds as Arrow-Debreu Claims

Bond Price (t =0) CF Pattern
t=1 2 3 4
1-yr discount -$943.39 $1,000
2-yr discount -$881.47 $1,000
3-yr discount -$810.27 $1,000
4-yr discount -$684.63 $1,000

Table 10.7: Replicating the Discount Bond Cash Flow

Bond Price (t = 0) CF Pattern

t=1 2 3

08 1-yr discount  (.08)(—943.39) = —$75.47  $80 (80 state 1 A-D claims)

08 2-yr discount  (.08)(—881.47) =

08 3-yr discount  (.08)(—810.27) = —$64.82 $80
1.08 4-yr discount (1.08)(—684.63) = —$739.40

Thus:

Payrsy = -08($943.39) + .08($881.47) + 08($810.27) + 1.08($684.63) = $950.21.
bond

Notice that we are emphasizing, in effect, the equivalence of the term struc-
ture of interest rates with the prices of date contingent claims. Each defines the
other. This is especially apparent in Table 10.5.

Let us now extend the above discussion to consider the evaluation of arbi-
trary risk-free cash flows: any such cash flow can be evaluated as a portfolio of
Arrow-Debreu securities; for example:

t=0 1 2 3 4
60 25 150 300

We want to price this cash flow today (¢t = 0) using the Arrow-Debreu prices
we have calculated in Table 10.4.

$.94339 at t=0
= tt=1) | —————
P (860 a ) < $1 at t=1
1.00 1.00
+ ($25) ———
L+r (1+79)
1.00 1.00

= (860)7 55 *+ (529) rgggrzay + -

> + ($25 at t=2) <$88Watt:())

$1 at t=2
= ($60)

The second equality underlines the fact that evaluating risk-free projects as
portfolios of Arrow-Debreu state contingent securities is equivalent to discount-
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—$70.52 $80 (80 state 2 A-D claims)

$1,080



ing at the term structure:

60 25 150
= + + + ... etc

(T+7r)  (14r)? 1+

In effect, we treat a risk-free project as a risk-free coupon bond with (potentially)
differing coupons. There is an analogous notion of forward prices and its more
familiar counterpart, the forward rate. We discuss this extension in Appendix
10.1.

10.4 The Value Additivity Theorem

In this section we present an important result illustrating the power of the
Arrow-Debreu pricing apparatus to generate one of the main lessons of the
CAPM. Let there be two assets (complex securities) a and b with date 1 payoffs
Zqand Zp, respectively, and let their equilibrium prices be p, and p,. Suppose
a third asset, ¢, turns out to be a linear combination of a and b. By that we
mean that the payoff to ¢ can be replicated by a portfolio of a and b. One can
thus write

Z. = AZ, + BZ, for some constant coefficients A and B (10.2)

Then the proposition known as the Value Additivity Theorem asserts
that the same linear relationship must hold for the date 0 prices of the three
assets:

Pe = Apa + Bpy.

Let us first prove this result and then discuss its implications. The proof
easily follows from our discussion in Section 10.2 on the pricing of complex
securities in a complete market Arrow-Debreu world. Indeed, for our 2 securities
a, b, one must have:

Pi =Y Gs7sir i = a,b (10.3)

where ¢, is the price of an Arrow-Debreu security that pays one unit of con-
sumption in state s (and zero otherwise) and z; is the payoff of asset 7 in state
S

But then, the pricing of ¢ must respect the following relationships:

Pe = Z dsZsc = ZQS(AZsa + BZsb) = Z (AqSZSD. + BQstb) = Apa + pr

The first equality follows from the fact that c is itself a complex security and can
thus be priced using Arrow-Debreu prices [i.e., an equation such as Equation
(10.3) applies]; the second directly follows from Equation (10.2); the third is a
pure algebraic expansion that is feasible because our pricing relationships are
fundamentally linear; and the fourth follows from Equation (10.3) again.
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Now this is easy enough. Why is it interesting? Think of ¢ and b as being
two stocks with negatively correlated returns; we know that ¢, a portfolio of
these two stocks, is much less risky than either one of them. But p. is a linear
combination of p, and p,. Thus, the fact that they can be combined in a less
risky portfolio has implications for the pricing of the two independently riskier
securities and their equilibrium returns. Specifically, it cannot be the case that
pe would be high because it corresponds to a desirable, riskless, claim while the
pe and pp would be low because they are risky.

To see this more clearly, let us take an extreme example. Suppose that a
and b are perfectly negatively correlated. For an appropriate choice of A and
B, say A* and B*, the resulting portfolio, call it d, will have zero risk; i.e., it
will pay a constant amount in each and every state of nature. What should
the price of this riskless portfolio be? Intuitively, its price must be such that
purchasing d at pg will earn the riskless rate of return. But how could the risk
of a and b be remunerated while, simultaneously, d would earn the riskless rate
and the value additivity theorem hold? The answer is that this is not possible.
Therefore, there cannot be any remuneration for risk in the pricing of a and b.
The prices p, and p, must be such that the expected return on a and b is the
riskless rate. This is true despite the fact that @ and b are two risky assets (they
do not pay the same amount in each state of nature).

In formal terms, we have just asserted that the two terms of the Value
Additivity Theorem z4 = A*Z, + B*Z, and pg = A*p, + B*py, together with
the fact that d is risk-free,

o
ZEd 1+ 7y, force
Pa
EZz EZ

“a :7217 =1+ry.
Pa Py

What we have obtained in this very general context is a confirmation of
one of the main results of the CAPM: Diversifiable risk is not priced. If risky
assets a and b can be combined in a riskless portfolio, that is, if their risk
can be diversified away, their return cannot exceed the risk-free return. Note
that we have made no assumption here on utility functions nor on the return
expectations held by agents. On the other hand we have explicitly assumed that
markets are complete and that consequently each and every complex security
can be priced (by arbitrage) as a portfolio of Arrow-Debreu securities.

It thus behooves us to describe how Arrow-Debreu state claim prices might
actually be obtained in practice. This is the subject of the remaining sections
to Chapter 10.

10.5 Using Options to Complete the Market: An Abstract
Setting

Let us assume a finite number of possible future date-states indexed i = 1,2, ..., V.
Suppose, for a start, that three states of the world are possible in date T' =1,

13



yet only one security (a stock) is traded. The single security’s payoffs are as
follows:

State Payoff
0, 1
02 2
03 3

Clearly this unique asset is not equivalent to a complete set of state-contingent
claims. Note that we can identify the payoffs with the ex-post price of the
security in each of the 3 states: the security pays 2 units of the numeraire
commodity in state 2 and we decide that its price then is $2.00. This amounts
to normalizing the ex post, date 1, price of the commodity to $1, much as we have
done at date 0. On that basis, we can consider call options written on this asset
with exercise prices $1 and $2, respectively. These securities are contracts giving
the right (but not the obligation) to purchase the underlying security at prices
$1 and $2, respectively, tomorrow. They are contingent securities in the sense
that the right they entail is valuable only if the price of the underlying security
exceeds the exercise price at expiration, and they are valueless otherwise. We
think of the option expiring at T" = 1, that is, when the state of nature is
revealed.® The states of nature structure enables us to be specific regarding what
these contracts effectively promise to pay. Take the call option with exercise
price $1. If state 1 is realized, that option is a right to buy at $1 the underlying
security whose value is exactly $1. The option is said to be at the money and,
in this case, the right in question is valueless. If state 2 is realized, however,
the stock is worth $2. The right to buy, at a price of $1, something one can
immediately resell for $2 naturally has a market value of $1. In this case, the
option is said to be in the money. In other words, at T' = 1, when the state of
nature is revealed, an option is worth the difference between the value of the
underlying asset and its exercise price, if this difference is positive, and zero
otherwise. The complete payoff vectors of these options at expiration are as
follows:

0 01 at the money
Cr([1,2,3];1) = 1| 6 in the money
| 2| O3 in the money
Similarly,
(0] 6
CT ([1,2,3],2) = 0 02
| 1| 03

5In our simple two-date world there is no difference between an American option, which
can be exercised at any date before the expiration date, and a European option, which can
be exercised only at expiration.
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In our notation, Cr(S; K) is the payoff to a call option written on security
S with exercise price K at expiration date T. We use C¢(S; K) to denote the
option’s market price at time ¢ < T . We frequently drop the time subscript to
simplify notation when there is no ambiguity.

It remains now to convince ourselves that the three traded assets (the un-
derlying stock and the two call options, each denoted by its payoff vector at
T)

01 1 0 0
0 2,1 11,10
03 3 2 1
constitute a complete set of securities markets for states (61, 62, 63). This is so
0
because we can use them to create all the state claims. Clearly | 0 [is present.
1
0
To create | 1 |, observe that
0
0 1 0 0
1 =w | 2 |[4+we | 1 | +ws| 0 |,
0 3 2 1
where wy; =0, we = 1, and w3 = —2.
1
The vector | 0 |can be similarly created.
0

We have thus illustrated one of the main ideas of this chapter, and we need to
discuss how general and applicable it is in more realistic settings. A preliminary
issue is why trading call option securities C'([1,2,3];1) and C(][1,2,3];2) might be
the preferred approach to completing the market, relative to the alternative
possibility of directly issuing the Arrow-Debreu securities [1,0,0] and [0,1,0]7 In
the simplified world of our example, in the absence of transactions costs, there
is, of course, no advantage to creating the options markets. In the real world,
however, if a new security is to be issued, its issuance must be accompanied
by costly disclosure as to its characteristics; in our parlance, the issuer must
disclose as much as possible about the security’s payoff in the various states. As
there may be no agreement as to what the relevant future states are — let alone
what the payoffs will be — this disclosure is difficult. And if there is no consensus
as to its payoff pattern, (i.e., its basic structure of payoffs), investors will not
want to hold it, and it will not trade. But the payoff pattern of an option on
an already-traded asset is obvious and verifiable to everyone. For this reason,
it is, in principle, a much less expensive new security to issue. Another way to
describe the advantage of options is to observe that it is useful conceptually, but
difficult in practice, to define and identify a single state of nature. It is more
practical to define contracts contingent on a well-defined range of states. The
fact that these states are themselves defined in terms of, or revealed via, market
prices is another facet of the superiority of this type of contract.
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Note that options are by definition in zero net supply, that is, in this context

> CF([1,2,3];K) =0
k

where CF ([1,2,3]; K) is the value of call options with exercise price K, held by
agent k at time ¢ < T. This means that there must exist a group of agents
with negative positions serving as the counter-party to the subset of agents
with positive holdings. We naturally interpret those agents as agents who have
written the call options.

We have illustrated the property that markets can be completed using call
options. Now let us explore the generality of this result. Can call options always
be used to complete the market in this way? The answer is not necessarily. It
depends on the payoff to the underlying fundamental assets. Consider the asset:

01 2
02 2
03 3

For any exercise price K, all options written on this security must have payoffs
of the form:

2—-K
2—-K K< 2
o223k ={ to "
0 f2<K <3
3—-K
Clearly, for any K,

2 2—-K

2 land | 2— K

3 3— K

have identical payoffs in state ; and 65, and, therefore, they cannot be used to
generate Arrow-Debreu securities

1 0
0 land | 1
0 0

There is no way to complete the markets with options in the case of this
underlying asset. This illustrates the following truth: We cannot generally
write options that distinguish between two states if the underlying assets pay
identical returns in those states.

The problem just illustrated can sometimes be solved if we permit options
to be written on portfolios of the basic underlying assets. Consider the case of
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four possible states at T = 1, and suppose that the only assets currently traded
are

0, 1 1
0o 1 2
0y 9 and 1
04 2 2

It can be shown that it is not possible, using call options, to generate a com-
plete set of securities markets using only these underlying securities. Consider,
however, the portfolio composed of 2 units of the first asset and 1 unit of the
second:

T W

(=)

The portfolio pays a different return in each state of nature. Options written
on the portfolio alone can thus be used to construct a complete set of traded
Arrow-Debreu securities. The example illustrates a second general truth, which
we will enumerate as Proposition 10.3.

Proposition 10.3: A necessary as well as sufficient condition for the cre-
ation of a complete set of Arrow-Debreu securities is that there exists a single
portfolio with the property that options can be written on it and such that its
payoff pattern distinguishes among all states of nature.

Going back to our last example, it is easy to see that the created portfolio
and the three natural calls to be written on it:

3 0 0 0

4 1 0 0

5 plus 9 and 1 and 0

6 3 2 1
(K=3) (K=4) (K=5)

are sufficient, (i.e., constitute a complete set of markets in our four-state world).
Combinations of the (K = 5) and (K = 4) vectors can create:

o OO

Combinations of this vector, and the (K = 5) and (K = 3) vectors can then
create:

, etc.

OO = O
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Probing further we may inquire if the writing of calls on the underlying assets
s always sufficient, or whether there are circumstances under which other types
of options may be necessary. Again, suppose there are four states of nature, and
consider the following set of primitive securities:

0, o 1 0
6, | 0 1 1
65 | 0 0 1
0, | 1 1 1

Because these assets pay either one or zero in each state, calls written on them
will either replicate the asset itself, or give the zero payoff vector. The writing of
call options will not help because they cannot further discriminate among states.
But suppose we write a put option on the first asset with exercise price 1. A
put is a contract giving the right, but not the obligation, to sell an underlying
security at a pre-specified exercise price on a given expiration date. The put
option with exercise price 1 has positive value at T' = 1 in those states where
the underlying security has value less than 1. The put on the first asset with
exercise price = $1 thus has the following payoff:

= Pr([0,0,0,1];1).

O ==

You can confirm that the securities plus the put are sufficient to allow us to
construct (as portfolios of them) a complete set of Arrow-Debreu securities for
the indicated four states. In general, one can prove Proposition 10.4.

Proposition 10.4:

If it is possible to create, using options, a complete set of traded securities,
simple put and call options written on the underlying assets are sufficient to
accomplish this goal.

That is, portfolios of options are not required.

10.6 Synthesizing State-Contingent Claims: A First Ap-
proximation

The abstract setting of the discussion above aimed at conveying the message
that options are natural instruments for completing the markets. In this section,
we show how we can directly create a set of state-contingent claims, as well
as their equilibrium prices, using option prices or option pricing formulae in
a more realistic setting. The interest in doing so is, of course, to exploit the
possibility, inherent in Arrow-Debreu prices, of pricing any complex security. In
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this section we first approach the problem under the hypothesis that the price
of the underlying security or portfolio can take only discrete values.

Assume that a risky asset is traded with current price S and future price
St. It is assumed that St discriminates across all states of nature so that
Proposition 10.3 applies; without loss of generality, we may assume that St
takes the following set of values:

S1 <S8 <...< Sy <... < Sy,

where Sy is the price of this complex security if state 6 is realized at date T.

Assume also that call options are written on this asset with all possible exercise

prices, and that these options are traded. Let us also assume that Sy = Sy_1+9

for every state 6. (This is not so unreasonable as stocks, say, are traded at prices

that can differ only in multiples of a minimum price change).® Throughout the

discussion we will fix the time to expiration and will not denote it notationally.
Consider, for any state 0, the following portfolio P:

Buy one call with K = S;_,
Sell two calls with K = S,
Buy one call with K = S5,
At any point in time, the value of this portfolio, Vp, is

Vp=C (S,K = Séfl) —2C (S7K = Sé) +C(S’,K = Séﬂ).

To see what this portfolio represents, let us examine its payoff at expiration (refer
to Figure 10.1):

Insert Figure 10.1 about here

For St < S;_,, the value of our options portfolio, P, is zero. A similar

situation exists for Sp > S’éHsince the loss on the 2 written calls with K =

S, exactly offsets the gains on the other two calls. In state 0, the value of the
portfolio is § corresponding to the value of Cp (Sé, K= 5971)’ the other two
options being out of the money when the underlying security takes value Sj.
The payoff from such a portfolio thus equals:

0 if Sr<S;
Payoff to P = 0 if Sr= Sy
0 if Spr> Sé

in other words, it pays a positive amount § in state é, and nothing otherwise.
That is, it replicates the payoff of the Arrow-Debreu security associated with
state 6 up to a factor (in the sense that it pays d instead of 1). Consequently,

6Until recently, the minimum price change was equal to $1/16 on the NYSE. At the end
of 2000, decimal pricing was introduced whereby the prices are quoted to the nearest $1/100
(1 cent).
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the current price of the state 0 contingent claim (i.e., one that pays $1.00 if
state 0 is realized and nothing otherwise) must be

1
G= L [C(S.K=5, ) +C(S.K=5,,) 20(5.K=5,)].

Even if these calls are not traded, if we identify our relevant states with the
prices of some security — say the market portfolio — then we can use readily
available option pricing formulas (such as the famous Black & Scholes formula)
to obtain the necessary call prices and, from them, compute the price of the
state-contingent claim. We explore this idea further in the next section.

10.7 Recovering Arrow-Debreu Prices From Options Prices:
A Generalization

By the CAPM, the only relevant risk is systematic risk. We may interpret this to
mean that the only states of nature that are economically or financially relevant
are those that can be identified with different values of the market portfolio.”
The market portfolio thus may be selected to be the complex security on which
we write options, portfolios of which will be used to replicate state-contingent
payoffs. The conditions of Proposition 10.1 are satisfied, guaranteeing the pos-
sibility of completing the market structure.

In Section 10.6, we considered the case for which the underlying asset as-
sumed a discrete set of values. If the underlying asset is the market portfolio M,
however, this cannot be strictly valid: As an index it can essentially assume an
infinite number of possible values. How is this added feature accommodated?

1. Suppose that Sp, the price of the underlying portfolio (we may think of
it as a proxy for M), assumes a continuum of possible values. We want to price

an Arrow-Debreu security that pays $1.00 if Sr e —% + S’T,.SA'T + g , in other

words, if S7 assumes any value in a range of width §, centered on Sr. We are
thus identifying our states of nature with ranges of possible values for the
market portfolio. Here the subscript T refers to the future date at which the
Arrow-Debreu security pays $1.00 if the relevant state is realized.
2. Let us construct the following portfolio® for some small positive number

e >0,

Buy one call with K = Sr — g —€

Sell one call with K = Sy — g

Sell one call with K = Sy + g

Buy one call with K = §T + g + €.

"That is, diversifiable risks have zero market value (see Chapter 7 and Section 10.4). At
an individual level, personal risks are, of course, also relevant. They can, however, be insured
or diversified away. Insurance contracts are often the most appropriate to cover these risks.
Recall our discussion of this issue in Chapter 1.

8The option position corresponding to this portfolio is known as a butterfly spread in the
jargon.
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Figure 10.2 depicts what this portfolio pays at expiration .
Insert Figure 10.2 about here

Observe that our portfolio pays € on a range of states and 0 almost every-
where else. By purchasing 1/e units of the portfolio, we will mimic the payoff
of an Arrow-Debreu security, except for the two small diagonal sections of the
payoff line where the portfolio pays something between 0 and . This undesir-
able feature (since our objective is to replicate an Arrow-Debreu security) will
be taken care of by using a standard mathematical trick involving taking limits.

3. Let us thus consider buying 1/ units of the portfolio. The total payment,

when ST — g < S < Sr+ g, ise- % = 1, for any choice of e. We want to let

€ — 0, so as to eliminate payments in the ranges St € [ST — g — ¢, Sr — g) and

St € (ST + g, S*T + % + e] The value of 1/5 units of this portfolio is:

1 N L0
E{C(S,K:ST—§—5)—C(S,K:ST—§)

- [C(S,K:S*TJrg)—C(S,K=§T+g+5)}},

where a minus sign indicates that the call was sold (thereby reducing the cost
of the portfolio by its sale price). On balance the portfolio will have a positive
price as it represents a claim on a positive cash flow in certain states of nature.
Let us assume that the pricing function for a call with respect to changes in the
exercise price can be differentiated (this property is true, in particular, in the
case of the Black & Scholes option pricing formula). We then have:

1 N .6
gg%g{O(S,K_ST—§—a)—C’(S,K_S - 2)

— [C(S7K:§T+g)—C(S,K:ST+g+E)]}

i C(S,K:ST—g—ezg—c(s,K:gT_g)
<0

i C(S,K:ST—Fg+€)8—C(S,K:§T+g)
<0

= 02(5,K=§T+g>—@(S,K:ST—g).
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Here the subscript 2 indicates the partial derivative with respect to the second
argument (K), evaluated at the indicated exercise prices. In summary, the
limiting portfolio has a payoff at expiration as represented in Figure 10.3

Insert Figure 10.3 about here

and a (current) price Cy (S, K =258+ %) —Cy (S, K =287 — g) that is posi-
tive since the payoff is positive. We have thus priced an Arrow-Debreu state-
contingent claim one period ahead, given that we define states of the world as
coincident with ranges of a proxy for the market portfolio.

4. Suppose, for example, we have an uncertain payment with the following
payoff at time T":

0 if Sr¢[Sr— 3,87+ 73]
CFr = o 21T 2 .
g { 50000 if Sy € [Sr— 3,7 + 9]
The value today of this cash flow is:

50,000 - [02 <S,K—§T+g> e (S,K—ngﬂ .

The formula we have developed is really very general. In particular, for any
arbitrary values St and S%, the price of an Arrow-Debreu contingent claim that
pays off $1.00 if the underlying market portfolio assumes a value S € [S%, S%] ,
is given by

q(St,S3) =Co (S, K =8}) — C2 (S,K = S). (10.4)

We value this quantity in Box 10.1 for a particular set of parameters making
explicit use of the Black-Scholes option pricing formula.

Box 10.1: Pricing A-D Securities with Black-Scholes

For calls priced according to the Black-Scholes option pricing formula, Bree-
den and Litzenberger (1978) prove that

AD (5%,52) = Cy(S,K =5%)—Cy (S, K = Sh)
e " {N (d2 (7)) — N (da (57)) }

where

sy - () * S;T 6—5)1]

In this expression, T' is the time to expiration, 7y the annualized continuously
compounded riskless rate over that period, § the continuous annualized portfolio
dividend yield, o the standard deviation of the continuously compounded rate of
return on the underlying index portfolio, N () the standard normal distribution,
and Sy the current value of the index.
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Suppose the not-continuously-compounded risk-free rate is .06, the not-
continuously compounded dividend yield is 6 = .02, T' = 5 years, Sy = 1,500,
S2 = 1,700, St = 1,600, o = .20; then

{m(%%)+bmum—m@myJ%f]mﬁ

2075
{—.0645 + (.0583 — .0198 — .02)(.5)}
1414

d2(571“) =

= —-.391

oy {In(3353) + (.0583 —.0198 —.02)(.5) }
d(57) = 1414

{~.1252 + .00925)}

.1414
= —.820

AD(SE,82) = e ImL06(S) rN(— 391) — N(—.820)}
= .9713{.2939 — .1517}
1381,

or about $.14. O

Suppose we wished to price an uncertain cash flow to be received in one
period from now, where a period corresponds to a duration of time 7". What do
we do? Choose several ranges of the value of the market portfolio corresponding
to the various states of nature that may occur — say three states: “recession,”
“slow growth,” and “boom” and estimate the cash flow in each of these states
(see Figure 10.4). It would be unusual to have a large number of states as the
requirement of having to estimate the cash flows in each of those states is likely
to exceed our forecasting abilities.

Insert Figure 10.4 about here

Suppose the cash flow estimates are, respectively, CFp, CFsq, CFgr, where
the subscripts denote, respectively, “boom,” “slow growth,” and “recession.”
Then,

Value of the CF = Vop = ¢ (S%, S%) CFgp+q (S%, S%) CFsa+q (S}, S%) CFRg,

where S < S2 < S < S%, and the Arrow-Debreu prices are estimated
from option prices or option pricing formulas according to Equation (10.4).

We can go one (final) step further if we assume for a moment that the cash
flow we wish to value can be described by a continuous function of the value of
the market portfolio.

In principle, for a very fine partition of the range of possible values of the
market portfolio, say {S1, ..., Sn }, where S; < S;41, Sy = max Sp, and S1 = min
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St, we could price the Arrow-Debreu securities that pay off in each of these N —1
states defined by the partition:
q(51,82) = C2(S,92) — C2(5,5)
q(S2,83) = C2(S,83) —C(S,Ss),.etc
Simultaneously, we could approximate a cash flow function CF(St) by a

function that is constant in each of these ranges of St (a so-called “step func-
tion”), in other words, CF(Sy) = CF;, for S;—1 < St < S;. For example,

CF (8,57 = S;) + CF(S,Sr = Si_1)
2

This particular approximation is represented in Figure 10.5. The value of
the approximate cash flow would then be

CF (Sp)=CF, =

for S;_1 < S < S5;

N
Ver = Zsz -q(Si-1,5:)
i=1
N A~
= > CF;[C2(S,Sr = 8;) = C2 (S, S1 = Si_1)] (10.5)

i=1

Insert Figure 10.5 about here

Our approach is now clear. The precise value of the uncertain cash flow will
be the sum of the approximate cash flows evaluated at the Arrow-Debreu prices
as the norm of the partition (the size of the interval S; —S;_1) tends to zero. It
can be shown (and it is intuitively plausible) that the limit of Equation (10.5)
as max [Sit1 — Si| — 0 is the integral of the cash flow function multiplied by

the second derivative of the call’s price with respect to the exercise price. The
latter is the infinitesimal counterpart to the difference in the first derivatives of
the call prices entering in Equation (10.4).

ZCF [Co (S, S7 = Sit1) — Ca (S, S = S;)] (10.6)

max\51+1 —S; \»—»0

/ CF (Sy) Cas (S, S1) dSr.

As a particular case of a constant cash flow stream, a risk-free bond paying
$1.00 in every state is then priced as per

p't = 1 /022 (S, St)dSr.

+7“f
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Box 10.2: Extracting Arrow-Debreu Prices from Option Prices: A
Numerical Illustration

Let us now illustrate the power of the approach adopted in this and the previ-
ous section. For that purpose, Table 10.8 [adapted from Pirkner, Weigend, and
Zimmermann (1999)] starts by recording call prices, obtained from the Black-
Scholes formula for a call option, on an underlying index portfolio, currently
valued at S = 10 , for a range of strike prices going from K = 7 to K = 13
(columns 1 and 2). Column 3 computes the value of portfolio P of Section
10.6. Given that the difference between the exercise prices is always 1 (i.e., § =
1), holding exactly one unit of this portfolio replicates the $1.00 payoff of the
Arrow-Debreu security associated with K = 10. This is shown on the bottom
line of column 7, which corresponds to S = 10. From column 3, we learn that
the price of this Arrow-Debreu security, which must be equal to the value of the
replicating portfolio, is $0.184. Finally, the last two columns approximate the
first and second derivatives of the call price with respect to the exercise price.
In the current context this is naturally done by computing the first and second
differences (the price increments and the increments of the increments as the
exercise price varies) from the price data given in column 2. This is a literal
application of Equation (10.4). One thus obtains the full series of Arrow-Debreu
prices for states of nature identified with values of the underlying market port-
folios ranging from 8 to 12, confirming that the $0.184 price occurs when the
state of nature is identified as S = 10 (or 9.5 < § < 10.5).

Table 10.8: Pricing an Arrow-Debreu State Claim

Cost of Payoff if Sp =

K C(S,K) Position 7 8 9 10 11 12 13 AC A(AC)=q

7 3.354
-0.895

8 2.459 0.106
-0.789

9 1.670 +1670 0 O 0 1 2 3 4 0.164
-0.625

10 1.045 2090 0 0 O 0 -2 -4 -6 0.184
-0.441

11 0.604 40604 0 O 0 O 0 1 2 0.162
-0.279

12 0.325 0.118
-0.161

13 0.164

0184 0 0 O 1 O O O
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10.8 Arrow-Debreu Pricing in a Multiperiod Setting

The fact that the Arrow-Debreu pricing approach is static makes it most ad-
equate for the pricing of one-period cash flows and it is, quite naturally, in
this context that most of our discussion has been framed. But as we have em-
phasized previously, it is formally equally appropriate for pricing multiperiod
cash flows. The estimation (for instance via option pricing formulas and the
methodology introduced in the last two sections) of Arrow-Debreu prices for
several periods ahead is inherently more difficult, however, and relies on more
perilous assumptions than in the case of one period ahead prices. (This parallels
the fact that the assumptions necessary to develop closed form option pricing
formulae are more questionable when they are used in the context of pricing
long-term options). Pricing long-term assets, whatever the approach adopted,
requires making hypotheses to the effect that the recent past tells us something
about the future, which, in ways to be defined and which vary from one model
to the next, translates into hypotheses that some form of stationarity prevails.
Completing the Arrow-Debreu pricing approach with an additional stationarity
hypothesis provides an interesting perspective on the pricing of multiperiod cash
flows. This is the purpose of the present section.

For notational simplicity, let us first assume that the same two states of
nature (ranges of value of M) can be realized in each period, and that all future
state-contingent cash flows have been estimated. The structure of the cash flow
is found in Figure 10.6.

Insert Figure 10.6

Suppose also that we have estimated, using our formulae derived earlier, the
values of the one-period state-contingent claims as follows:

Tomorrow
1 2
1 .54 .42
Today [.46 .53} —d

where ¢11 (= .54) is the price today of an Arrow-Debreu claim paying $1 if
state 1 (a boom) occurs tomorrow, given that we are in state 1 (boom) today.
Similarly, gi2 is the price today of an Arrow-Debreu claim paying $1 if state
2 (recession) occurs tomorrow given that we are in state 1 today. Note that
these prices differ because the distribution of the value of M tomorrow differs
depending on the state today.

Now let us introduce our stationarity hypothesis. Suppose that q, the matrix
of values, is invariant through time.® That is, the same two states of nature

91f it were not, the approach in Figure 10.7 would carry on provided we would be able
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describe the possible futures at all future dates and the contingent one-period
prices remain the same. This allows us to interpret powers of the q matrix, q?2,
q®, . . . in a particularly useful way. Consider q?(see also Figure 10.7):

o [ 54 427 [ 54 42 ] [ (.54)(54) + (42) (46) (.54) (.42) + (.42) (.53)
e { 46 .53 H 46 53 ] - { (.46) (.54) + (.53) (.46)  (.46) (.42) + (.53) (.53)

Note there are two ways to be in state 1 two periods from now, given we are
in state 1 today. Therefore, the price today of $1.00, if state 1 occurs in two
periods, given we are in state 1 today is:

(.54)(.54) + (.42)(.46)
N—— —
value of $1 in 2 periods if state 1 occurs value of $1.00 in 2 periods if state 1 occurs
and the intermediate state is 1 and the intermediate state is 2

Similarly, q3, = (.46)(.42) + (.53)(.53) is the price today, if today’s state is 2, of
$1.00 contingent on state 2 occurring in 2 periods. In general, for powers N of
the matrix q, we have the following interpretation for qf\j[ : Given that we are in
state i today, it gives the price today of $1.00, contingent on state j occurring in
N periods. Of course, if we hypothesized three states, then the Arrow-Debreu
matrices would be 3 x 3 and so forth.

How can this information be used in a “capital budgeting” problem? First
we must estimate the cash flows. Suppose they are as outlined in Table 10.9.

Table 10.9: State Contingent Cash Flows
t=20 1 2 3

state 1 42
state 2 65

Then the present value (PV') of the cash flows, contingent on state 1 or state

to compute forward Arrow-Debreu prices; in other words, the Arrow-Debreu matrix would
change from date to date and it would have to be time-indexed. Mathematically, the procedure
described would carry over, but the information requirement would, of course, be substantially
larger.
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2 are given by:

[ Pn
o= o]

_ [ 4 a2[a2] .54 42 2148 L[t °T 60
= | 46 53|65 46 .53 73 46 53 | | 58
4

[ 49.98 56.07 53.74 | | 159.79
| 8377 58.23 55.59 | | 167.59 |-

This procedure can be expanded to include as many states of nature as one
may wish to define. This amounts to choosing as fine a partition of the range of
possible values of M that one wishes to choose. It makes no sense to construct
a finer partition, however, if we have no real basis for estimating different cash
flows in those states. For most practical problems, three or four states are
probably sufficient. But an advantage of this method is that it forces one to
think carefully about what a project cash flow will be in each state, and what
the relevant states, in fact, are.

One may wonder whether this methodology implicitly assumes that the
states are equally probable. That is not the case. Although the probabili-
ties, which would reflect the likelihood of the value of M lying in the various
intervals, are not explicit, they are built into the prices of the state-contingent
claims.

We close this chapter by suggesting a way to tie the approach proposed here
with our previous work in this Chapter. Risk-free cash flows are special (degen-
erate) examples of risky cash flows. It is thus easy to use the method of this
section to price risk-free flows. The comparison with the results obtained with
the method of Section 10.3 then provides a useful check of the appropriateness
of the assumptions made in the present context.

Consider our earlier example with Arrow-Debreu prices given by:

1 2
State 1 54 .42
State 2 46 .53

If we are in state 1 today, the price of $1.00 in each state tomorrow (i.e., a
risk-free cash flow tomorrow of $1.00) is .54 + 42 = .96. This implies a risk-free

rate of: 100
(1+7r)) = o5 = 10416 or 4.16%.
To put it differently, .54 + .42 = .96 is the price of a one-period discount
bond paying $1.00 in one period, given that we are in state 1 today. More

generally, we would evaluate the following risk-free cash flow as:
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t=20 1 2 3
100 100 100

[ Pn
PV = _PVQ]

_ [t a2l 00] .54 42 T 100 L[ T 100

= | 46 .53 || 100 46 .53 100 46 .53 100

_ [ 54 42][100] [ .4848 .4494 ] 100 4685 4418

= | 46 53 || 100 4922 4741 | | 100 4839 4580
So

PVy = [54+ .42]100 + [.4848 + .4494]100 + [.4685 + .4418)]

= [.96]100 + [.9342]100 + [.9103]100
280.45

where [.96] = price of a one-period discount bond given state 1 today, [.9342] =
price of a two-period discount bond given state 1 today, [.9103] = price of a three-
period discount bond given state 1 today. The PV given state 2 is computed
analogously. Now this provides us with a verification test: If the price of
a discount bond using this method does not coincide with the prices using the
approach developed in Section 10.3 (which relies on quoted coupon bond prices),
then this must mean that our states are not well defined or numerous enough
or that the assumptions of the option pricing formulae used to compute Arrow-
Debreu prices are inadequate.

10.9 Conclusions

This chapter has served two main purposes. First, it has provided us with
a platform to think more in depth about the all-important notion of market
completeness. Our demonstration that, in principle, a portfolio of simple calls
and puts written on the market portfolio might suffice to reach a complete
market structure suggests the ‘Holy Grail’ may not be totally out of reach.
Caution must be exercised, however, in interpreting the necessary assumptions.
Can we indeed assume that the market portfolio — and what do we mean by the
latter — is an adequate reflection of all the economically relevant states of nature?
And the time dimension of market completeness should not be forgotten. The
most relevant state of nature for a Swiss resident of 40 years of age may be
the possibility of a period of prolonged depression with high unemployment
in Switzerland 25 years from now (i.e., when he is nearing retirement!®). Now
extreme aggregate economic conditions would certainly be reflected in the Swiss
Market Index (SMI), but options with 20-year maturities are not customarily

10The predominant pension regime in Switzerland is a defined benefit scheme with the
benefits defined as a fraction of the last salary.
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traded. Is it because of a lack of demand (possibly meaning that our assumption
as to the most relevant state is not borne out), or because the structure of
the financial industry is such that the supply of securities for long horizons is
deficient?!!

The second part of the chapter discussed how Arrow-Debreu prices can be
extracted from option prices (in the case where the relevant option is actively
traded) or option pricing formulas (in the case where they are not). This dis-
cussion helps make Arrow-Debreu securities a less abstract concept. In fact, in
specific cases the detailed procedure is fully operational and may indeed be the
wiser route to evaluating risky cash flows. The key hypotheses are similar to
those we have just discussed: The relevant states of nature are adequately distin-
guished by the market portfolio, a hypothesis that may be deemed appropriate
if the context is limited to the valuation of risky cash flows. Moreover, in the
case where options are not traded, the quality of the extracted Arrow-Debreu
prices depends on the appropriateness of the various hypotheses imbedded in
the option pricing formulas to which one has recourse. This issue has been
abundantly discussed in the relevant literature.
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Appendix 10.1: Forward Prices and Forward Rates
Forward prices and forward rates correspond to the prices of (rates of return
earned by) securities to be issued in the future.

1A forceful statement in support of a similar claim is found in Shiller (1993) (see also the
conclusions to Chapter 1). For the particular example discussed here, it may be argued that
shorting the SMI (Swiss Market Index) would provide the appropriate hedge. Is it conceivable
to take a short SMI position with a 20-year horizon?
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Let jf- denote the (compounded) rate of return on a risk-free discount bond
to be issued at a future date k and maturing at date k4 7. These forward rates
are defined by the equations:

(I+r)(1+ 1f1) = (147r)?
(I+r)(1+ 1f2)> = (1+7r3)?
(L+7r2)*(1+ 2ft) = (L+73)° etc.

We emphasize that the forward rates are implied forward rates, in the sense
that the corresponding contracts are typically not traded. However, it is feasible
to lock in these forward rates; that is, to guarantee their availability in the
future. Suppose we wished to lock in the one-year forward rate one year from
now. This amounts to creating a new security “synthetically” as a portfolio of
existing securities, and is accomplished by simply undertaking a series of long
and short transactions today. For example, take as given the implied discount
bond prices of Table 10.5 and consider the transactions in Table 10.10.

Table 10.10: Locking in a Forward Rate

t = 0 1 2

Buy a 2-yr bond | - 1,000 65 | 1,065

Sell short a 1-yr bond | + 1,000 | -1,060
0] -995 | 1,065

The portfolio we have constructed has a zero cash flow at date 0, requires
an investment of $995 at date 1, and pays $1,065 at date 2. The gross return
on the date 1 investment is

1065
——— = 1.07035.
995

That this is exactly equal to the corresponding forward rate can be seen from
the forward rate definition:
(1+19)?  (1.065163)2

1 frnd = = ].. .
+1 f1 S 106 07035

Let us scale back the previous transactions to create a $1,000 payoff for the

forward security. This amounts to multiplying all of the indicated transactions

by 1000 — 939.

Table 10.11: Creating a $1,000 Payoff

t= 0 1 2

Buy .939 x 2-yr bonds | - 939 61.0 | 1,000

Sell short .939 x 1-yr bonds | + 939 | -995.34
0 | -934.34 | 1,000
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This price ($934.34) is the no arbitrage price of this forward bond, no arbi-
trage in the sense that if there were any other contract calling for the delivery
of such a bond at a price different from $934.34, an arbitrage opportunity would
exist.1?

12The approach of this section can, of course, be generalized to more distant forward rates.
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Chapter 11 : The Martingale Measure: Part I

11.1 Introduction

The theory of risk-neutral valuation reviewed in the present chapter proposes
yet another way to tackle the valuation problem.! Rather than modify the
denominator — the discount factor — to take account of the risky nature of a cash
flow to be valued, or the numerator, by transforming the expected cash flows into
their certainty equivalent, risk-neutral valuation simply corrects the probabilities
with respect to which the expectation of the future cash flows is taken. This
is done in such a way that discounting at the risk-free rate is legitimate. It is
thus a procedure by which an asset valuation problem is transformed into one
in which the asset’s expected cash flow, computed now with respect to a new
set of risk-neutral probabilities, can be discounted at the risk-free rate. The
risk-neutral valuation methodology thus places an arbitrary valuation problem
into a context in which all fairly priced assets earn the risk-free rate.

Importantly, the Martingale pricing theory or, equivalently, the theory of
risk-neutral valuation is founded on preference-free pure arbitrage principles.
That is, it is free of the structural assumptions on preferences, expectations,
and endowments that make the CAPM and the CCAPM so restrictive. In this
respect, the present chapter illustrates how far one can go in pricing financial
assets while abstracting from the usual structural assumptions.

Risk-neutral probability distributions naturally assume a variety of forms,
depending on the choice of setting. We first illustrate them in the context of a
well-understood, finite time Arrow-Debreu complete markets economy. This is
not the context in which the idea is most useful, but it is the one from which the
basic intuition can be most easily understood. In addition, this strategy serves to
clarify the very tight relationship between Arrow-Debreu pricing and Martingale
pricing despite the apparent differences in terminology and perspectives.

11.2 The Setting and the Intuition

Our setting for these preliminary discussions is the particularly simple one with
which we are now long familiar. There are two dates, t = 0 and t = 1. At date
t =1, any one of j = 1,2,...., J possible states of nature can be realized; denote
the jth state by 6; and its objective probability by ;. We assume 7; > 0 for
all 9j~

Securities are competitively traded in this economy. There is a risk-free
security that pays a fixed return ry; its period t price is denoted by qb(t).
By convention, we customarily assume ¢®(0) = 1, and its price at date 1 is
(1) = ¢°(0;,1) = (1 + ry), for all states 0; . Since the date 1 price of the
security is (1 + 7¢) in any state, we can as well drop the first argument in the

IThe theory of risk-neutral valuation was first developed by Harrison and Kreps (1979).
Pliska (1997) provides an excellent review of the notion in discrete time. The present chapter
is based on his presentation.



pricing function indicating the state in which the security is valued?.

Also traded are N fundamental risky securities, indexed i = 1,2, ..., N, which
we think of as stocks. The period ¢t = 0 price of the ith such security is rep-
resented as ¢7(0). In period ¢t = 1 its contingent payoff, given that state 6; is
realized, is given by ¢f(6;,1). 3 Tt is also assumed that investors may hold any
linear combination of the fundamental risk-free and risky securities. No assump-
tion is made, however, regarding the number of securities that may be linearly
independent vis-a-vis the number of states of nature: The securities market
may or may not be complete. Neither is there any mention of agents’ prefer-
ences. Otherwise the setting is standard Arrow-Debreu. Let S denote the set
of all fundamental securities, the stocks and the bond, and linear combinations
thereof.

For this setting, the existence of a set of risk-neutral probabilities or, in
more customary usage, a risk-neutral probability measure, effectively means
the existence of a set of state probabilities, 7N > 0, j = 1,2, ..., J such that

j
for each and every fundamental security i = 1,2, ..., NV

1

(I+7y) 4

q; (0) = Errn(gi(0,1)) = a5 (0;,1) (11.1)

J
=1

(1 + Tf)

(the analogous relationship automatically holds for the risk-free security).

To gain some intuition as to what might be necessary, at a minimum, to
guarantee the existence of such probabilities, first observe that in our setting
the 1N represent strictly positive numbers that must satisfy a large system of

J
equations of the form

¢(gy,1 €(0,,1
g(0) = oay (OB ey (0L DY Ly N 1)
1—|—7"f 1+’I“f

J
together with the requirement that 7TJRN > 0 for all j and > 77]3N =11
j=1
Such a system most certainly will not have a solution if there exist two
fundamental securities, s and k, with the same ¢ = 0 price, ¢5(0) = ¢5(0), for
which one of them, say k, pays as much as s in every state, and strictly more
in at least one state; in other words,

qli(gja 1) > q§(0j7 1) for all J, and qz(ajv 1) > qg(eﬁa 1) (113)

for at least one j = j. The Equations (11.2) corresponding to securities s and
k would, for any set {wlfN: j = 1,2,..,N} have the same left-hand sides,

2In this chapter, it will be useful for the clarity of exposition to alter some of our previous
notational conventions. One of the reasons is that we will want, symmetrically for all assets,
to distinguish between their price at date 0 and their price at date 1 under any given state ;.

3In the parlance and notation of Chapter 8, q$(0;,1) is the cash flow associated with
security i if state 0; is realized, CF"(0;).

4Compare this system of equations with those considered in Section 10.2 when extracting
Arrow-Debreu prices from a complete set of prices for complex securities.



yet different right-hand sides, implying no solution to the system. But two
such securities cannot themselves be consistently priced because, together, they
constitute an arbitrage opportunity: Short one unit of security s, long one unit
of security k and pocket the difference g (6;,1) — ¢$(6;,1) > 0 if state j occurs;
replicate the transaction many times over. These remarks suggest, therefore,
that the existence of a risk-neutral measure is, in some intimate way, related to
the absence of arbitrage opportunities in the financial markets. This is, in fact,
the case, but first some notation, definitions, and examples are in order.

11.3 Notation, Definitions, and Basic Results

Consider a portfolio, P, composed of n’ risk-free bonds and n% units of risky
security 4, 1 = 1,2, ..., N. No restrictions will be placed on nZI’J, n}: Short sales
are permitted; they can, therefore, take negative values, and fractional share
holdings are acceptable. The value of this portfolio at ¢t = 0, Vp(0), is given by

N
Vp(0) = njbg"(0) + > npgs (0), (11.4)

while its value at ¢t = 1, given that state 0;, is realized is

N
Ve(0;,1) = npg"(1) + Y npa (65, 1). (11.5)

i=1

With this notation we are now in a position to define our basic concepts.

Definition 11.1:
A portfolio P in S constitutes an arbitrage opportunity provided the follow-
ing conditions are satisfied:

(i) Ve(0) 0, (11.6)

(1) Vp(6;,1) 0, forallj €{1,2,...,J},
(138) Vp(05,1) > 0, for at least one j € {1,2,...,J}.

v

This is the standard sense of an arbitrage opportunity: With no initial
investment and no possible losses (thus no risk), a profit can be made in at least
one state. Our second crucial definition is Definition 11.2.

Definition 11.2: ;
A probability measure {ﬂfN }jzldeﬁned on the set of states 85, j = 1,2, ..., J,

is said to be a risk-neutral probability measure if
(i) =N > 0, forall j=1,2,..,J, and (11.7)
q£(0,1
(i) 0 = Bon { LD

1—|—T’f




for all fundamental risky securities ¢ = 1,2,..., N in S.

Both elements of this definition are crucial. Not only must each individual
security be priced equal to the present value of its expected payoff, the latter
computed using the risk-neutral probabilities (and thus it must also be true of
portfolios of them), but these probabilities must also be strictly positive. To
find them, if they exist, it is necessary only to solve the system of equations
implied by part (ii) of Equation (11.6) of the risk-neutral probability definition.
Consider the Examples 11.1 through 11.4.

Example 11.1:
There are two periods and two fundamental securities, a stock and a bond,
with prices and payoffs presented in Table 11.1.

Table 11.1: Fundamental Securities for Example 11.1

Period t = 0 Prices | Period ¢t = 1 Payoffs
th 0o

¢°(0): 1 @1): |11 1.1
q(0): 4 q°(6;,1): | 3 7

By the definition of a risk-neutral probability measure, it must be the case

that simultaneously
3 7
4 =gfN (11) + itV <11>

1= W{%N + 7T§'N

Solving this system of equations, we obtain 7'V = .65, 7J*V = .35.

For future reference note that the fundamental securities in this example
define a complete set of financial markets for this economy, and that there are
clearly no arbitrage opportunities among them.

Example 11.2:

Consider next an analogous economy with three possible states of nature,
and three securities, as found in Table 11.2.

Table 11.2: Fundamental Securities for Example 11.2

Period t = 0 Prices Period t = 1 Payoffs

0, 0, 03
¢°(0): 1 @M): |11 1.1 1.1
g5 (0): 2 ¢(0;,1): | 3 2 1
g5(0): 3 g5(0;,1): | 1 4



The relevant system of equations is now

3 2 1
_ RN [ 9 RN [ 2 ry (1
2=m <1.1)+7T2 (1.1>+”3 (1.1)
1 4 6
_ RN [ L RN [ % ry [ O
s=m (1.1)+7T2 (1.1>+”3 (1.1)

1 :ﬁfN—&—ng—Fﬂf‘N.
The solution to this set of equations,

otV = 3, 7ltN = 6, BN — 1
satisfies the requirements of a risk-neutral measure. By inspection we again
observe that this financial market is complete, and that there are no arbitrage
opportunities among the three securities.

Example 11.3:
To see what happens when the financial markets are incomplete, consider
the securities in Table 11.3.

Table 11.3: Fundamental Securities for Example 11.3

Period ¢t = 0 Prices Period t = 1 Payoffs
6h B2 O3
¢°(0): 1 @M): |11 11 11
qs(0): 2 q7(6;,1): | 1 2 3

For this example the relevant system is

1 2 3

RN RN RN
1 = m" +m" +m3

Because this system is under-determined, there will be many solutions. Without
loss of generality, first solve for 72 and 7V in terms of 7ftV:

2.2 — pftN = opltN 4 g ltN

I—W{%NZﬂé%N—F?T?{%N,

which yields the solution " = .2 + 7N and 7fNV = .8 27N,



In order for a triple (7f*V 72N 7EN) to simultaneously solve this system of

equations, while also satisfying the strict positivity requirement of risk-neutral
probabilities, the following inequalities must hold:

ﬂ'fN >0

otV = 8§ — 27BN > 0

itV = 2 4 7ftN > 0

By the second inequality 7V < .4, and by the third 7f*¥ > -.2. In order that
all probabilities be strictly positive, it must, therefore, be the case that

0 <l < 4,

with 72 and 7V given by the indicated equalities.

In an incomplete market, therefore, there appear to be many risk-neutral

probability sets: any triple (7N 72N 7EN) where

(rfN BN BNy € (A8 —2X\, .24 X)) 10 < A < .4}
serves as a risk-neutral probability measure for this economy.
Example 11.4:

Lastly, we may as well see what happens if the set of fundamental securities
contains an arbitrage opportunity (see Table 11.4).

Table 11.4: Fundamental Securities for Example 11.4
Period t = 0 Prices Period ¢t = 1 Payoffs

0, 6, 03
¢°(0): 1 @M): |11 1.1 11
41 (0): 2 gi(0;,1): | 23 1
45 (0): 2.5 ¢50;,1): | 4 5 3

Any attempt to solve the system of equations defining the risk-neutral prob-
abilities fails in this case. There is no solution. Notice also the implicit arbitrage
opportunity: risky security 2 dominates a portfolio of one unit of the risk-free
security and one unit of risky security 1, yet it costs less.

It is also possible to have a solution in the presence of arbitrage. In this case,
however, at least one of the solution probabilities will be zero, disqualifying the
set for the risk-neutral designation.

Together with our original intuition, these examples suggest that arbitrage
opportunities are incompatible with the existence of a risk-neutral probability
measure. This is the substance of the first main result.

Proposition 11.1:



Consider the two-period setting described earlier in this chapter. Then there
exists a risk-neutral probability measure on S, if and only if there are no arbi-
trage opportunities among the fundamental securities.

Proposition 11.1 tells us that, provided the condition of the absence of ar-
bitrage opportunities characterizes financial markets, our ambition to use dis-
torted, risk-neutral probabilities to compute expected cash flows and discount
at the risk-free rate has some legitimacy! Note, however, that the proposition
admits the possibility that there may be many such measures, as in Example
11.3.

Proposition 11.1 also provides us, in principle, with a method for testing
whether a set of fundamental securities contains an arbitrage opportunity: If
the system of Equations (11.7.ii) has no solution probability vector where all
the terms are strictly positive, an arbitrage opportunity is present. Unless
we are highly confident of the actual states of nature and the payoffs to the
various fundamental securities in those states, however, this observation is of
limited use. But even for a very large number of securities it is easy to check
computationally.

Although we have calculated the risk-neutral probabilities with respect to
the prices and payoff of the fundamental securities only, the analogous rela-
tionship must hold for arbitrary portfolios in S — all linear combinations of the
fundamental securities — in the absence of arbitrage opportunities. This result
is formalized in Proposition 11.2.

Proposition 11.2:
Suppose the set of securities S is free of arbitrage opportunities. Then for
any portfolio P in S

_
(1+ rf)

for any risk-neutral probability measure m

Vp(O) = EWRNVP(G,I), (118)

BN op S.

Proof:
Let P be an arbitrary portfolio in S, and let it be composed of nllg bonds

and n% shares of fundamental risky asset 7. In the absence of arbitrage, P must
be priced equal to the value of its constituent securities, in other words,

Vo(0) = nbog(0) + 52ty gf(0) = ns Eyr (20 1 3 iy B (501
P pd Z"p q; p Lmry | 15 2"p N T )
RN

for any risk neutral probability measure 7,

wh e+ bato.n ) i
= F r~ 1-‘:rf = (1+rf)Eﬂ.RN ( 13.(9, 1)) .




Proposition 11.2 is merely a formalization of the obvious fact that if every
security in the portfolio is priced equal to the present value, discounted at r¢, of
its expected payoffs computed with respect to the risk-neutral probabilities, the
same must be true of the portfolio itself. This follows from the linearity of the
expectations operator and the fact that the portfolio is valued as the sum total
of its constituent securities, which must be the case in the absence of arbitrage
opportunities.

A multiplicity of risk-neutral measures on S does not compromise this conclu-
sion in any way, because each of them assigns the same value to the fundamental
securities and thus to the portfolio itself via Equation (11.8). For completeness,
we note that a form of a converse to Proposition 11.2 is also valid.

Proposition 11.3:

Consider an arbitrary period ¢ = 1 payoff Z(,1) and let M represent the
set of all risk-neutral probability measures on the set S. Assume S contains no
arbitrage opportunities. If

1 1

meRNj(ag 1) = mEﬁRN,i'(& 1) for any 7PN RN o\

then there exists a portfolio in S with the same ¢t = 1 payoff as #(6,1).

It would be good to be able to dispense with the complications attendant
to multiple risk-neutral probability measures on S. When this is possible is the
subject of Section 11.4.

11.4 Uniqueness

Examples 11.1 and 11.2 both possessed unique risk-neutral probability measures.
They were also complete markets models. This illustrates an important general
proposition.

Proposition 11.4:
Consider a set of securities S without arbitrage opportunities. Then S is
complete if and only if there exists exactly one risk-neutral probability measure.

Proof:

Let us prove one side of the proposition, as it is particularly revealing. Sup-
pose S is complete and there were two risk-neutral probability measures, {WfN :
j=1,2,...,J}and {ﬁJRN: j=1,2,...,J}. Then there must be at least one
state j for which 7T]£%N #* ﬁJBN . Since the market is complete, one must be able
to construct a portfolio P in S such that

Vp(0) > 0, and . S
»(0) {VP(Hj’l)Zl j=17

This is simply the statement of the existence of an Arrow-Debreu security as-
sociated with 0;.



But then {ﬂ']RNZj =1,2,..,J} and {ﬁfN:j = 1,2,...,J} cannot both be
risk-neutral measures as, by Proposition 11.2,

1 i
= —F _&rn~ % 1) = S —
VP(O) (1 +7,_f) g VP(ea ) (1 _l_,rf)
7RN 1
75 J = ETT.RN VP(H, 1)

(L+rp)  (Ary)
= Vp(0), a contradiction.

Thus, there cannot be more than one risk-neutral probability measure in a
complete market economy.

We omit a formal proof of the other side of the proposition. Informally, if
the market is not complete, then the fundamental securities do not span the
space. Hence, the system of Equations (11.6) contains more unknowns than
equations, yet they are all linearly independent (no arbitrage). There must be
a multiplicity of solutions and hence a multiplicity of risk-neutral probability
measures.

Concealed in the proof of Proposition 11.4 is an important observation: The

price of an Arrow-Debreu security that pays 1 unit of payoff if event 6; is realized
RN
5

and nothing otherwise must be [(E=nk the present value of the corresponding

risk-neutral probability. In general,

BN

qﬂ (O) = (lin)

where ¢;(0) is the ¢ = 0 price of a state claim paying 1 if and only if state
0; realized. Provided the financial market is complete, risk-neutral valuation
is nothing more than valuing an uncertain payoff in terms of the value of a
replicating portfolio of Arrow-Debreu claims. Notice, however, that we thus
identify the all-important Arrow-Debreu prices without having to impose any
of the economic structure of Chapter 8; in particular, knowledge of the agents’
preferences is not required. This approach can be likened to describing the
Arrow-Debreu pricing theory from the perspective of Proposition 10.2. It is
possible, and less restrictive, to limit our inquiry to extracting Arrow-Debreu
prices from the prices of a (complete) set of complex securities and proceed
from there to price arbitrary cash flows. In the absence of further structure,
nothing can be said, however, on the determinants of Arrow-Debreu prices (or
risk-neutral probabilities).

Let us illustrate with the data of our second example. There we identified
the unique risk-neutral measure to be:

RN RN RN
m =3, = .6, =1,

Together with r¢ = .1, these values imply that the Arrow-Debreu security prices
must be
q1(0) = .3/1.1 = .27;¢2(0) = .6/1.1 = .55;¢3(0) = .1/1.1 = .09.



Conversely, given a set of Arrow-Debreu claims with strictly positive prices,
we can generate the corresponding risk-neutral probabilities and the risk-free
rate. As noted in earlier chapters, the period zero price of a risk-free security
(one that pays one unit of the numeraire in every date ¢ = 1 state) in this setting
is given by

J
Py =3 q;(0),
j=1

and thus 1 )
(47 ==

Dr J
IR (V)
j=1

We define the risk-neutral probabilities {7V (#)} according to

i(0
wBN — 7qu< ) (11.9)
2. 4;(0)
j=1
Clearly WﬁN > 0 for each state j (since ¢;(0) > 0 for every state) and, by

J

construction Y /N = 1. As a result, the set {7} qualifies as a risk-neutral
=1

probability rrfeasure.

Referring now to the example developed in Section 8.3, let us recall that we
had found a complete set of Arrow-Debreu prices to be ¢1(0) = .24;¢2(0) = .3;
this means, in turn, that the unique risk-neutral measure for the economy there
described is

7itN = 24/.54 = 444, 78N = 3/.54 = 556.

For complete markets we see that the relationship between strictly positively
priced state claims and the risk-neutral probability measure is indeed an inti-
mate one: each implies the other. Since, in the absence of arbitrage possibilities,
there can exist only one set of state claims prices, and thus only one risk-neutral
probability measure, Proposition 11.4 is reconfirmed.

11.5 Incompleteness

What about the case in which S is an incomplete set of securities? By Propo-
sition 11.4 there will be a multiplicity of risk-neutral probabilities, but these
will all give the same valuation to elements of S (Proposition 11.2). Counsider,
however, a t = 1 bounded state-contingent payoff vector (6, 1) that does not
coincide with the payoff to any portfolio in S. By Proposition 11.4, differ-
ent risk-neutral probability measures will assign different values to this payoff:
essentially, its price is not well defined. It is possible, however, to establish ar-
bitrage bounds on the value of this claim. For any risk-neutral probability 7%V,

10



defined on S, consider the following quantities:

H, = inf{EﬂRN %971) :Vp(6;,1) > 2(0;,1),Vj=1,2,..J and P € S}
rf

L, = Sup{EﬂRN % 1 Vp(0;,1) <z(6;,1),¥j=1,2,..Jand P € S}
rf

(11.10)

In these evaluations we don’t care what risk-neutral measure is used because
any one of them gives identical valuations for all portfolios in S. Since, for some
v, v¢°(1) > z(0;,1), for all j, H, is bounded above by ~v¢"(0), and hence is
well defined (an analogous comment applies to L;). The claim is that the no
arbitrage price of x, ¢*(0) lies in the range

L, <¢*(0) < H,

To see why this must be so, suppose that ¢*(0) > H, and let P* be any portfolio
in S for which
q*(0) > V3(0) > H,, and
Vp-(0;,1) > x(0;,1), for all 6;, j =1,2,...N. (11.11)

We know that such a P* exists because the set

S, ={P:PecS,Vp(0;,1) > x(0;, 1), forall j =1,2,..., J}

Vs(0,1)
(errf) = H,. By the

continuity of the expectations operator, we can find a A > 1 such that AP in
S, and ®

is closed. Hence there is a P in S, such that E rn

1

(0) >
q() 1+1"f

- 1 -
E.ITRNVAP(Q, 1) = 7E7‘-RNV}5(97 1) =\NH,>H,.
1+7’f

Since XA > 1, for all j, V, 5(0;,1) > Vs(0;,1) > x(0;,1); let P* = AP. Now the

arbitrage argument: Sell the security with title to the cash flow x(6;,1), and

buy the portfolio P*. At time ¢ = 0, you receive, ¢*(0) — Vp~(0) > 0, while at

time ¢t = 1 the cash flow from the portfolio, by Equation (11.11), fully covers

the obligation under the short sale in every state; in other words, there is an

arbitrage opportunity. An analogous argument demonstrates that L, < ¢*(0).
In some cases it is readily possible to solve for these bounds.

Example 11.5:
Revisit, for example, our earlier Example 11.3, and consider the payoff

5By AP we mean a portfolio with constituent bonds and stocks in the proportions

Anb Ant .
P P

11



61 [ 62 ] 6
2(0;,1): ] 0] 0|1

This security is most surely not in the span of the securities (1.1, 1.1, 1.1) and
(1, 2, 3), a fact that can be confirmed by observing that the system of equations
implied by equating

(0,0,1) =a(1.1, 1.1, 1.1) + b(1, 2, 3),
in other words, the system:

0 = 1lla+bdb
0 = 1la-+2b
1 = 1lla+3b

has no solution. But any portfolio in S can be expressed as a linear combination
of (1.1, 1.1, 1.1) and (1, 2, 3) and thus must be of the form

a(1.1,1.1,1.1) 4+ b(1,2,3) = (a(1.1) + b, a(1.1) + 2b, a(1.1) + 3b)

for some a, b real numbers.
We also know that in computing H,, L,, any risk-neutral measure can be
employed. Recall that we had identified the solution of Example 11.3 to be

(eBN g BN BNy € LN\, .8 =20, 2+ )): 0 < \ < .4}
Without loss of generality, choose A\ = .2; thus

(W{%N,WfNﬂr?N) = (.2, 4, 4).

For any choice of a,b (thereby defining a Vp(6;1))

5 Ve(0;1) |  2{(1.1)a+b} +.4{(1.1)a+2b} + .4 {(1.1)a+3b}
N At | 1.1
~ (Ll)a+(22)b
=——7 = a + 2b.
Thus,

H,= iglfR{(a +2b):a(l.1)+b>0,a(1.1) +2b > 0, and a(1.1)+3b>1}
a,be

Similarly,

L, = sup {(a+2b):a(l.1)+b<0,a(1.1) + 2b < 0,a(1.1)+3b<1}
a,beR

12



Table 11.5 Solutions for H, and L,

H, L,
ax | -.4545 | -1.8182
bx .5 1
H, | .5455
L, 1818

Because the respective sets of admissible pairs are closed in R?, we can replace
inf and sup by, respectively, min and max.

Solving for H,, L, thus amounts to solving small linear programs. The
solutions, obtained via MATLAB are detailed in Table 11.5.
The value of the security (state claim), we may conclude, lies in the interval
(.1818, .5455).

Before turning to the applications there is one additional point of clarifica-
tion.

11.6 Equilibrium and No Arbitrage Opportunities

Thus far we have made no reference to financial equilibrium, in the sense dis-
cussed in earlier chapters. Clearly equilibrium implies no arbitrage opportuni-
ties: The presence of an arbitrage opportunity will induce investors to assume
arbitrarily large short and long positions, which is inconsistent with the exis-
tence of equilibrium. The converse is also clearly not true. It could well be, in
some specific market, that supply exceeds demand or conversely, without this
situation opening up an arbitrage opportunity in the strict sense understood
in this chapter. In what follows the attempt is made to convey the sense of
risk-neutral valuation as an equilibrium phenomena.

Table 11.6 The Exchange Economy of Section 8.3 — Endowments
and Preferences

Endowments ‘ Preferences
t=0 t=1
Agent 1| 10 1 2| Ul(cp,e1) = 2 +.9(%1
Agent 2 5 4 6| Ucoyc1) = %cg +.9 gl

n
n

To illustrate, let us return to the first example in Chapter 8. The basic
data of that Arrow-Debreu equilibrium is provided in Table 11.6. and the ¢t =0
corresponding equilibrium state prices are ¢;(0) = .24 and ¢2(0) = .30. In this
case the risk-neutral probabilities are

.24 .30
RN RN
= — dmy = —.
and Ty =

T s
Suppose a stock were traded where ¢¢(61,1) = 1, and ¢°(f2,1) = 3. By risk-
neutral valuation (or equivalently, using Arrow-Debreu prices), its period ¢t = 0

13



price must be
.24 .30

W+ .54(3)} = 1.14;

q°(0) = .54 [
the price of the risk-free security is ¢*(0) = .54.

Verifying this calculation is a bit tricky because, in the original equilibrium,
this stock was not traded. Introducing such assets requires us to decide what
the original endowments must be, that is, who owns what in period 0. We
cannot just add the stock arbitrarily, as the wealth levels of the agents would
change as a result and, in general, this would alter the state prices, risk-neutral
probabilities, and all subsequent valuations. The solution of this problem is to
compute the equilibrium for a similar economy in which the two agents have
the same preferences and in which the only traded assets are this stock and a
bond. Furthermore, the initial endowments of these instruments must be such
as to guarantee the same period t = 0 and t = 1 net endowment allocations as
in the first equilibrium.

Let 2%, A} denote, respectively, the initial endowments of the equity and debt
securities of agent ¢, ¢ = 1, 2. The equivalence noted previously is accomplished
as outlined in Table 11.7 (see Appendix 11.1).

Table 11.7 Initial Holdings of Equity and Debt Achieving
Equivalence with Arrow-Debreu Equilibrium Endowments

t=0
Consumption | i), | 7,
Agent 1: 10 o | 1
Agent 2: 5 1] 3

A straightforward computation of the equilibrium prices yields the same
q°(0) = 1.14, and ¢*(0) = .54 as predicted by risk-neutral valuation.

We conclude this section with one additional remark. Suppose one of the two
agents were risk neutral; without loss of generality let this be agent 1. Under
the original endowment scheme, his problem becomes:

max (10 + 1¢1(0) + 2¢2(0) — c1q1(0) — c3q2(0)) + .9(3¢f + 2c3)
s.t. ¢1q1(0) + ¢5g2(0) <10 + ¢1(0) + 2¢2(0)

The first order conditions are

A q(0) = %.0.9
)=3

cs 1 q2(0) = £.0.9
. . RN %0.9 1 . RN %0.9 2 P
from which it follows that m*% = &= = 5 while m"" = &= = £, that is, in

equilibrium, the risk-neutral probabilities coincide with the true probabilities.
This is the source of the term risk-neutral probabilities: If at least one agent is
risk neutral, the risk-neutral probabilities and the true probabilities coincide.

14



We conclude from this example that risk-neutral valuation holds in equi-
librium, as it must because equilibrium implies no arbitrage. The risk-neutral
probabilities thus obtained, however, are to be uniquely identified with that
equilibrium, and it is meaningful to use them only for valuing securities that
are elements of the participants’ original endowments.

11.7 Application: Maximizing the Expected Utility of Ter-
minal Wealth

11.7.1 Portfolio Investment and Risk-Neutral Probabilities

Risk-neutral probabilities are intimately related to the basis or the set of fun-
damental securities in an economy. Under no arbitrage, given the prices of
fundamental securities, we obtain a risk-neutral probability measure, and vice
versa. This raises the possibility that it may be possible to formulate any prob-
lem in wealth allocation, for example the classic consumption-savings problem,
in the setting of risk-neutral valuation. In this section we consider a number of
these connections.

The simplest portfolio allocation problem with which we have dealt involves
an investor choosing a portfolio so as to maximize the expected utility of his
period t = 1 (terminal) wealth (we retain, without loss of generality, the two-
period framework). In our current notation, this problem takes the form: choose
portfolio P, among all feasible portfolios, (i.e., P must be composed of securities
in S and the date-0 value of this portfolio (its acquisition price) cannot exceed
initial wealth) so as to maximize expected utility of terminal wealth, which
corresponds to the date-1 value of P:

max EU(Vp(6,1)) (11.12)

{nb%,ni,i=1,2,... N}

s.t. Vp(0) =Vp, P €S,

where Vp is the investor’s initial wealth, U( ) is her period utility function,
assumed to have the standard properties, and n%,n% are the positions (not
proportions, but units of indicated assets) in the risk-free asset and the risky
asset ¢ = 1,2, ..., IV, respectively, defining portfolio P. It is not obvious that
there should be a relationship between the solvability of this problem and the
existence of a risk-neutral measure, but this is the case.

Proposition 11.5:
If Equation (11.12) has a solution, then there are no arbitrage opportunities
in S. Hence there exists a risk-neutral measure on S.

Proof:

The idea is that an arbitrage opportunity is a costless way to endlessly im-
prove upon the (presumed) optimum. So no optimum can exist. More formally,
we prove the proposition by contradiction. Let P € S be a solution to Equation
(11.12), and let P have the structure {nl}),n% : i =1,2,...,N}. Assume also
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that there exists an arbitrage opportunity, in other words, a portfolio f’, with
structure {n® ,n? : i =1,2,..., N}, such that VT;(O) =0 and EVF(G,l) >0
P P
Consider the portfolio P* with structure
{(nbo b i=1,2,...,N}
b b b i i i
Npe =nNx+n., and np. =n's+n, 1=1,2,...,N.
P P B P P B

P~ is still feasible for the agent and it provides strictly more wealth in at least
one state. Since U( ) is strictly increasing,

EU(Vp-(0,1)) > EU(V(0,1)).

This contradicts P as a solution to Equation (11.12). We conclude that
there cannot exist any arbitrage opportunities and thus, by Proposition 11.1, a
risk-neutral probability measure on S must exist.

Proposition 11.5 informs us that arbitrage opportunities are incompatible
with an optimal allocation — the allocation can always be improved upon by
incorporating units of the arbitrage portfolio. More can be said. The solution to
the agents’ problem can, in fact, be used to identify the risk-neutral probabilities.
To see this, let us first rewrite the objective function in Equation (11.12) as
follows:

N N

FEU | (1 Vo — i (0 i e 6,1
{n;:iI:nlE,L;...,N} <( +ry) { 0 Z”qu( )}+Zan1( ))

3 q

= . 1 1 2
{nip:igll?z}f...,N}Zm U (( +7y) {Vo +an 1 —|—r Zanz })
Qz 0],1) e

{n}: zmlaz?f...,zv}zﬂf ( +rs) { 0+Z ( T+r; —4;(0)

(11.13)

The necessary and sufficient first-order conditions for this problem are of the
form:

J N e .
DL ((1 +rp) {VO # Yoy (4D o) })
(147f) [‘M - qf(())} (11.14)
f

Note that the quantity ;U3 (VA(0;,1))(1 4 r) is strictly positive because m; >
0 and U( ) is strictly increasing. If we normalize these quantities we can convert
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them into probabilities. Let us define

7= Ve, ) +ry) _ m UiVe,1)) oy,

5 mUVe(; D)1+ r) 3 mU(Ve(t,1)

J
Since 7; >0, j=1,2,...,J, > 7; =1, and, by (11.14)

these three properties establish the set {7;: j =1,2,. . . , N} as a set of
risk-neutral probabilities.
We have just proved one half of the following proposition:

Proposition 11.6:
Let {ng*, n;,* 1=1,2,..., N} be the solution to the optimal portfolio prob-
lem (11.12). Then the set{ﬂ'; ij = 1,2,,...J}, defined by
U (Ve (05,1
ot = UV (05,1) (11.15)

i T
717TJU1(Vp*(9ja 1))

J

constitutes a risk-neutral probability measure on S. Conversely, if there exists a
risk-neutral probability measure { 7T]RN ci=12,...J } on S, there must exist
a concave, strictly increasing, differentiable utility function U( ) and an initial
wealth Vp for which Equation (11.12) has a solution.

Proof:
We have proved the first part. The proof of the less important converse
proposition is relegated to Appendix 11.2.

11.7.2 Solving the Portfolio Problem

Now we can turn to solving Equation (11.12). Since there is as much information
in the risk-neutral probabilities as in the security prices, it should be possible
to fashion a solution to Equation (11.12) using that latter construct. Here we
will choose to restrict our attention to the case in which the financial markets
are complete.

In this case there exists exactly one risk-neutral measure, which we denote
by {WJRN I 1,2,...,N}. Since the solution to Equation (11.12) will be a
portfolio in S that maximizes the date ¢t = 1 expected utility of wealth, the
solution procedure can be decomposed into a two-step process:
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Step 1: Solve

maxEU(7(0,1)) (11.16)

The solution to this problem identifies the feasible uncertain payoff that max-
imizes the agent’s expected utility. But why is the constraint a perfect summary
of feasibility? The constraint makes sense first because, under complete mar-
kets, every uncertain payoff lies in S. Furthermore, in the absence of arbitrage
opportunities, every payoff is valued at the present value of its expected payoff
computed using the unique risk-neutral probability measure. The essence of the
budget constraint is that a feasible payoff be affordable: that its price equals
Vo, the agent’s initial wealth.

Step 2: Find the portfolio P in S such that
Vp(8,,1) =x(8;,1),j =1,2..., J.

In step 2 we simply find the precise portfolio allocations of fundamental
securities that give rise to the optimal uncertain payoff identified in step 1. The
theory is all in step 1; in fact, we have used all of our major results thus far to
write the constraint in the indicated form.

Now let us work out a problem, first abstractly and then by a numerical
example. Equation (11.16) of step 1 can be written as

maxFE,U(Z(0,1)) — A[Errn (f{i’:}?) - Vol (11.17)

where A denotes the Lagrange multiplier and where we have made explicit the
probability distributions with respect to which each of the expectations is being
taken.

Equation (11.17) can be rewritten as

J
max g mj
xT
Jj=1

The necessary first-order conditions, one equation for each state 6, are thus

7r]RN m(ej’l)
U(z(6;,1)) — A (477

— A\ (11.18)

A RN
Ui (z(6;,1)) = 79(17%] =1,2,..,J. (11.19)
from which the optimal asset payoffs may be obtained as per
A RN
z(0;,1) =U; " (M) j=1,2,...,J (11.20)

with U ! yepresenting the inverse of the MU function.
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The Lagrange multiplier )\ is the remaining unknown. It must satisfy the
budget constraint when Equation (11.20) is substituted for the solution; that
is, A must satisfy

1 1 A\ N
FE rn ((lJr’I"f) U <M)> =V. (11.21)

A value for X that satisfies Equation (11.21) may not exist. For all the standard
Y
~ 1_"{
it can be shown that such a A will exist. Let A solve Equation (11.21); the
optimal feasible contingent payoff is thus given by

A whN
x(0;,1) =U; ! (M) (11.22)

—vT

utility functions that we have dealt with, U(x) = Inz or or e~ "*  however,

(from (11.21)). Given this payoff, step 2 involves finding the portfolio of funda-
mental securities that will give rise to it. This is accomplished by solving the
customary system of linear equations.

11.7.3 A Numerical Example

Now, a numerical example: Let us choose a utility function from the familiar
CRRA class, U(x)= %, and consider the market structure of Example 11.2:
Markets are complete and the unique risk-neutral probability measure is as
noted.

Since Uy (z) =277, Uy *(y) = y_%, Equation (11.20) reduces to

A RN >
2(0;,1) = (M) (11.23)
from which follows the counterpart to Equation (11.21):

J

RN 7
o (o (22 )
(1—|—T’f) 7Tj(1+7’f)

Jj=1

Isolating A\ gives

(e (0 e DY
A= T J V. (11.24)
; J (1+’I“f) 7Tj(1+7"f) 0

Let us consider some numbers: Assumey = 3, Vp = 10, and that (71, w2, 73),
the true probability distribution, takes on the value (/3 1/3 1/3). Refer to
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Example 11.2 where the risk-neutral probability distribution was found to be
(nRN BN BNy — (13, .6, .1). Accordingly, from (11.24)

Vool L (3 )T
row {'3<<1.1>(<1/3><1.1>> )
1 6 -1/3 1 1 -3\ °
+‘6<<1.1)(<1/3><1.1>> )“ ((Ll)<(1/3)(1-1)> )}
A= () {2916+ 4629 + 14018} = 0007161,

1000

The distribution of the state-contingent payoffs follows from (11.23):

0,1 (200m6LEE) e 1= (11.25)
z(0;,1) = | ————~L— = . j= .
’ mi(1+7y) 17.236 j = 3.

The final step is to convert this payoff to a portfolio structure via the iden-
tification:

(11.951,11.485,17.236) = nb(1.1,1.1,1.1) + nh(3,2,1) + n%(1,4,6) or
11.951 = 1.1n% +3nk +n2
11.485 = 1.1n% +2nk +4n%
17236 = 1.1n% +nb +bn%

The solution to this system of equations is

nb = 97.08 (invest a lot in the risk-free asset)
np = —28.192 (short the first stock)
n% = —10.225 (also short the second stock)

Lastly, we confirm that this portfolio is feasible:

Cost of portfolio = 97.08 + 2(—28.192) 4 3(—10.225) = 10 = 1}, the agent’s
initial wealth, as required.

Note the computational simplicity of this method: We need only solve a lin-
ear system of equations. Using more standard methods would result in a system
of three nonlinear equations to solve. Analogous methods are also available to
provide bounds in the case of market incompleteness.

11.8 Conclusions

Under the procedure of risk-neutral valuation, we construct a new probability
distribution — the risk-neutral probabilities — under which all assets may be
valued at their expected payoff discounted at the risk-free rate. More formally
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it would be said that we undertake a transformation of measure by which all
assets are then expected to earn the risk-free rate. The key to our ability to find
such a measure is that the financial markets exhibit no arbitrage opportunities.

Our setting was the standard Arrow-Debreu two-period equilibrium and we
observed the intimate relationship between the risk-neutral probabilities and
the relative prices of state claims. Here the practical applicability of the idea
is limited. Applying these ideas to the real world would, after all, require a
denumeration of all future states of nature and the contingent payoffs to all
securities in order to compute the relevant risk-neutral probabilities, something
for which there would be no general agreement.

Even so, this particular way of approaching the optimal portfolio problem
was shown to be a source of useful insights. In more restrictive settings, it is
also practically powerful and, as noted in Chapter 10, lies behind all modern
derivatives pricing.
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Appendix 11.1: Finding the Stock and Bond Economy That Is
Directly Analogous to the Arrow-Debreu Economy in Which Only
State Claims Are Traded

The Arrow-Debreu economy is summarized in Table 11.6. We wish to price
the stock and bond with the payoff structures in Table A 11.1.

Table A11.1 Payoff Structure

t=20 t=1
0, 0

—qe (O) 1

(0 [ 11

In order for the economy in which the stock and bond are traded to be equiv-
alent to the Arrow-Debreu economy where state claims are traded, we need the
former to imply the same effective endowment structure. This is accomplished
as follows:

Agent 1: Let his endowments of the stock and bond be denoted by 2§ and 2%,
then,

In state y: 2%+ ¢ =1

In state fy: 2% + 3¢ =2

Solution: 2¢ = 2% = 1/2 (half a share and half a bond).
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Agent 2: Let his endowments of the stock and bond be denoted by 25 and 25,
then,

In state 6;: 25 + 25 = 4

In state fo: 25+ 325 =6

Solution: 2§ =1, 25 =3

With these endowments the decision problems of the agent become:

Agent 1:

1 1 1 1 2
max o (10 + iqe + Eqb —27q¢° — zfqb) +.9 (3 In(z§ + 2%) + 3 In(3z7 + zi’))
321

21

Agent 2:

1 1 2
max o (5+¢° + 3¢ — 25 — 23¢") + .9 ( In(25 + 25) + 5 In(325 + ZS))

25,29 3

The FOCs are

e o) 2 (ea) o)
1 1 1 2 :

230 = (3 () 2 ew)
1 1 1 2 :

gt - .9(3(Z§+Z3>+3(3z5+z3>(3)>

syt = 9 ((55a) 3 (mra) W)

Since these securities span the space and since the period 1 and period 2
endowments are the same, the real consumption allocations must be the same
as in the Arrow-Debreu economy:

Thus,

as computed previously.

To compute the corresponding security holding, observe that:
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Agent 1:
26+ 20 =25 26 =75
326 4+20=4 =175
Agent 2: (same holdings)
26 =75
25 =175

Supply must equal demand in equilibrium:

2f+2§:%+1:1.5:zf+z§
24+25=1+3=35=20+2}

The period zero consumptions are identical to the earlier calculation as well.

Appendix 11.2: Proof of the Second Part of Proposition 11.6

Define U(z,6;) = =

uri
7 (1+7y)

}, where {m; : j =1,2,,...J} are the true ob-

jective state probabilities. This is a state-dependent utility function that is
linear in wealth. We will show that for this function, Equation (11.13), indeed,
has a solution. Consider an arbitrary allocation of wealth to the various funda-
mental assets {n%:j = 1,2, ..., J} and let P denote that portfolio. Fix the wealth
at any level V, arbitrary. We next compute the expected utility associated with

this portfolio, taking advantage of representation (11.14):

EU(Vp(0,1)) = EU {(1 +7)

J N ¢ (0,1
j=1 i=1

(1 JrTf)

= VO

N ~
7 qie(aa]-)
Vot <(1+7"f) B

)

qf(@)] }
—qf<o>)} -

(1 + Tf)

RN
Ty

in other words, with this utility function, every trading strategy has the same

value. Thus problem (11.13) has, trivially, a solution.
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Chapter 12: The Martingale Measure in Discrete
Time: Part 11

12.1 Introduction

We return to the notion of risk-neutral valuation, which we now extend to
settings with many time periods. This will be accomplished in two very different
ways. First, we extend the concept to the CCAPM setting. Recall that this
is a discrete time, general equilibrium framework: preferences and endowment
processes must be specified and no-trade prices computed. We will demonstrate
that, here as well, assets may be priced equal to the present value, discounted
at the risk-free rate of interest, of their expected payoffs when expectations are
computed using the set of risk-neutral probabilities. We would expect this to
be possible. The CCAPM is an equilibrium model (hence there are no arbitrage
opportunities and a set of risk-neutral probabilities must exist) with complete
markets (hence this set is unique).

Second, we extend the idea to the partial equilibrium setting of equity deriv-
atives (e.g., equity options) valuations. The key to derivatives pricing is to have
an accurate model of the underlying price process. We hypothesize such a
process (it is not derived from underlying fundamentals - preferences, endow-
ments etc.; rather, it is a pure statistical model), and demonstrate that, in the
presence of local market completeness and local no arbitrage situations, there
exists a transformation of measure by which all derivatives written on that asset
may be priced equal to the present value, discounted at the risk-free rate, of their
expected payoffs computed using this transformed measure.! The Black-Scholes
formula, for example, may be derived in this way.

12.2 Discrete Time Infinite Horizon Economies: A CCAPM
Setting

As in the previous chapter, time evolves according to ¢t = 0,1,....,T,T + 1, ....
We retain the context of a single good endowment economy and presume the
existence of a complete markets Arrow-Debreu financial structure. In period t,
any one of N; possible states, indexed by 6;, may be realized.

We will assume that a period ¢ event is characterized by two quantities:

(1) the actually occurring period ¢ event as characterized by 6,

(i) the unique history of events (61,05, ...,6;—1) that precedes it.

Requirement (ii), in particular, suggests an evolution of uncertainty similar
to that of a tree structure in which the branches never join (two events always
have distinct prior histories). While this is a stronger assumption than what
underlies the CCAPM, it will allow us to avoid certain notational ambiguities;
subsequently, assumption (ii) will be dropped. We are interested more in the

1By local we mean that valuation is considered only in the context of the derivative, the
underlying asset (a stock), and a risk-free bond.



idea than in any broad application, so generality is not an important consider-
ation.

Let (6}, 6:+1) represent the probability of state ;1 being realized in period
t + 1, given that 6; is realized in period t. The financial market is assumed to
be complete in the following sense: At every date ¢, and for every state 6;, there
exists a short-term contingent claim that pays one unit of consumption if state
0141 is realized in period ¢ + 1 (and nothing otherwise). We denote the period
t, state 6; price of such a claim by q(6;, 0+1).

Arrow-Debreu long-term claims (relative to ¢ = 0) are not formally traded
in this economy. Nevertheless, they can be synthetically created by dynamically
trading short-term claims. (In general, more trading can substitute for fewer
claims). To illustrate, let (6o, 6:41) represent the period ¢ = 0 price of a claim
to one unit of the numeraire, if and only if event ;1 is realized in period ¢ + 1.
It must be the case that

q(0o, Or41) = H q(0s,0s41), (12.1)

where (6o, ...,0;) is the unique prior history of ;1. By the uniqueness of
the path to 41, q(0o,0:41) is well defined. By no-arbitrage arguments, if the
long-term Arrow-Debreu security were also traded, its price would conform to
Equation (12.1). Arrow-Debreu securities can thus be effectively created via
dynamic (recursive) trading, and the resulting financial market structure is said
to be dynamically complete.? By analogy, the price in period t, state 6;, of a
security that pays one unit of consumption if state 6,1 ; is observed in period
t+J, q(0:,0:1), is given by

t4+J—1
q(61,0,15) = H q(0s,0511)-

It is understood that 0, ; is feasible from 6,, that is, given that we are in state
t in period ¢, there is some positive probability for the economy to find itself in
state 0;4 s in period t + J; otherwise the claims price must be zero.

Since our current objective is to develop risk-neutral pricing representations,
a natural next step is to define risk-free bond prices and associated risk-free
rates. Given the current date-state is (6;,t), the price, ¢°(6;,t), of a risk-free
one-period (short-term) bond is given by (no arbitrage)

Nt

qb(9t>t): Z q(0¢,0141); (12.2)

Or41=1

Note here that the summation sign applies across all N;y; future states of
nature. The corresponding risk-free rate must satisfy

(1+Tf Gt {q 6t, } !

2This fact suggests that financial markets may need to be “very incomplete” if incomplete-
ness per se is to have a substantial effect on equilibrium asset prices and, for example, have a
chance to resolve some of the puzzles uncovered in Chapter 9. See Telmer (1993).




Pricing a k-period risk-free bond is similar:

Nitk

(O, t+ k) = Z q(0¢,014). (12.3)

Or4r=1

The final notion is that of an accumulation factor, denoted by g(6¢,0;1), and
defined for a specific path (04, 0;41, ...,0:1%) as follows:

t+k—1
900, 006) = [ (05 +1). (12.4)
5=t

The idea being captured by the accumulation factor is this: An investor who
invests one unit of consumption in short-term risk-free bonds from date ¢ to t+k,
continually rolling over his investment, will accumulate [g(6;, 0;45)] ! units of
consumption by date t 4 k, if events 04,1, ..., 0,1k are realized. Alternatively,

k-1
[9(01,0040)] " = H (L4717 (Orrs))- (12.5)

s=0

Note that from the perspective of date t, state 6;, the factor [g(6;,0pix)] "t is
an uncertain quantity as the actual state realizations in the succeeding time
periods are not known at period t. From the t = 0 perspective, [g(6;, 01 1) 7!
is in the spirit of a (conditional) forward rate.

Let us illustrate with the two-date forward accumulation factor. We take the
perspective of the investor investing one unit of the numeraire in a short-term
risk-free bond from date ¢ to ¢ 4+ 2. His first investment is certain since the
current state 6, is known and it returns (1 + r,(6;)). At date ¢ + 1, this sum
will be invested again in a one-period risk-free bond with return (1 + r¢(6;41))
contracted at ¢t + 1 and received at t + 2 . From the perspective of date t, this
is indeed an uncertain quantity. The compounded return on the investment
is: (1 +rp(6:))(1 + rp(0i41)). This is the inverse of the accumulation factor
9(0¢,0:11) as spelled out in Equation (12.5).

Let us next translate these ideas directly into the CCAPM settings.

12.3 Risk-Neutral Pricing in the CCAPM

We make two additional assumptions in order to restrict our current setting to
the context of the CCAPM.

A12.1: There is one agent in the economy with time-separable VNM pref-
erences represented by

U = E, <t§_°;0 U(é, t)) ,



where U(é:,t) is a family of strictly increasing, concave, differentiable period
utility functions, with Uy (¢, t) > 0 for all ¢, ¢ = ¢(6;) is the uncertain period
t consumption, and FEjy the expectations operator conditional on date ¢ = 0
information.

This treatment of the agent’s preferences is quite general. For example,
Ul(cy,t) could be of the form §'U(c;) as in earlier chapters. Alternatively, the
period utility function could itself be changing through time in deterministic
fashion, or some type of habit formation could be postulated. In all cases, it is
understood that the set of feasible consumption sequences will be such that the
sum exists (is finite).

A12.2: Output in this economy, Y; = Y;(6;) is exogenously given, and, by
construction, represents the consumer’s income. In equilibrium it represents his
consumption as well.

Recall that equilibrium-contingent claims prices in the CCAPM economy are
no-trade prices, supporting the consumption sequences {¢} in the sense that at
these prices, the representative agent does not want to purchase any claims; that
is, at the prevailing contingent-claims prices his existing consumption sequence
is optimal. The loss in period ¢ utility experienced by purchasing a contingent
claim ¢(6,0,41) is exactly equal to the resultant increase in expected utility in
period t + 1. There is no benefit to further trade. More formally,

Ur(c(0:),1)q(0r,0141) = 7(0r,0141)Ur(c(Or41), 8 + 1), or (12.6)

10 0e+1) = ”(9t>9t+1){Ul((CJia(thE;Z;tt;n}-

Equation (12.7) corresponds to Equation (8.1) of Chapter 8. State probabil-
ities and inter-temporal rates of substitution appear once again as the determi-
nants of equilibrium Arrow-Debreu prices. Note that the more general utility
specification adopted in this chapter does not permit bringing out explicitly the
element of time discounting embedded in the inter-temporal marginal rates of
substitution. A short-term risk-free bond is thus priced according to

Nt
qb(eta t+ 1) = Gtg:_l Q(Gh 9t+1) = m E, {Ul(c(9t+1),t + 1)} . (12.7)

Risk-neutral valuation is in the spirit of discounting at the risk-free rate. Ac-
cordingly, we may ask: At what probabilities must we compute the expected
payoff to a security in order to obtain its price by discounting that payoff at
the risk-free rate? But which risk-free rates are we speaking about? In a mul-
tiperiod context, there are two possibilities and the alternative we choose will
govern the precise form of the probabilities themselves.

The spirit of the dilemma is portrayed in Figure 12.1, which illustrates the
case of a t = 3 period cash flow.



Insert Figure 12.1 about here

Under the first alternative, the cash flow is discounted at a series of consec-
utive short (one-period) rates, while in the second we discount back at the term
structure of multiperiod discount bonds. These methods provide the same price,
although the form of the risk-neutral probabilities will differ substantially. Here
we offer a discussion of alternative 1; alternative 2 is considered in Appendix
12.1.

Since the one-period state claims are the simplest securities, we will first ask
what the risk-neutral probabilities must be in order that they be priced equal
to the present value of their expected payoff, discounted at the risk-free rate.?
As before, let these numbers be denoted by 71V (;, 6;11). They are defined by:

Ui(c(0141),t +1)
Ui(c(6y),1)
The second equality reiterates the tight relationship found in Chapter 11 be-

tween Arrow-Debreu prices and risk-neutral probabilities. Substituting Equa-
tion (12.7) for ¢*(f;,t + 1) and rearranging terms, one obtains:

460, 002) = 7(60, 01 11) { } = (Ot + 1) [N (0,,0010))

B Ui(c(Oi41),t+1) Ui (c(6r),t)
N (04,0041) = W(ﬁt,9t+1){ U1(04E9t),t) }Et{Ul(c(etH),t—&-l)}
Ul(c(0t+1),t+1) }
EUr(c(0er1),t +1) |

= (04, 0011) { (12.8)

Since U(c(f),t) is assumed to be strictly increasing, U; > 0 and 7%V (6, 6;11)

0 (without loss of generality we may assume 7 (6, 0;+1) > 0). Furthermore, by

Niga
construction, Y 7BN(6;,0,11) = 1. The set {7V (6;,0,.1)} thus defines a
9t+1:1

set of conditional (on ;) risk-neutral transition probabilities. As in our earlier
more general setting, if the representative agent is risk neutral, Uy (c(6;),t) =
constant for all ¢, and 7V (0;,0;,,) coincides with 7(6;,6;,1), the true proba-
bility. Using these transition probabilities, expected future consumption flows
may be discounted at the intervening risk-free rates. Notice how the risk-neutral
probabilities are related to the true probabilities: They represent the true prob-
abilities scaled up or down by the relative consumption scarcities in the different
states. For example, if, for some state 641, the representative agent’s consump-
tion is usually low, his marginal utility of consumption in that state will be
much higher than average marginal utility and thus

Ui(c(O441),t +1)
E.U1(c(0441),t + 1)

WRN(at,9t+1) = 7r(9t,9t+1) { } > 7T(9t,9,5+1).

3Recall that since all securities can be expressed as portfolios of state claims, we can use
the state claims alone to construct the risk-neutral probabilities.



The opposite will be true if a state has a relative abundance of consumption.
When we compute expected payoffs to assets using risk-neutral probabilities we
are thus implicitly taking into account both the (no-trade) relative equilibrium
scarcities (prices) of their payoffs and their objective relative scarcities. This
allows discounting at the risk-free rate: No further risk adjustment need be made
to the discount rate as all such adjustments have been implicitly undertaken in
the expected payoff calculation.

To gain a better understanding of this notion let us go through a few exam-
ples.

Example 12.1

Denote a stock’s associated dividend stream by {d(6;)}. Under the basic
state-claim valuation perspective (Chapter 10, Section 10.2), its ex-dividend
price at date t, given that 6, has been realized, is:

o) N
@O t) = Y > a(0:,05()d(0:(4)), (12.9)

s=t+1j=1

or, with a recursive representation,

¢“(00,t) = Y q(0r,004){a (Bri1,t + 1) + d(B141)} (12.10)

Ost1

Equation (12.10) may also be expressed as

“(0s,t) = * (O, t + DEEN{¢°(0py1,t + 1) + d(0p41)}, (12.11)

where E*N denotes the expectation taken with respect to the relevant risk-
neutral transition probabilities; equivalently,

q°(0r,t) EfN{q®(Ors1,t + 1) + d(0ps1) }

T 140y

Returning again to the present value expression, Equation (12.9), we have

¢“(6i,t) = > BN {g(0;,0,)d(6,)}

s=t+1

i EfN — d(6) . (12.12)
=t IT (L +77(0is))

Jj=0

What does Equation (12.12) mean? Any state 6, in period s >t + 1 has a
unique sequence of states preceding it. The product of the risk-neutral transition
probabilities associated with the states along the path defines the (conditional)
risk-neutral probability of 0 itself. The product of this probability and the



payment as d(fs) is then discounted at the associated accumulation factor —
the present value factor corresponding to the risk-free rates identified with the
succession of states preceding 0. For each s >t + 1, the expectation represents
the sum of all these terms, one for each 6, feasible from 6;.
Since the notational intensity tends to obscure what is basically a very
straightforward idea, let us turn to a small numerical example.
Example 12.2
Let us value a two-period equity security, where U(c,t) = U(er) = Ine; for
the representative agent (no discounting). The evolution of uncertainty is given
by Figure 12.2 where
71'(90,91,1) =.6 7T(91’1,9271) =.
71'(90,(91,2) =4 7T'(
7T(01,2, 92,3) =.6
7T(9172, 0274) =4

Insert Figure 12.2 about here
The consumption at each node, which equals the dividend, is represented as
the quantity in parentheses. To valuate this asset risk neutrally, we consider

three stages.

1. Compute the (conditional) risk-neutral probabilities at each node.

Ui (e(01,1)) (3)
N (00,011) = 7(60,011) { : = = 2 = 4737
7 "L Eo{Ui(e1(61))} (:6(3) + 4(3))
WRN(90,91’2> = 1- 7TRN(90,9171) = .5263
1

RN, 1.0 = 7(611,0 {4}:.1765
u ( 1,1 2,1) 7T( 1,1 2,1) (3(i)+7(%)>
WRN(GLl, 9272) = 1— 7TRN(91_1, 92,1) = 8235

TN (01,9,004) = 7T(91,2,92,4){

7TRN(9172,9273) 1579

2. Compute the conditional bond prices.

P0) = S Bl = Loy +ap) = s0s0
011,2) = (}) {.3(}1) + .7(;)} =2.125
5
012,2) = (}) {.6(;) - .4(1)} = 1.425
3



3. Value the asset.

q°(60,0) = ZE(%%N{Q 00, 05)ds(6s)}

( {7 N (B0, 01,1)(5) + 7 (60, 01,2)(3)}

*(00, 1)g" (01,1, 2){7 " (B0, 01,1) 7™ (61,1, 02.1)(4)

RN (90,91 DTN (011, 6022)(2)}

(90, 1)¢"(61, 2, 2){m"™ (6o, 01,2)7"™ (01,2, 02,3)(8)
N (8o, 01,2)7"N (01,2, 02,4)(1)}

00

+ o+ 4+

q
m
q
nft
4.

At a practical level this appears to be a messy calculation at best, but it is
not obvious how we might compute the no-trade equilibrium asset prices more
easily. The Lucas tree methodologies, for example, do not apply here as the
setting is not infinitely recursive. This leaves us to solve for the equilibrium
prices by working back through the tree and solving for the no-trade prices at
each node. It is not clear that this will be any less involved.

Sometimes, however, the risk-neutral valuation procedure does allow for a
very succinct, convenient representation of specific asset prices or price interre-
lationship. A case in point is that of a long-term discount bond.

Example 12.3

To price at time ¢, state 6, a long-term discount bond maturing in date
t + k, observe that the corresponding dividend d;y(014x) = 1 for every ;4
feasible from state 0;. Applying Equation (12.12) yields

@ (0s,t + k) = EENg(0;,0;11), or

1 1
= EEN (12.13)
1+7(0;,t+ k) ¢ t+k—1
(L4 r(0, k) [T (1470, s+1)

s=t

Equation (12.13), in either of its forms, informs us that the long term rate
is the expectation of the short rates taken with respect to the risk-neutral tran-
sition probabilities. This is generally not true if the expectation is taken with
the ordinary or true probabilities.

At this point we draw this formal discussion to a close. We now have an
idea what risk-neutral valuation might mean in a CCAPM context. Appendix
12.1 briefly discusses the second valuation procedure and illustrates it with the
pricing of call and put options.

We thus see that the notion of risk-neutral valuation carries over easily to
a CCAPM context. This is not surprising: The key to the existence of a set of
risk-neutral probabilities is the presence of a complete set of securities markets,



which is the case with the CCAPM. In fact, the somewhat weaker notion of
dynamic completeness was sufficient.

We next turn our attention to equity derivatives pricing. The setting is much
more specialized and not one of general equilibrium (though not inconsistent
with it). One instance of this specialization is that the underlying stock’s price
is presumed to follow a specialized stochastic process. The term structure is
also presumed to be flat. These assumptions, taken together, are sufficient
to generate the existence of a unique risk-neutral probability measure, which
can be used to value any derivative security written on the stock. That these
probabilities are uniquely identified with the specific underlying stock has led
us to dub them local.

12.4 The Binomial Model of Derivatives Valuation

Under the binomial abstraction we imagine a many-period world in which, at
every date-state node only a stock and a bond are traded. With only two
securities to trade, dynamic completeness requires that at each node there be
only two possible succeeding states. For simplicity, we will also assume that the
stock pays no dividend, in other words, that d(6;) = 0 for all ¢t < T'. Lastly, in
order to avoid any ambiguity in the risk-free discount factors, it is customary
to require that the risk-free rate be constant across all dates and states. We
formalize these assumptions as follows:

A12.3: The risk-free rate is constant;
@O, t+1) = ﬁ for all t < T.
A12.4: The stock pays no dividends: d(6;) =0 for all t < T

A12.5: The rate of return to stock ownership follows an i.i.d. process of
the form:

. _ wq®(0,t), with probability 7
¢ (Orp1,t+1) = { d q°(0y,t), with probability 1 — ,

where u (up) and d (down) represent gross rates of return. In order to preclude
the existence of an arbitrage opportunity it must be the case that

U>Rf>d,

where, in this context, Ry =14 ry.

There are effectively only two possible future states in this model (6; €
{61,602} where 6, is identified with « and 05 identified with d) and thus the
evolution of the stock’s price can be represented by a simple tree structure as
seen in Figure 12.3.

Insert Figure 12.3 about here

Why such a simple setting should be of use is not presently clear but it will
become so shortly.



In this context, the risk-neutral probabilities can be easily computed from
Equation (12.11) specialized to accommodate d(6;) = 0:

¢“(01,t) = " (0nt + DEN{g*(Orra,t + 1)} (12.14)
= (Ot + 1){m™ug® (0, t) + (1 — ™) dg®(0,,)}

This implies

Ry = a™u+(1-7%d, or
Ry —d
RN S
= . 12.15
a — (12.15)

The power of this simple context is made clear when comparing Equation (12.15)
with Equation (12.8). Here risk-neutral probabilities can be expressed without
reference to marginal rates of substitution, that is, to agents’ preferences.* This
provides an immense simplification, which all derivative pricing will exploit in
one way or another. Of course the same is true for one-period Arrow-Debreu
securities since they are priced equal to the present value of their respective

risk-neutral probabilities:
1 Ry —d
— d
(Rf) ( u—d > o

o - () (-55)-(3) (%)

Furthermore, since the risk-free rate is assumed constant in every period, the
price of a claim to one unit of the numeraire to be received T'—t > 1 periods
from now if state 01 is realized is given by

q(0s,0¢ 41 = u)

T-1
1
q(0,07) = = > L 7™.0510),
(1 + Irf(eta T)) {04,..07_1}eQ s=t

where Q) represents the set of all time paths {6;,6;41,...,07_1} leading to Or.
In the binomial setting this becomes

_ 1 Tr—t RN\s RN\T—t—s
q(0:,07) = W ( s ) () (L= 7™) ) (12.16)
where s is the number of intervening periods in which the u state is observed

on any path from 6; to f7. The expression ( s ) represents the number

of ways s successes (u moves) can occur in T —¢ trials. A standard result states

4Notice that the risk-neutral probability distribution is i.i.d. as well.
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The explanation is as follows. Any possible period T price of the underlying
stock will be identified with a unique number of u and d realizations. Suppose,

S1
possible paths, each of which has exactly syu and T — t — s1d states, leading

to the pre-specified period T price. Each path has the common risk-neutral

probability (7TRN)S1 (1- WRN)Tftfsl. As an example, suppose T —t = 3, and

the particular final price is the result of 2 up-moves and 1 down-move. Then,
3! 3-2.1

there are 3 = 577 = BHm possible paths leading to that final state: wud, udu,

. . T-—
for example, that sju realizations are required. There are then t )

and duu.
To illustrate the simplicity of this setting we again consider several examples.

Example 12.4
A European call option revisited: Let the option expire at T' > ¢; the price
of a European call with exercise price K, given the current date-state (0;,t) , is

T—t
Ce(fy,t) = (;;) ERN(max {¢°(07,T) — K,0})

- (3 )Tt 3 A e e e O P ORI iy )

Rf s=0 s

When taking the expectation we sum over all possible values of s < T — ¢,
thus weighting each possible option payoff by the risk-neutral probability of
attaining it.

Define the quantity § as the minimum number of intervening up states nec-
essary for the underlying asset, the stock, to achieve a price in excess of K. The
prior expression can then be simplified to:

_ 1 ~(T-t FRNYs (1 _RN\T—t—s[ e wdT—t—s_
Cetho) = s 3 (1) TR
(12.17)
— 1 - Tr—t 7.[.RN s _ 7.‘_RN T—t—s e us T—t—s
Cet00) = e (1)
~ Tt v RN\T—t—s
=Y TE RN (12.18)

The first term within the braces of Equation (12.18) is the risk-neutral ex-
pected value at expiration of the acquired asset if the option is exercised, while

11



the second term is the risk-neutral expected cost of acquiring it. The differ-
ence is the risk-neutral expected value of the call’s payoff (value) at expiration.®
To value the call today, this quantity is then put on a present value basis by
discounting at the risk-free rate Ry.

This same valuation can also be obtained by working backward, recursively,
through the tree. Since markets are complete, in the absence of arbitrage op-
portunities any asset — the call included — is priced equal to its expected value
in the succeeding time period discounted at Ry. This implies

Ce(0s,t) = ¢° (01, ) EFN Ce (B0, t + 1), (12.19)

Let us next illustrate how this fact may be used to compute the call’s value in
a simple three-period example.

Example 12.5
Let u=1.1,d=1 =91, ¢°(6;,t) = $50, K = $53, Ry = 1.05, T —t = 3.

u

av _ Rp—d _105-91
u—d  11-.91

™

Insert Figure 12.4 about here

The numbers in parentheses in Figure 12.4 are the recursive values of the
call, working backward in the manner of Equation (12.19). These are obtained
as follows:

Ce(u?,t+2) = ﬁ {.70(13.55) + .30(2)} = 9.60
Ce(ud,t +2) = %{.70(2”.30(0)}:1.33
Ce(ut+1) = ﬁ{.70(9.60)+.30(1.33)}=6.78
Celdt+1) = % {.70(1.33) + .30(0)} = .89
Celbrt) = ;ﬁ{.m(ﬁ.?sw.m(.gg)}:4.77

For a simple call, its payoff at expiration is dependent only upon the value
of the underlying asset (relative to K) at that time, irrespective of its price
history. For example, the value of the call when ¢%(67,T) = 55 is the same if
the price history is (50, 55,50, 55) or (50, 45.5, 50, 55).

For other derivatives, however, this is not the case; they are path dependent.
An Asian (path-dependent) option is a case in point. Nevertheless, the same

5Recall that there is no actual transfer of the security. Rather, this difference ¢¢(07,T) — K
represents the amount of money the writer (seller) of the call must transfer to the buyer at
the expiration date if the option is exercised.

12



valuation methods apply: Its expected payoff is computed using the risk-neutral
probabilities, and then discounted at the risk-free rate.

Example 12.6
A path dependent option: We consider an Asian option for which the payoff
pattern assumes the form outlined in Table 12.1.

Table 12.1 Payoff Pattern — Asian Option

t |t+1|t+2].. . [ T-1|T
0o |0 o | |0 | max {¢V (07, T) - K, 0},

where ¢V (07, T) is the average price of the stock along the path from q¢(6;,t)

to, and including, ¢¢(67,T). We may express the period ¢ value of such an option
as
1
Cubs,t) = 7= EfN max{qV (07, T) - K,0}
(Ry)
A simple numerical example with T'— ¢ = 2 follows. Let ¢°(6;,¢t) = 100,
K =100, u = 1.05, d = £ = .95, and Ry = 1.005. The corresponding risk-

u
neutral probabilities are

RN _ Ry—d _ 1.005—.95 __ .1 _ RN _
s =T =S5 = 051l —m = .45

With two periods remaining, the possible evolutions of the stock’s price and
corresponding option payoffs are those found in Figure 12.5.

Insert Figure 12.5 about here

Thus,

Calbnt) = ﬁ{(.%)%&o&?)+(.55)(.45)(1.67)}

= $1.932

Note that we may as well work backward, recursively, in the price/payoff
tree as shown in Figure 12.6.

Insert Figure 12.6 about here

(1.005)

Calbnt) = (1.305) (55(3.53) + .45(0)} = $1.932.

where C4 (0441 = u,t +1) = 3.53 {55(5.083) 4+ .45(1.67)}, and
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A number of fairly detailed comments are presently in order. Note that
with a path-dependent option it is not possible to apply, naively, a variation on
Equation (12.18). Unlike with straightforward calls, the value of this type of
option is not the same for all paths leading to the same final-period asset price.

Who might be interested in purchasing such an option? For one thing,
they have payoff patterns similar in spirit to an ordinary call, but are generally
less expensive (there is less upward potential in the average than in the price
itself). This feature has contributed to the usefulness of path-dependent options
in foreign exchange trading. Consider a firm that needs to provide a stream of
payments (say, perhaps, for factory construction) in a foreign currency. It would
want protection against a rise in the value of the foreign currency relative to
its own, because such a rise would increase the cost of the payment stream in
terms of the firm’s own currency. Since many payments are to be made, what
is of concern is the average price of the foreign currency rather than its price
at any specific date. By purchasing the correct number of Asian calls on the
foreign currency, the firm can create a payment for itself if, on average, the
foreign currency’s value exceeds the strike price — the level above which the firm
would like to be insured. By analogous reasoning, if the firm wished to protect
the average value of a stream of payments it was receiving in a foreign currency,
the purchase of Asian puts would be one alternative.

We do not want to lose sight of the fact that risk-neutral valuation is a
direct consequence of the dynamic completeness (at each node there are two
possible future states and two securities available for trade) and the no-arbitrage
assumption, a connection that is especially apparent in the binomial setting.
Consider a call option with expiration one period from the present. Over this
period the stock’s price behavior and the corresponding payoffs to the call option
are as found in Figure 12.7.

Insert Figure 12.7 about here

By the assumed dynamic completeness we know that the payoff to the option
can be replicated on a state-by-state basis by a position in the stock and the
bond. Let this position be characterized by a portfolio of A shares and a bond
investment of value B (for simplicity of notation we suppress the dependence of
these latter quantities on the current state and date). Replication requires

ug®(0y,t) A+ RyB = Cg(u,t+1), and
dqe(et,t)A-i-RfB = Cg(d,t+1),

from which follows

Ce(u,t+1) — Ce(d,t +1)
A = , and
@D (000)
uCe(d,t+1) —dCe(u,t + 1)

(u—d) Ry

B =

14



By the no arbitrage assumption:

Cg(et,t) = Aqe(9t7t) + B

qe(etv t) +

uCe(d,t +1) —dCs(u,t + 1)

{Cg(u,t +1)—Ce(d,t+1)
(u—d)q(6:,1) (u—d)Ry

<];f> {(sz__dd) Ce(u,t+1) + (uu__}zf> Ce(d,t + 1)}

(R1f> {mfNCe(u,t + 1) + (1 — 7™N) Ce(d,t + 1)},

which is just a specialized case of Equation (12.18).

Valuing an option (or other derivative) using risk-neutral valuation is thus
equivalent to pricing its replicating portfolio of stock and debt. Working back-
ward in the tree corresponds to recomputing the portfolio of stock and debt
that replicates the derivative’s payoffs at each of the succeeding nodes. In the
earlier example of the Asian option, the value 3.53 at the intermediate u node
represents the value of the portfolio of stocks and bonds necessary to replicate
the option’s values in the second-period nodes leading from it (5.083 in the u
state, 1.67 in the d state).

Let us see how the replicated portfolio evolves in the case of the Asian option
written on a stock.

Ca(u?t+2) — Ca(ud,t +2) 5.083 — 1.67

|

Au = = = . 2
(= d) (00, 1) (1.05— 95)(105) _ -2
B uCa(ud,t +2) —dCy(u?,t+2)  (1.05)(1.67) — (.95)(5.083) 30,60
v (u—d) Ry B (1.05 — .95)(1.005)
gd i 8 (all branches leading from the “d” node result in zero option value)
=
Calu,t+1) — Ca(d,t+1) 3.53 -0
A = - — 353
(u—d)q¢(0s,1t) (1.05 — .95)(100)
B - uCu(d,t +1) —dCy(u,t +1) _ (1.05)(0) — (.95)(3.53) _ _3333

(u— d) Ry (1.05 — .95)(1.005)

We interpret these numbers as follows. In order to replicate the value of the
Asian option, irrespective of whether the underlying stock’s price rises to $105
or falls to $95.20, it is necessary to construct a portfolio composed of a loan of
$33.33 at Ry in conjunction with a long position of .353 share. The net cost is

:353(100) — 33.33 = $1.97,

the cost of the call, except for rounding errors. To express this idea slightly
differently, if you want to replicate, at each node, the value of the Asian option,
borrow $33.33 (at R) and, together with your own capital contribution of $1.97,
take this money and purchase .353 share of the underlying stock.
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As the underlying stock’s value evolves through time, this portfolio’s value
will evolve so that at any node it matches exactly the call’s value. At the first
u node, for example, the portfolio will be worth $3.53. Together with a loan of
$30.60, this latter sum will allow the purchase of .325 share, with no additional
capital contribution required. Omnce assembled, the portfolio is entirely self-
financing, no additional capital need be added and none may be withdrawn
(until expiration).

This discussion suggests that Asian options represent a levered position in
the underlying stock. To see this, note that at the initial node the replicating
portfolio consists of a $1.97 equity contribution by the purchaser in conjunction
with a loan of $30.60. This implies a debt/equity ratio of $3%8% =~ 155! For the
analogous straight call, with the same exercise price as the Asian and the same
underlying price process, the analogous quantities are, respectively, $3.07 and
$54.47, giving a debt/equity ratio of approximately 18. Call-related securities
are thus attractive instruments for speculation! For a relatively small cash
outlay, a stock’s entire upward potential (within a limited span of time) can be
purchased.

Under this pricing perspective there are no arbitrage opportunities within
the universe of the underlying asset, the bond, or any derivative asset written
on the underlying asset. We were reminded of this fact in the prior discussion!
The price of the call at all times equals the value of the replicating portfolio. It
does not, however, preclude the existence of such opportunities among different
stocks or among derivatives written on different stocks.

These discussions make apparent the fact that binomial risk-neutral valu-
ation views derivative securities, and call options in particular, as redundant
assets, redundant in the sense that their payoffs can be replicated with a port-
folio of preexisting securities. The presence or absence of these derivatives is
deemed not to affect the price of the underlying asset (the stock) on which they
are written. This is in direct contrast to our earlier motivation for the existence
of options: their desirable property in assisting in the completion of the market.
In principle, the introduction of an option has the potential of changing all asset
values if it makes the market more complete.

This issue has been examined fairly extensively in the literature. From a
theoretical perspective, Detemple and Selden (1991) construct a mean variance
example where there is one risky asset, one risk-free asset, and an incomplete
market. There the introduction of a call option is shown to increase the equi-
librium price of the risky asset. In light of our earlier discussions, this is not
entirely surprising: The introduction of the option enhances opportunities for
risk sharing, thereby increasing demand and consequently the price of the risky
asset. This result can be shown not to be fully applicable to all contexts, how-
ever. On the empirical side, Detemple and Jorion (1990) examine a large sample
of options introductions over the period 1973 to 1986 and find that, on aver-
age, the underlying stock’s price rises 3 percent as a result and its volatility
diminishes.
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12.5 Continuous Time: An Introduction to the Black-
Scholes Formula

While the binomial model presents a transparent application of risk-neutral
valuation, it is not clear that it represents the accurate description of the price
evolution of any known security. We deal with this issue presently.

Fat tails aside, there is ample evidence to suggest that stock prices may be
modeled as being lognormally distributed; more formally,

g (0, T) ~ N(Ing(0s, ) + u(T — ), 0/T— ),

where p and o denote, respectively, the mean and standard deviation of the
continuously compounded rate of return over the reference period, typically one
year. Regarding t as the present time, this expression describes the distribution
of stock prices at some time T in the future given the current price ¢¢(6y,t).
The length of the time horizon T — ¢ is measured in years.

The key result is this: properly parameterized, the distribution of final prices
generated by the binomial distribution can arbitrarily well approximate the prior
lognormal distribution when the number of branches becomes very large. More
precisely, we may imagine a binomial model in which we divide the period T —¢
into n subintervals of equal length At(n) = % If we adjust u, d, p (the
true probability of a u price move) and Ry appropriately, then as n — oo, the
distribution of period T prices generated by the binomial model will converge in
probability to the hypothesized lognormal distribution. The adjustment requires
that

o) = VI gy = L O )
" A=y P ) )
Ry(n) = (Rp)» (12.20)

For this identification, the binomial valuation formula for a call option, Equa-
tion (12.18), converges to the Black-Scholes formula for a European call option
written on a non-dividend paying stock:

Ce(0y,t) = ¢°(0,, T)N (dy) — Ke "*T=D N (dy) (12.21)

where N( ) is the cumulative normal probability distribution function,
rpo= {n(Ry)
o (£G2) + (T - 0) (71 + %)
oVT —t
dy = dy—oVT—t

Cox and Rubinstein (1979) provide a detailed development and proof of this
equivalence, but we can see the rudiments of its origin in Equation (12.18),

d =
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which we now present, modified to make apparent its dependence on the number
of subintervals n:

S

Ce(O,t;m) = %{ Z ( " ) (W(”)RN)S (1 _W(n)RN)n_S q°(0s,t)

s=a(n)

p> ( s ) (7)) (L =r(m)™N)" " Ky (12.22)
)

s=a(n
where m(n) BN = Ry(n) —d(n)
b (n) u(n) —d(n)

Rearranging terms yields

i s (1) () ()

S=a

K (Rfl(n))n zn: < Z ) (r(n)™)" (1 = () BN)" ", (12.23)

S=a

which is of the general form
Ce (0, t;n) = qe(0:,t) x Probability — (present value factor) x K x Probability,

as per the Black-Scholes formula. Since, at each step of the limiting process
(i.e., for each n, as n — o0), the call valuation formula is fundamentally an
expression of risk-neutral valuation, the same must be true of its limit. As
such, the Black-Scholes formula represents the first hint at the translation of
risk-neutral methods to the case of continuous time.

Let us conclude this section with a few more observations. The first concerns
the relationship of the Black-Scholes formula to the replicating portfolio idea.
Since at each step of the limiting process the call’s value is identical to that
of the replicating portfolio, this notion must carry over to the continuous time
setting. This is indeed the case: in a context when investors may continuously
and costlessly adjust the composition of the replicating portfolio, the initial
position to assume (at time t) is one of N(d;) shares, financed in part by a
risk-free loan of Ke T N(d,). The net cost of assembling the portfolio is the
Black-Scholes value of the call.

Notice also that neither the mean return on the underlying asset nor the
true probabilities explicitly enter anywhere in the discussion.® None of this is
surprising. The short explanation is simply that risk-neutral valuation abandons
the true probabilities in favor of the risk-neutral ones and, in doing so, all
assets are determined to earn the risk-free rate. The underlying assets’ mean

SThey are implicitly present in the equilibrium price of the underlying asset.
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return still matters, but it is now Ry. More intuitively, risk-neutral valuation
is essentially no-arbitrage pricing. In a world with full information and without
transaction costs, investors will eliminate all arbitrage opportunities irrespective
of their objective likelihood or of the mean returns of the assets involved.

It is sometimes remarked that to purchase a call option is to buy volatility,
and we need to understand what this expression is intended convey. Return-
ing to the binomial approximation [in conjunction with Equation (12.18)], we
observe first that a larger o implies the possibility of a higher underlying asset
price at expiration, with the attendant higher call payoff. More formally, o is
the only statistical characteristic of the underlying stock’s price process to ap-
pear in the Black-Scholes formula. Given rf, K, and ¢°(6;,t), there is a unique
identification between the call’s value and o. For this reason, estimates of an
asset’s volatility are frequently obtained from its corresponding call price by
inverting the Black-Scholes formula. This is referred to as an implied volatility
estimate.

The use of risk-neutral methods for the valuation of options is probably the
area in which asset pricing theory has made the most progress. Indeed, Merton
and Scholes were awarded the Nobel prize for their work (Fischer Black had
died). So much progress has, in fact, been made that the finance profession
has largely turned away from conceptual issues in derivatives valuation to focus
on the development of fast computer valuation algorithms that mimic the risk-
neutral methods. This, in turn, has allowed the use of derivatives, especially for
hedging purposes, to increase so enormously over the past 20 years.

12.6 Dybvig’s Evaluation of Dynamic Trading Strategies

Let us next turn to a final application of these methods: the evaluation of dy-
namic trading strategies. To do so, we retain the partial equilibrium setting
of the binomial model, but invite agents to have preferences over the various
outcomes. Note that under the pure pricing perspective of Section 12.4, pref-
erences were irrelevant. All investors would agree on the prices of call and put
options (and all other derivatives) regardless of their degrees of risk aversion, or
their subjective beliefs as to the true probability of an up or down state. This
is simply a reflection of the fact that any rational investor, whether highly risk
averse or risk neutral, will seek to profit by an arbitrage opportunity, whatever
the likelihood, and that in equilibrium, assets should thus be priced so that such
opportunities are absent. In this section our goal is different, and preferences
will have a role to play. We return to assumption A12.1.

Consider the optimal consumption problem of an agent who takes security
prices as given and who seeks to maximize the present value of time-separable
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utility (A12.1). His optimal consumption plan solves

Z Y albo,6:(s)) e(bu(s)) < Yo, (12.24)

t=0 seN;

where Y[ is his initial period 0 wealth and ¢(6y,0:(s)) is the period ¢t =
price of an Arrow-Debreu security paying one unit of the numeraire if state s is
observed at time ¢t > 0. Assuming a finite number of states and expanding the
expectations operator to make explicit the state probabilities, the Lagrangian
for this problem is

oo N¢

ZZW 0o, 0:(s))U(c(04(s),t))

t=0 s=1
oo N

+A (YO - ZZQ (Qo,ﬁt(s))c(et(s))> )
t=0 s=1

where (0, 0:(s)) is the conditional probability of state s occurring, at time ¢
and \ the Lagrange multiplier.
The first order condition is

Ui(c(0:(s)), 1) (00, 0:(s)) = Aq(0o, 0:(s))-

By the concavity of U( ), if 6;(1) and 6;(2) are two states, then

q(0o,0:(1)) < q(6o,0:(2))
m(00,0:(1)) = w(00,0:(2))’

It follows that if

q(00,0:(1)) _ q(bo, 6:(2))
m(00,0:(1))  7(0o,0:(2))’

The ¢(6y, 0:(s))/m (6o, 0:(s)) ratio measures the relative scarcity of consump-
tion in state 0;(s): A high ratio in some state suggests that the price of consump-
tion is very high relative to the likelihood of that state being observed. This
suggests that consumption is scarce in the high ¢(, 8;(s))/m (00, 0:(s)) states.
A rational agent will consume less in these states and more in the relatively
cheaper ones, as Equation (12.25) suggests.

This observation is, in fact, quite general as Proposition 12.1 demonstrates.

if and only if ¢(0:(1),t) < ¢(6:(2),t).  (12.25)

then ¢(0:(1)) = ¢(0:(2)).

Proposition 12.1 [Dybvig (1988)]
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Consider the consumption allocation problem described by Equation (12.24).
For any rational investor for which Uyq(c,t) < 0, his optimal consumption plan
is a decreasing function of ¢(fy,0:(s))/m (6o, 0:(s)). Furthermore, for any con-
sumption plan with this monotonicity property, there exists a rational investor
with concave period utility function U(eg,t) for which the consumption plan is
optimal in the sense of solving Equation (12.24).

Dybvig (1988) illustrates the power of this result most effectively in the bi-
nomial context where the price-to-probability ratio assumes an especially simple
form. Recall that in the binomial model the state at time t is completely charac-
terized by the number of up states, u, preceding it. Consider a state 6;(s) where
s denotes the number of preceding up states. The true conditional probability

of 0;(s) is

(00, 0:(s)) = 7 (1 — )" ~%,
while the corresponding state claim has price

q(00,0:(s)) = (Rf)ft(yrRN)S(l _ ,R_RN)tfs.

The price/probability ratio thus assumes the form

st o () () o () ()

We now specialize the binomial process by further requiring the condition in
assumption A12.6.

A12.6: mu+ (1 —m)d > Ry, in other words, the expected return on the
stock exceeds the risk-free rate.
Assumption A12.6 implies that

so that
N —m)

(1—7nRN)g
for any time ¢, and the price probability ratio q(6o, 0:(s))/m (6o, 0:(s)) is a de-
creasing function of the number of preceding up moves, s. By Proposition 12.1
the period t level of optimal, planned consumption across states 6;(s) is thus an
increasing function of the number of up mowves, s, preceding it.

Let us now specialize our agent’s preferences to assume that he is only con-
cerned with his consumption at some terminal date 7', at which time he con-
sumes his wealth. Equation (12.24) easily specializes to this case:

max Z (60,07 (s))U(c(07(s)))

SENT

st. > q(fo,07(s))c(0r(s)< Yo (12.26)

SENT

<1,
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In effect, we set U(cy,t) =0 for t < T.

Remember also that a stock, from the perspective of an agent who is con-
cerned only with terminal wealth, can be viewed as a portfolio of period t state
claims. The results of Proposition 12.1 thus apply to this security as well.

Dybvig (1988) shows how these latter observations can be used to assess
the optimality of many commonly used trading strategies. The context of his
discussion is illustrated with the example in Figure 12.8 where the investor is
presumed to consume his wealth at the end of the trading period.

Insert Figure 12.8 about here

For this particular setup, 7% = 1/3. He considers the following frequently
cited equity trading strategies:

1. Technical analysis: buy the stock and sell it after an up move; buy it back
after a down move; invest at Ry (zero in this example) when out of the market.
But under this strategy

ca(0:(s) luuuu ) = $32, yet

c4(0¢(s) ludud) = $48; in other words,
the investor consumes more in the state with the fewer preceding up moves,
which violates the optimality condition. This cannot be an optimal strategy.

2. Stop-loss strategy: buy and hold the stock, sell only if the price drops to
$8, and stay out of the market. Consider, again, two possible evolutions of the
stock’s price:

c4(0;(s) |[duuu) = $8

c4(0:(s) |ludud) = $16.

Once again, consumption is not a function of the number of up states under
this trading strategy, which must, therefore, be suboptimal.

12.7 Conclusions

We have extended the notion of risk-neutral valuation to two important contexts:
the dynamic setting of the general equilibrium consumption CAPM and the
partial equilibrium binomial model. The return on our investment is particularly
apparent in the latter framework. The reasons are clear: in the binomial context,
which provides the conceptual foundations for an important part of continuous
time finance, the risk-neutral probabilities can be identified independently from
agents’ preferences. Knowledge of the relevant inter-temporal marginal rates of
substitution, in particular, is superfluous. This is the huge dividend of the twin
modeling choices of binomial framework and arbitrage pricing. It has paved the
way for routine pricing of complex derivative-based financial products and for
their attendant use in a wide range of modern financial contracts.
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Appendix 12.1: Risk-Neutral Valuation When Discounting at the
Term Structure of Multiperiod Discount Bond

Here we seek a valuation formula where we discount not at the succession of
one-period rates, but at the term structure. This necessitates a different set of
risk-neutral probabilities with respect to which the expectation is taken.

Define the k-period, time adjusted risk-neutral transition probabilities as:

7TRN(9t, 9t+k~)9(9ta 9t+k~) }
qb(9t7 9t+k) ’

AN (0, 00) = {

t+k—1
where TrRN(Gt,etJ’_k) = H 7TRN(93703+1), and {0t7~'~70t+k—1} is the path of
s=t

states preceding 6;,%. Clearly, the 7%~ () are positive since 7#V( ) > 0,
g(04,0;:1%) > 0 and ¢°(0y, 0:11) > 0. Furthermore, by Equation (12.13),

> w0, 000k) = < b0, 9t+k >Z7T (0, 0141)9(0, Orr k)

Ottk

_ q (et,9t+k) -1

qb (9t7 €t+k:)

Let us now use this approach to price European call and put options. A
European call option contract represents the right (but not the obligation) to
buy some underlying asset at some prespecified price (referred to as the exercise
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Table A12.1 Payoff Pattern- European Call Option

b [t 2 ]| T T
0 [0 |0 | | 0 [ max {¢°(07, T) - K, 0},

or strike price) at some prespecified future date (date of contract expiration).
Since such a contract represents a right, its payoff is as shown in Table A12.1.

where T represents the time of expiration and K the exercise price.
Let Cg(0:,t) denote the period t, state ; price of the call option. Clearly,
05(9157 t) = EtRN{g(et’ éT)(maX {qe(éTv T) - K, 0})}
= qb(atv T)EﬁN{ max {qe(aTa T) - K, 0}}a

where EF*N denotes the expectations operator corresponding to the {#
A European put option is similarly priced according to

RN}.

Pe0,t) = EfN{g(01,0r)(max {K — ¢*(0r,T),0})}
= (O, K™ {max {K — ¢°(6r,T),0}}
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Chapter 13 : The Arbitrage Pricing Theory

13.1 Introduction

We have made two first attempts (Chapters 10 to 12) at asset pricing from
an arbitrage perspective, that is, without specifying a complete equilibrium
structure. Here we try again from a different, more empirically based angle.
Let us first collect a few thoughts as to the differences between an arbitrage
approach and equilibrium modeling.

In the context of general equilibrium theory, we make hypotheses about
agents — consumers, producers, investors; in particular, we start with some form
of rationality hypothesis leading to the specification of maximization problems
under constraints. We also make hypotheses about markets: Typically we as-
sume that supply equals demand in all markets under consideration.

We have repeatedly used the fact that at general equilibrium with fully
informed optimizing agents, there can be no arbitrage opportunities, in other
words, no possibilities to make money risklessly at zero cost. An arbitrage
opportunity indeed implies that at least one agent can reach a higher level of
utility without violating his/her budget constraint (since there is no extra cost).

In particular, our assertion that one can price any asset (income stream) from
the knowledge of Arrow-Debreu prices relied implicitly on a no-arbitrage hypoth-
esis: with a complete set of Arrow-Debreu securities, it is possible to replicate
any given income stream and hence the value of a given income stream, the
price paid on the market for the corresponding asset, cannot be different from
the value of the replicating portfolio of Arrow-Debreu securities. Otherwise an
arbitrageur could make arbitrarily large profits by short selling large quantities
of the more expensive of the two and buying the cheaper in equivalent amount.
Such an arbitrage would have zero cost and be riskless.

While general equilibrium implies the no-arbitrage condition, it is more re-
strictive in the sense of imposing a heavier structure on modeling. And the
reverse implication is not true: No arbitrage opportunities’ — the fact that all
arbitrage opportunities have been exploited — does not imply that a general
equilibrium in all markets has been obtained. Nevertheless, or precisely for that
reason, it is interesting to see how far one can go in exploiting the less restrictive
hypothesis that no arbitrage opportunities are left unexploited.

The underlying logic of the APT to be reviewed in this chapter is, in a sense,
very similar to the fundamental logic of the Arrow-Debreu model and it is very
much in the spirit of a complete market structure. It distinguishes itself in two
major ways: First it replaces the underlying structure based on fundamental
securities paying exclusively in a given state of nature with other fundamental
securities exclusively remunerating some form of risk taking. More precisely, the
APT abandons the analytically powerful, but empirically cumbersome, concept
of states of nature as the basis for the definition of its primitive securities. It

LAn arbitrage portfolio is a self-financing (zero net-investment) portfolio. An arbitrage
opportunity exists if an arbitrage portfolio exists that yields non-negative cash flows in all
states of nature and positive cash flows in some states (Chapter 11).



replaces it with the hypothesis that there exists a (stable) set of factors that are
essential and exhaustive determinants of all asset returns. The primitive secu-
rity will then be defined as a security whose risk is exclusively determined by
its association with one specific risk factor and totally immune from association
with any other risk factor. The other difference with the Arrow-Debreu pricing
of Chapter 8 is that the prices of the fundamental securities are not derived from
primitives — supply and demand, themselves resulting from agents’ endowments
and preferences — but will be deduced empirically from observed asset returns
without attempting to explain them. Once the price of each fundamental se-
curity has been inferred from observed return distributions, the usual arbitrage
argument applied to complex securities will be made (in the spirit of Chapter
10).2

13.2 Factor Models

The main building block of the APT is a factor model, also known as a return-
generating process. As discussed previously, this is the structure that is to
replace the concept of states of nature. The motivation has been evoked before:
States of nature are analytically convincing and powerful objects. In practice,
however, they are difficult to work with and, moreover, often not verifiable,
implying that contracts cannot necessarily be written contingent on a specific
state of nature. We discussed these shortcomings of the Arrow-Debreu pric-
ing theory in Chapter 8. The temptation is thus irresistible to attack the asset
pricing problem from the opposite angle and build the concept of primitive secu-
rities on an empirically more operational notion, abstracting from its potential
theoretical credentials. This structure is what factor models are for.

The simplest conceivable factor model is a one-factor market model, usually
labeled the Market Model, which asserts that ex-post returns on individual assets
can be entirely ascribed either to their own specific stochastic components or to
their common association in a single factor, which in the CAPM world would
naturally be selected as the return on the market portfolio. This simple factor
model can thus be summarized by following the equation (or process):®

Ty = oy + BiTm + €5, (13.1)

with E€; =0, cov (Fum,€;) = 0,Y5, and cov (€;,6x) = 0,V] # k.

This model states that there are three components in individual returns: (1)
an asset-specific constant «;; (2) a common influence, in this case the unique
factor, the return on the market, which affects all assets in varying degrees,
with 3; measuring the sensitivity of asset j’s return to fluctuations in the mar-
ket return; and (3) an asset-specific stochastic term &; summarizing all other
stochastic components of 7; that are unique to asset j.

2The arbitrage pricing theory was first developed by Ross (1976), and substantially inter-
preted by Huberman (1982) and Conner (1984) among others. For a presentation emphasizing
practical applications, see Burmeister et al. (1994).

3Factors are frequently measured as deviations from their mean. When this is the case, aj
becomes an estimate of the mean return on asset j.



Equation (13.1) has no bite (such an equation can always be written) until
one adds the hypothesis cov (§;,6x) = 0,j # k, which signifies that all return
characteristics common to different assets are subsumed in their link with the
market return. If this were empirically verified, the CAPM would be the undis-
puted end point of asset pricing. At an empirical level, one may say that it is
quite unlikely that a single factor model will suffice.* But the strength of the
APT is that it is agnostic as to the number of underlying factors (and their iden-
tity). As we increase the number of factors, hoping that this will not require a
number too large to be operational, a generalization of Equation (13.1) becomes
more and more plausible. But let us for the moment maintain the hypothesis
of one common factor for pedagogical purposes.®

13.2.1 About the Market Model

Besides serving as a potential basis for the APT, the Market Model, despite all
its weaknesses, is also of interest on two grounds. First it produces estimates for
the §’s that play a central role in the CAPM. Note, however, that estimating 3’s
from past data alone is useful only to the extent that some degree of stationarity
in the relationship between asset returns and the return on the market is present.
Empirical observations suggest a fair amount of stationarity is plausible at the
level of portfolios, but not of individual assets. On the other hand, estimating
the 3’s does not require all the assumptions of the Market Model; in particular,
a violation of the cov(é;, €x) = 0,4 # k hypothesis is not damaging.

The second source of interest in the Market Model, crucially dependent on
the latter hypothesis being approximately valid, is that it permits economizing
on the computation of the matrix of variances and covariances of asset returns
at the heart of the MPT. Indeed, under the Market Model hypothesis, one can
write (you are invited to prove these statements):

2 2 92 2

oj = Bjoy+og, Vi
2

oy = BiBjoy

This effectively means that the information requirements for the implemen-
tation of MPT can be substantially weakened. Suppose there are N risky as-
sets under consideration. In that case the computation of the efficient fron-
tier requires knowledge of N expected returns, N variances, and & 22_ N covari-
ance terms (N? is the total number of entries in the matrix of variances and
covariances, take away the N variance/diagonal terms and divide by 2 since

Tij = 0ji, Vi, 7).

4Recall the difficulty in constructing the empirical counterpart of M.

5Fama (1973), however, demonstrates that in its form (13.1) the Market Model is inconsis-
tent in the following sense: the fact that the market is, by definition, the collection of all indi-
vidual assets implies an exact linear relationship between the disturbances €;; in other words,
when the single factor is interpreted to be the market the hypothesis cov (€;,6x) = 0,Vj # k
cannot be strictly valid. While we ignore this criticism in view of our purely pedagogical
objective, it is a fact that if a single factor model had a chance to be empirically verified (in
the sense of all the assumptions in (13.1) being confirmed) the unique factor could not be the
market.



Working via the Market Model, on the other hand, requires estimating Equa-
tion (13.1) for the N risky returns producing estimations for the N 3;’s and
the N azj and estimating the variance of the market return, that is, 2N + 1
information items.

13.3 The APT: Statement and Proof
13.3.1 A Quasi-Complete Market Hypothesis

To a return-generating process such as the Market Model, the APT superposes
a second major hypothesis that is akin to assuming that the markets are “quasi-
complete”. What is needed is the existence of a rich market structure with a
large number of assets with different characteristics and a minimum number of
trading restrictions. This market structure, in particular, makes it possible to
form a portfolio P with the following three properties:

Property 1: P has zero cost; in other words, it requires no investment.
This is the first requirement of an arbitrage portfolio.
Let us denote z; as the value of the position in the ith asset in portfolio P.

Portfolio P is then fully described by the vector 7 = (z1,xa,...,zx5) and the
zero cost condition becomes

N
Zwi =0= xT~1,
i=1

with 1 the (column) vector of 1’s. (Positive positions in some assets must be
financed by short sales of others.)

Property 2: P has zero sensitivity (zero beta) to the common factor:%
N
Y owBi=0=2a"-p.
i

Property 3: P is a well-diversified portfolio. The specific risk of P is (almost)

totally eliminated:

Il

0.

N

2 2
E xiasi
)

The APT builds on the assumed existence of such a portfolio, which requires a
rich market structure.

S6Remember that the beta of a portfolio is the weighted sum of the betas of the assets in
the portfolio.



13.3.2 Statement and Proof of the APT

The APT relationship is the direct consequence of the factor structure hy-
pothesis, the existence of a portfolio P satisfying these conditions, and the
no-arbitrage assumption. Given that returns have the structure of Equation
(13.1), Properties 2 and 3 imply that P is riskless. The fact that P has zero
cost (Property 1) then entails that an arbitrage opportunity will exist unless:

The APT theorem states, as a consequence of this succession of statements, that
there must exist scalars Ay, A1, such that:

r = )\0'1+)\1ﬁ, or
T; = Ao+ Aif; for all assets 4 (13.3)

This is the main equation of the APT.

Equation (13.3) and Properties 1 and 2 are statements about 4 vectors: z,
£, 1, and 7.

Property 1 states that x is orthogonal to 1. Property 2 asserts that x is
orthogonal to 3. Together these statements imply a geometric configuration
that we can easily visualize if we fix the number of risky assets at N = 2, which
implies that all vectors have dimension 2. This is illustrated in Figure 13.1.

Insert Figure 13.1

Equation (13.3) — no arbitrage — implies that x and 7 are orthogonal. But
this means that the vector 7 must lie in the plane formed by 1 and j3, or, that
7 can be written as a linear combination of 1 and 3, as Equation (13.3) asserts.

More generally, one can deduce from the triplet

N N N
> mi = wifi=» a7 =0

that there exist scalars Ag, A1, such that:

i = Ao + A 0; for all 4.
This is a consequence of the orthonormal projection of the vector 7; into the
subspace spanned by the other two.
13.3.3 Meaning of \y and \;

Suppose that there exists a risk-free asset or, alternatively, that the sufficiently
rich market structure hypothesis permits constructing a fully diversified portfo-
lio with zero-sensitivity to the common factor (but positive investment). Then

Ty :’I‘f:>\0.



That is, A\ is the return on the risk-free asset or the risk-free portfolio.
Now let us compose a portfolio ) with unitary sensitivity to the common
factor 8 = 1. Then applying the APT relation, one gets:

Fo=rr+A-1

Thus, Ay = 7g — r¢, the excess-return on the pure-factor portfolio Q. It is now
possible to rewrite equation (13.3) as:

T =15+ Bi (To—7y)- (13.4)

If, as we have assumed, the unique common factor is the return on the market
portfolio, in which case Q = M and 7o = 7y, then Equation (13.4) is simply
the CAPM equation:

ri="rf+ 0; (fM—rf) .

13.4 Multifactor Models and the APT

The APT approach is generalizable to any number of factors. It does not,
however, provide any clue as to what these factors should be, or any particular
indication as to how they should be selected. This is both its strength and its
weakness. Suppose we can agree on a two-factor model:

fj = Gy + bjlﬁ‘l + bjgﬁg + é]‘ (135)

with Fé; =0, cov (Fl,é'j) = cov (Fg,éj) =0,Vj, and cov (§;,&;) =0,V # k.

As was the case for Equation (13.1), Equation (13.5) implies that one cannot
reject, empirically, the hypothesis that the ex-post return on an asset j has two
stochastic components: one specific, (€;), and one systematic, (bjlﬁl + ijFQ).
What is new is that the systematic component is not viewed as the result of
a single common factor influencing all assets. Common or systematic issues
may now be traced to two fundamental factors affecting, in varying degrees, the
returns on individual assets (and thus on portfolios as well). Without loss of
generality we may assume that these factors are uncorrelated.

As before, an expression such as Equation (13.5) is useful only to the extent
that it describes a relationship that is relatively stable over time. The two
factors I and Fy must really summarize all that is common in individual asset
returns.

What could these fundamental factors be? In an important article, Chen,
Roll, and Ross (1986) propose that the systematic forces influencing returns
must be those affecting discount factors and expected cash flows. They then iso-
late a set of candidates such as industrial production, expected and unexpected
inflation, measures of the risk premium and the term structure, and even oil
prices. At the end, they conclude that the most significant determinants of as-
set returns are industrial production (affecting cash flow expectations), changes
in the risk premium measured as the spread between the yields on low- and
high-risk corporate bonds (witnessing changes in the market risk appetite), and



twists in the yield curve, as measured by the spread between short- and long-
term interest rates (representing movements in the market rate of impatience).
Measures of unanticipated inflation and changes in expected inflation also play
a (less important) role.

Let us follow, in a simplified way, Chen, Roll, and Ross’s lead and decide that
our two factors are industrial production (F3) and changes in the risk premium
(F2). How would we go about implementing the APT? First we have to measure
our two factors. Let IP(t) denote the rate of industrial production in month ¢;
then M P(t) =log IP(t) —log IP(t — 1) is the monthly growth rate of IP. This
is our first explanatory variable.

To measure changes in the risk premium, let us define

UPR(t) = “Baa and under” bond portfolio return(¢) — LGB(t)

where LG B(t) is the return on a portfolio of long-term government bonds. With
these definitions we can rewrite Equation (13.5) as

it = aj + bjt MP (t) + bjsUPR (t) + &,

The bji, k = 1,2, are often called factor loadings. They can be estimated di-
rectly by multivariate regression. Alternatively, one could construct pure factor
portfolios — well-diversified portfolios mimicking the underlying factors — and
compute their correlation with asset j. The pure factor portfolio P; would be
a portfolio with bpy = 1 and bp, = Oep, = 0; portfolio P, would be defined
similarly to track the stochastic behavior of UPR(t). Let us go on hypothe-
sizing (wrongly according to Chen, Roll, and Ross) that this two-factor model
satisfies the necessary assumptions (cov(é;, é;) = 0,Vi # j) and further assume
the existence of a risk-free portfolio Py with zero sensitivity to either of our two
factors and zero specific risk. Then the APT states that there exist scalars Ag,
A1, Ao such that:
T = Ao+ )\1bj1 + )\ijg.

That is, the expected return on an arbitrary asset j is perfectly and completely

described by a linear function of asset j’s factor loadings bj1, bj2. This can

appropriately be viewed as a (two-factor) generalization of the SML.
Furthermore the coefficients of the linear function are:

)\0 = Tf
A = Tp -Tf
A2 = Tp,_Ty

where P; and P, are our pure factor portfolios.

The APT agrees with the CAPM that the risk premium on an asset, 7; — Ao,
is not a function of its specific or diversifiable risk. It potentially disagrees with
the CAPM in the identification of the systematic risk. The APT decomposes
the systematic risk into elements of risk associated with a particular asset’s
sensitivity to a few fundamental common factors.



Note the parallelism with the Arrow-Debreu pricing approach. In both con-
texts, every individual asset or portfolio can be viewed as a complex security,
or a combination of primitive securities: Arrow-Debreu securities in one case,
the pure factor portfolios in the other. Once the prices of the primitive securi-
ties are known, it is a simple step to compose replicating portfolios and, by a
no-arbitrage argument, price complex securities and arbitrary cash flows. The
difference, of course, resides in the identification of the primitive security. While
the Arrow-Debreu approach sticks to the conceptually clear notion of states of
nature, the APT takes the position that there exist a few common and stable
sources of risk and that they can be empirically identified. Once the correspond-
ing risk premia are identified, by observing the market-determined premia on
the primitive securities (the portfolios with unit sensitivity to a particular factor
and zero sensitivity to all others) the pricing machinery can be put to work.

Let us illustrate. In our two-factor examples, a security j with, say, b;; = 0.8
and bjo = 0.4 is like a portfolio with proportions of 0.8 of the pure portfolio
Py, 0.4 of pure portfolio P, and consequently proportion —0.2 in the riskless
asset. By our usual (no-arbitrage) argument, the expected rate of return on
that security must be:

r; = —0.2ry+0.87p, +0.47p,

= —02r;+0.8ry+0.4r;+0.8 (Fp, — Tf) +04(Fp, — Tf)
= Tf+0.8(7pl 7T’f)+0.4(?p2 77’f)

= Ao+t bjiiAr + b

The APT equation can thus be seen as the immediate consequence of the link-
age between pure factor portfolios and complex securities in an arbitrage-free
context. The reasoning is directly analogous to our derivation of the value ad-
ditivity theorem in Chapter 10 and leads to a similar result: Diversifiable risk
is not priced in a complete (or quasi-complete) market world.

While potentially more general, the APT does not necessarily contradict
the CAPM. That is, it may simply provide another, more disaggregated, way
of writing the expected return premium associated with systematic risk, and
thus a decomposition of the latter in terms of its fundamental elements. Clearly
the two theories have the same implications if (keeping with our two-factor
model, the generalization is trivial):

B (Tar —ry) = bj1 (Tp, — 1) +bj2 (Tp, —1¢) (13.6)

Let Bp, be the (market) beta of the pure portfolio P; and similarly for Sp,.
Then if the CAPM is valid, not only is the LHS of Equation (13.6) the expected
risk premium on asset j, but we also have:

Tp —rf = Pp (Ta—7y)
Tp, =15 = Bp (Ta —7y5)
Thus the APT expected risk premium may be written as:

bj1 [Bp, (Ta —1p)] + bj2 [Bp, Ta—7)] = (bj18p, + bj2Bp,) (Tar — 7¢)



which is the CAPM equation provided:

B;j = bj18p, + bj20p,

In other words, CAPM and APT have identical implications if the sensitivity of
an arbitrary asset j with the market portfolio fully summarizes its relationship
with the two underlying common factors. In that case, the CAPM would be
another, more synthetic, way of writing the APT.”

In reality, of course, there are reasons to think that the APT with an arbi-
trary number of factors will always do at least as well in identifying the sources
of systematic risk as the CAPM. And indeed Chen, Roll, and Ross observe that
their five factors cover the market return in the sense that adding the return on
the market to their preselected five factors does not help in explaining expected
returns on individual assets.

13.5 Advantage of the APT for Stock or Portfolio Selec-
tion

The APT helps to identify the sources of systematic risk, or to split systematic
risk into its fundamental components. It can thus serve as a tool for helping the
portfolio manager modulate his risk exposure. For example, studies show that,
among U.S. stocks, the stocks of chemical companies are much more sensitive
to short-term inflation risk than stocks of electrical companies. This would be
compatible with both having the same exposure to variations in the market
return (same beta). Such information can be useful in at least two ways. When
managing the portfolio of an economic agent whose natural position is very
sensitive to short-term inflation risk, chemical stocks may be a lot less attractive
than electricals, all other things equal (even though they may both have the
same market beta). Second, conditional expectations, or accurate predictions,
on short-term inflation may be a lot easier to achieve than predictions of the
market’s return. Such a refining of the information requirements needed to take
aggressive positions can, in that context, be of great use.

13.6 Conclusions

We have now completed our review of asset pricing theories. At this stage it may
be useful to draw a final distinction between the equilibrium theories covered in
Chapters 7, 8, and 9 and the theories based on arbitrage such as the Martingale
pricing theory and the APT. Equilibrium theories aim at providing a complete
theory of value on the basis of primitives: preferences, technology, and market
structure. They are inevitably heavier, but their weight is proportional to their
ambition. By contrast, arbitrage-based theories can only provide a relative
theory of value. With what may be viewed as a minimum of assumptions, they

"The observation in footnote 5, however, suggests this could be true as an approximation
only.



e offer bounds on option values as a function of the price of the underly-
ing asset, the stochastic behavior of the latter being taken as given (and
unexplained);

e permit estimating the value of arbitrary cash flows or securities using risk-
neutral measures extracted from the market prices of a set of fundamental
securities, or in the same vein, using Arrow-Debreu prices extracted from
a complete set of complex securities prices;

e explain expected returns on any asset or cash flow stream once the price of
risk associated with pure factor portfolios has been estimated from market
data on the basis of a postulated return-generating process.

Arbitrage-based theories currently have the upper hand in practitioners’ cir-
cles where their popularity far outstrips the degree of acceptance of equilibrium
theories. This, possibly temporary, state of affairs may be interpreted as a
measure of our ignorance and the resulting need to restrain our ambitions.
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Part V

Extensions



Chapter 14 : Portfolio Management in the Long
Run

14.1 Introduction

The canonical portfolio problem (Section 5.1) and the MPT portfolio selection
problem embedded in the CAPM are both one-period utility-of-terminal-wealth
maximization problems.

As such the advice to investors implicit in these theories is astonishingly
straightforward:

(i) Be well diversified. Conceptually this recommendation implies that the
risky portion of an investor’s portfolio should resemble (be perfectly positively
correlated with) the true market portfolio M. In practice, it usually means
holding the risky component of invested wealth as a set of stock index funds,
each one representing the stock market of a particular major market capitaliza-
tion country with the relative proportions dependent upon the relevant ex-ante
variance-covariance matrix estimated from recent historical data.

(ii) Be on the capital market line. That is, the investor should allocate his
wealth between risk free assets and the aforementioned major market portfolio
in proportions that are consistent with his subjective risk tolerance. Implicit in
this second recommendation is that the investor first estimates her coeflicient of
relative risk aversion as per Section 4.5, and then solves a joint savings-portfolio
allocation problem of the firm illustrated in Section 5.6.3. The risk free rate
used in these calculations is customarily a one year T-bill rate in the U.S. or its
analogue elsewhere.

But what should the investor do next period after this period’s risky portfolio
return realization has been observed?” Our one period theory has nothing to
say on this score except to invite the investor to repeat the above two step
process possibly using an updated variance-covariance matrix and an updated
risk free rate. This is what is meant by the investor behaving myopically. Yet
we are uneasy about leaving the discussion at this level. Indeed, a number of
important considerations seem purposefully to be ignored by following such a
set of recommendations.

1) Equity return distributions have historically evolved in a pattern that
is partially predictable. Suppose, for example, that a high return realization
in the current period is on average followed by a low return realization in the
subsequent period. This variation in conditional returns might reasonably be
expected to influence intertemporal portfolio composition.

2) While known ex-ante relative to the start of a period, the risk free rate
also varies through time (for the period 1928-1985 the standard deviation of the
U.S. T-bill rate is 5.67%). From the perspective of a long term U.S. investor,
the one period T-bill rate no longer represents a truly risk free return. Can any
asset be viewed as risk free from a multiperiod perspective?

3) Investors typically receive labor income, and this fact will likely affect
both the quantity of investable savings and the risky-risk free portfolio compo-



sition decision. The latter possibility follows from the observation that labor
income may be viewed as the “dividend” on an implicit non-tradeable human
capital asset, whose value may be differentially correlated with risky assets in
the investor’s financial wealth portfolio.! If labor income were risk free (tenured
professors!) the presence of a high value risk free asset in the investor’s over-
all wealth portfolio will likely tilt his security holdings in favor of a greater
proportion in risky assets than would otherwise be the case.

4) There are other life-cycle considerations: savings for the educational ex-
penses of children, the gradual disappearance of the labor income asset as re-
tirement approaches, etc. How do these obligations and events impact portfolio
choice?

5) There is also the issue of real estate. Not only does real estate (we are
thinking of owner-occupied housing for the moment) provide a risk free service
flow, but it is also expensive for an investor to alter his stock of housing. How
should real estate figure into an investor’s multiperiod investment plan?

6) Other considerations abound. There are substantial taxes and transac-
tions costs associated with rebalancing a portfolio of securities. Taking these
costs into account, how frequently should a long term investor optimally alter
his portfolio’s composition?

In this chapter we propose to present some of the latest research regarding
these issues. Our perspective is one in which investors live for many periods
(in the case of private universities, foundations or insurance companies, it is
reasonable to postulate an infinite lifetime). For the moment, we will set aside
the issue of real estate and explicit transactions costs, and focus on the problem
of a long-lived investor confronted with jointly deciding, on a period by period
basis, not only how much he should save and consume out of current income,
but also the mix of assets, risky and risk free, in which his wealth should be
invested.

In its full generality, the problem confronting a multiperiod investor-saver
with outside labor income is thus:

T
max F stu(c 14.1
max (Z ( a) (14.1)

st. Cpr = Sp_iap—_1(1+7p) + Sr_1(1 —anl)(l-‘rT'f,T)-l-f/T, t=1T
Ci+ S < Siqar (1 +7)+Si (1 —ar1)A+rpe) + Ly 1<t<T—1
Co+Sy < Yg+Lg, t=0

where L; denotes the investor’s (possibly uncertain) period ¢ labor income, and
7 represents the period t return on the risky asset which we shall understand

Hn particular, the value of an investor’s labor income asset is likely to be highly correlated
with the return on the stock of the firm with whom he is employed. Basic intuition would
suggest that the stock of one’s employer should not be held in significant amounts from a
wealth management perspective.



to mean a well diversified stock portfolio.?

Problem (14.1) departs from our earlier notation in a number of ways that
will be convenient for developments later in this chapter; in particular, Cy and
S; denote, respectively, period ¢ consumption and savings rather that their lower
case analogues (as in Chapter 5).

The fact that the risk free rate is indexed by ¢ admits the possibility that this
quantity, although known at the start of a period, can vary from one period to
the next. Lastly, a; will denote the proportion of the investor’s savings assigned
to the risky asset (rather that the absolute amount as before).

All other notation is standard; problem (14.1) is simply the multiperiod ver-
sion of the portfolio problem in Section 5.6.3 augmented by the introduction
of labor income. In what follows we will also assume that all risky returns are
lognormally distributed, and that the investor’s U(C}) is of the power utility
CRRA class. The latter is needed to make certain that risk aversion is inde-
pendent of wealth. Although investors have become enormously wealthier over
the past 200 years, risk free rates and the return premium on stocks have not
changed markedly, facts otherwise inconsistent with risk aversion dependent on
wealth.

In its full generality, problem (14.1) is both very difficult to solve and be-
grudging of intuition. We thus restrict its scope and explore a number of special
cases. The natural place to begin is to explore the circumstances under which
the myopic solution of Section 5.3 carries over to the dynamic context of problem
(14.1).

14.2 The Myopic Solution

With power utility, an investor’s optimal savings to wealth ratio will be constant
so the key to a fully myopic decision rule will lie in the constancy of the a
ratio. Intuitively, if the same portfolio decisions are to be made, a natural
sufficient condition would be to guarantee that the investor is confronted by the
same opportunities on a period by period basis. Accordingly, we assume the
return environment is not changing through time; in other words that r¢; =
ry is constant and {7} is independently and identically distributed. These
assumptions guarantee that future prospects look the same period after period.
Further exploration mandates that L, = 0 (with constant r¢, the value of this
asset will otherwise be monotonically declining which is an implicit change in
future wealth). We summarize these considerations as:

Theorem 14.1 (Merton, 1971)
Consider the canonical multiperiod consumption-saving-portfolio allocation
problem (14.1); suppose U(-) displays CRRA, 7 is constant and {r,} is i.i.d.

2This portfolio might be the market portfolio M but not necessarily. Consider the case
in which the investor’s labor income is paid by one of the firms in M. It is likely that this
particular firm’s shares would be underweighted (relative to M) in the investor’s portfolio.



Then the ratio a; is time invariant.3

This is an important result in the following sense. It delineates the condi-
tions under which a pure static portfolio choice analysis is generalizable to a
multiperiod context. The optimal portfolio choice — in the sense of the alloca-
tion decision between the risk free and the risky asset — defined in a static one
period context will continue to characterize the optimal portfolio decision in the
more natural multiperiod environment. The conditions which are imposed are
easy to understand: If the returns on the risky asset were not independently
distributed, today’s realization of the risky return would provide information
about the future return distribution which would almost surely affect the allo-
cation decision. Suppose, for example, that returns are positively correlated.
Then a good realization today would suggest high returns are more likely again
tomorrow. It would be natural to take this into account by, say, increasing
the share of the risky asset in the portfolio (beware, however, that, as the first
sections of Chapter 5 illustrate, without extra assumption on the shape of the
utility function — beyond risk aversion — the more intuitive result may not gen-
erally obtain. We will be reminded of this in the sequel of this chapter where,
in particular, the log utility agent will stand out as a reference). The same can
be said if the risk free rate is changing through time. In a period of high risk
free rates, the riskless asset would be more attractive, all other things equal.

The need for the other assumption — the CRRA utility specification — is
a direct consequence of Theorem 5.5. With another utility form than CRRA,
Theorem 5.5 tells us that the share of wealth invested in the risky asset varies
with the “initial” wealth level, that is, the wealth level carried over from the
last period. But in a multiperiod context, the investable wealth, that is, the
savings level, is sure to be changing over time, increasing when realized returns
are favorable and decreasing otherwise. With a non-CRRA utility function,
optimal portfolio allocations would consistently be affected by these changes.

Now let us illustrate the power of these ideas to evaluate an important
practical problem. Consider the problem of an individual investor saving for
retirement: at each period he must decide what fraction of his already accumu-
lated wealth should be invested in stocks (understood to mean a well diversified
portfolio of risky assets) and risk free bonds for the next investment period.
We will maintain the L; = 0 assumption. Popular wisdom in this area can be
summarized in the following three assertions:

(1) Early in life the investor should invest nearly all of his wealth in stocks
(stocks have historically outperformed risk free assets over long (20 year) pe-
riods), while gradually shifting almost entirely into risk free instruments as
retirement approaches in order to avoid the possibility of a catastrophic loss.

(2) If an investor is saving for a target level of wealth (such as, in the U.S.,
college tuition payments for children), he should gradually reduce his holdings

3If the investor’s period utility is log it is possible to relax the independence assumption.
This important observation, first made by Samuelson (1969), will be confirmed later on in
this chapter.



in stocks as his wealth approaches the target level in order to minimize the risk
of a shortfall due to an unexpected market downturn.

(3) Investors who are working and saving from their labor income should
rely more heavily on stocks early in their working lives, not only because of
the historically higher returns that stocks provide but also because bad stock
market returns, early on, can be offset by increased saving out of labor income
in later years.

Following Jagannathan and Kocherlakota (1996), we wish to subject these
assertions to the discipline imposed by a rigorous modeling perspective. Let us
maintain the assumptions of Theorem (14.1) and hypothesize that the risk free
rate is constant, that stock returns {7;} are i.i.d., and that the investor’s utility
function assumes the standard CRRA form.

To evaluate assertion (1), let us further simplify Problem (14.1) by abstract-
ing away from the consumption-savings problem. This amounts to assuming
that the investor seeks to maximize the utility of his terminal wealth, Y in
period T, the planned conclusion of his working life. As a result, S; = Y; for
every period ¢ < T (no intermediate consumption). Under CRRA we know that
the investor would invest the same fraction of his wealth in risky assets every
period (disproving the assertion), but it is worthwhile to see how this comes
about in a simple multiperiod setting.

Let 7 denote the (invariant) risky return distribution; the investor solves:

e {02}

{a¢} I—7v

s.t. Yr = aT_lYT_l(l + ’I:T) + (1 — aT_l)YT_l(l + Tf), t="T
YVi=a 1Y (1 4+7) + (1 —ai1)Yea(T+ry), 1<t <T -1
Yy given.

Problems of this type are most appropriately solved by working backwards:
first solving for the T'—1 decision, then solving for the T'— 2 decision conditional
on the T'— 1 decision and so on. In period T — 1 the investor solves:

maxB ((1—=7)"" {lar1 Yra(1+7) + (1 = ar1)Vra (1 + )]
The solution to this problem, ar_1 = a, satisfies the first order condition

E{lal+7m)+Q—-a)1+ry)] " (F—rf)} =0

As expected, because of the CRRA assumption the optimal fraction invested
in stocks is independent of the period T'— 1 wealth level. Given this result, we



can work backwards. In period T — 2, the investor rebalances his portfolio,
knowing that in 7" — 1 he will invest the fraction a in stocks. As such, this
problem becomes:

maxE((l — 7)71{[QT—2YT—2(1 + 77) + (]. — aT_Q)YT_Q(]. + T’f)]

ar—2

@(l+7)+ 1 —a)l+rp)]} ) (14.2)

Because stock returns are i.i.d., this objective function may be written as
the product of expectations as per

Ela(1+7)+ (1 —a)(1+rp)) 7.
maX}E{l — ) Har—oYieo(1+7) + (1 —ap_o)Yr_o(1+7p)]' 7} (14.3)

{ar—2

Written in this way the structure of the problem is no different from the
prior one, and the solution is again ar_s = a. Repeating the same argument it
must be the case that a; = @ in every period, a result that depends critically not
only on the CRRA assumption (wealth factors out of the first order condition)
but also on the independence. The risky return realized in any period does
not alter our belief about the future return distributions. There is no mean-
ingful difference between the long (many periods) run and the short run (one
period): agents invest the same fraction in stocks irrespective of their portfolio’s
performance history. Assertion (1) is clearly not generally valid.

To evaluate our second assertion, and following again Jagannathan and
Kocherlakota (1996), let us modify the agent’s utility function to be of the
form

U(YT) = { 1—v —

where Y is the target level of wealth. Under this formulation it is absolutely
essential that the target be achieved: aslong as there exists a positive probability
of failing to achieve the target the investor’s expected utility of terminal wealth
is —oo. Accordingly we must also require that

Yo(1 —|—7‘f)T >Y;

in other words, that the target can be attained by investing everything in risk
free assets. If such an inequality were not satisfied, then every strategy would
yield an expected utility of —oo, with the optimal strategy thus being indeter-
minate.

A straightforward analysis of this problem yields the following two step so-
lution:

Step 1: always invest sufficient funds in risk free assets to achieve the target
wealth level with certainty, and



Step 2: invest a constant share a* of any additional wealth in stock, where
a* is time invariant.

By this solution, the investor invests less in stocks than he would in the
absence of a target, but since he invests in both stocks and bonds, his wealth
will accumulate, on average, more rapidly than it would if invested solely at the
risk free rate, and the stock portion of his wealth will, on average, grow faster.
As a result, the investor will typically use proportionally less of his resources
to guarantee achievement of the target. And, over time, targeting will tend to
increase the share of wealth in stocks, again contrary to popular wisdom!

In order to evaluate assertion (3), we must admit savings from labor income
into the analysis. Let {L;} denote the stream of savings out of labor income.
For simplicity, we assume that the stream of future labor income is fully known
at date 0. The investor’s problem is now:

YT = LT + CLT_1YT_1(1 + ’I:T) —|— (1 — aT_l)YT_l(l —|— Tf), t= T
Y, <Li+a 1Y (L+7)+(1—a1)Yia(I+7y), 1<t <T—1
Yo; {Lidiy  given.

We again abstract away from the consumption-savings problem and focus
on maximizing the expected utility of terminal wealth.

In any period, the investor now has two sources of wealth, financial wealth,
Y, where

VI =Li+a1Yia(L+r) + (1 — aim1)Yior (14 75)

(r; is the period t realized value of 7), and “labor income wealth”, Y;*, is mea-
sured by the present value of the future stream of labor income. As mentioned,
we assume this income stream is risk free with present value,
L L
(1+7“f) (1+7“f) -

Since the investor continues to have CRRA preferences, he will, in every
period, invest a constant fraction of his total wealth a in stocks, where a depends
only upon his CRRA and the characteristics of the return distributions 7 and
Ty; le.,

Ay =a(y," + Y,

where A; denotes the amount invested in the risky financial asset.

As the investor approaches retirement, his Y,* declines. In order to maintain
the same fraction of wealth invested in risk free assets, the fraction of financial
wealth invested in stocks,
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must decline on average. Here at least the assertion has theoretical support,
but for a reason different from what is commonly asserted.

In what follows we will consider the impact on portfolio choice of a variety
of changes to the myopic context just considered. In particular, we explore
the consequences of relaxing the constancy of the risk free rate and return
independence for the aforementioned recommendations. In most (but not all)
of the discussion we’ll assume an infinitely lived investor (7" = oo in Problem
(14.1)). Recall that this amounts to postulating that a finitely lived investor is
concerned for the welfare of his descendants. In nearly every cases it enhances
tractability. As a device for tying the discussion together, we will also explore
how robust the three investor recommendations just considered are to a more
general return environment.

Our first modification admits a variable risk free rate; the second generalizes
the return generating proces on the risky asset (no longer ii.d. but ‘mean
reverting’). Our remarks are largely drawn from a prominent recent publication,
Campbell and Viceira (2002).

Following the precedents established by these authors, it will prove conve-
nient to log-linearize the investor’s budget constraint and optimality conditions.
Simple and intuitive expression for optimal portfolio proportions typically re-
sult. Some of the underlying deviations are provided in an Appendix available
on this text’s website; others are simply omitted when they are lengthy and
complex and where an attractive intuitive interpretation is available.

In the next section the risk free rate is allowed to vary, although in a partic-
ularly structured way.

14.3 Variations in the Risk Free Rate

Following Campbell and Viceira (2002) we specialize Problem (14.1) to admit
a variable risk free rate. Other assumptions are:

(i) Ly = 0 for all ¢; there is no labor income so that all consumption comes
from financial wealth alone;

(ii) T = oo, that is, we explore the infinite horizon version of Problem (14.1);
this allows a simplified description of the optimality conditions on portfolio
choice;

(iii) All relevant return random variables are lognormal with constant vari-
ances and covariances. This is an admittedly strong assumption as it mandates
that the return on the investor’s portfolio has a constant variance, and that the
constituent assets have constant variances and covariances with the portfolio
itself. Thus, the composition of the risky part of the investor’s portfolio must
itself be invariant. But this will be optimal only if the expected excess returns
above the risk free rate on these same constituent assets are also constant. Ex-
pected returns can vary over time but, in effect, they must move in tandem with



the risk free rate. This assumption is somewhat specialized but it does allow
for unambiguous conclusions.

(iv) The investor’s period utility function is of the Epstein-Zin variety (cf.
Section 4.7). In this case the intertemporal optimality condition for Problem
(14.1) when T = oo and there are multiple risky assets, can be expressed as

0 1-6

Rivsn (14.4)

Cip1) *
6 P
( Cy )

where R” is the period ¢ gross return on any available asset (risk free or other-

1

Rpii1

].ZEt

wise, including the portfolio itself) and Rp,t is the period t overall risky port-
folio’s gross return. Note that, consumption Cy, and the various returns prt
and RH are capitalized; we will henceforth denote the logs of these quantities
by their respective lower case counterparts.* Equation (14.4) is simply a re-

statement of equation (9.28) where ~ is the risk aversion parameter, p is the
(1=
(1-3)"

Bearing in mind assumptions (i) - (iv), we now proceed, first to the investor’s
budget constraint, and then to his optimality condition. The plan is to loglin-
earize each in a (rather lengthy) development to our ultimate goal, equation
(14.20).

elasticity of intertemporal substitution and 6 =

14.3.1 The budget constraint

In a model with period consumption exclusively out of financial wealth, the
intertemporal budget constraint is of the form

Yir1 = (Rpiy1)(Ye — Cy), (14.5)
where the risky portfolio P potentially contains many risky assets; equivalently,

Y1
Y,

or, taking the log of both sides of the equation,

= (Rps+1)(1 = ), (14.6)

Ayy1 =logYi11 —logY; =log(Rp+1) + log(1 — exp(log C; —log Y})).

Recalling our identification of a lower case variable with the log of that
variable we have

Ayipr =rpir1 +log(l —exp(es — yi))-

4At least with respect to returns, this new identification is consistent with our earlier
notation in the following sense : in this chapter we identify rs =4.f log R¢. In earlier chapters
r¢ denoted the net return by the identification Ry = 1 + r;. However, r¢ =def log Ry =
log(1 + r¢) =~ r¢, for net returns that are not large. Thus even in this chapter we may think
of r¢ as the net period ¢ return.
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Assuming that the log (%‘) is not too variable (essentially this places us in the
p =7 =1 —the log utility case), then the right most term can be approximated
around its mean to yield (see Taylor, Campbell and Viceira (2001)):

1
Ayppr =k +rp + (1 — E)(Ct —Yt), (14.7)

where ky and ko < 1 are constants related to exp(E(c; — yt)).

Speaking somewhat informally in a fashion that would identify the log of a
variable with the variable itself, equation (14.7) simply states that wealth will
be higher next period (¢ 4+ 1) in a manner that depends on both the portfolio’s
rate of return (rp;+1) over the next period and on this period’s consumption
relative to wealth. If ¢; greatly exceeds y;, wealth next period cannot be higher!

We next employ an identity to allow us to rewrite (14.7) in a more useful
way; it is

Ayiyr = Aceyr + (er — ye) — (Cop1 — Yer1) (14.8)

where Aciy1 = ¢ir1 — ¢ Substituting the R.H.S. of equation (14.8) into (14.7)
and rearranging terms yields

(¢t —yi) = kok1 + ka(rpes1 — Aceyr) + ka(Cea1 — Yeg1)- (14.9)

Equation (14.9) provides the same information as equation (14.7) albeit ex-
pressed differently. It states that an investor could infer his (log) consumption-
wealth ratio (¢; — y¢) in period t from a knowledge of its corresponding value
in period t + 1, (¢i+1 — y141) and his portfolio’s return (the growth rate of his
wealth) relative to the growth rate of his consumption (rp 41 — Aciy1). (Note
that our use of language again informally identifies a variable with its log.)

Equation (14.9) is a simple difference equation which can be solved forward
to yield

o0

Ct — Yt = Z(I@)j(rp}tﬂ- = Acyyj) +

Jj=1

koky
1—ko

(14.10)

Equation (14.10) also has an attractive intuitive interpretation; a high (above
average) consumption-wealth ratio ((¢; — y;) large and positive); i.e., a burst of
consumption, must be followed either by high returns on invested wealth or
lowered future consumption growth. Otherwise the investor’s intertemporal
budget constraint cannot be satisfied. But (14.10) holds ex ante relative to
time ¢ as well as ez post, its current form. Equation (14.11) provides the ex-
ante version:

koky
1—ko

oo
e —yr = By Z(kQ)j(TP,t+j — Acpyy) +
j=1
Substituting this expression twice into the R.H.S. of (14.8), substituting the
R.H.S. of (14.7) for the L.H.S. of (14.8), and collecting terms yields our final
representation for the log-linearized budget constraint equation :

(14.11)

11



Ct4+1 — EtCt+1 = (Et+1 - Et) Z(kz)jTP,tJrlJrj

j=1

Et+1 — Et Z kQ ACt+1+J (1412)
j=1

This equation again has an intuitive interpretation: if consumption in period
t + 1 exceeds its period ¢ expectation (¢, 41 > Eyciy1, a positive consumption
“surprise”), then this consumption increment must be “financed” either by an
upward revision in expected future portfolio returns (the first term on the L.H.S.
of (14.12)) or a downward revision in future consumption growth (as captured
by the second term on the L.H.S. of (14.12)). If it were otherwise, the investor
would receive “something for nothing” — as though his budget constraint could
be ignored.

Since our focus is on deriving portfolio proportions and returns, it will be
useful to be able to eliminate future consumption growth (the Ac;y14; terms)
from the above equation, and to replace it with an expression related only to
returns. The natural place to look for such an equivalence is the investor’s
optimality equation, (14.4), which directly relates the returns on his choice of
optimal portfolio to his consumption experience, log-linearized so as to be in
harmony with (14.12).

14.3.2 The Optimality Equation

The log-linearized version of (14.4) is:

0
EtACt-‘,-l = p10g5 + pEtTP,t-i-l + %UCLTt(ACtJ'_l - pr7t+1)7 (1413)

where we have specialized equation (14.4) somewhat by choosing the ith asset
to be the portfolio itself so that R; ;11 = Rp++1. The web appendix provides
a derivation of this expression, but it is more important to grasp what it is
telling us about an Epstein-Zin investor’s optimal behavior: in our partial equi-
librium setting where investors take return processes as given, equation (14.13)
states that an investor’s optimal expected consumption growth (E; (Acii1)) is
linearly (by the log linear approximation) related to the time preference pa-
rameter ¢ (an investor with a bigger ¢ will save more and thus his expected
consumption growth will be higher), the portfolio returns he expects to earn
(Eyrpg+1) , and the miscellaneous effects of uncertainty as captured by the final
term gvan (Aciy1 — prpe+1) - A high intertemporal elasticity of substitution
p means that the investor is willing to experience a steeper consumption growth
profile if there are incentives to do so and thus p premultiplies both log § and
Eyrpiyq1. Lastly, if 0 > 0, an increase in the variance of consumption growth
relative to portfolio returns leads to a greater expected consumption growth
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profile. Under this condition the variance increase elicits greater precautionary
savings in period ¢ and thus a greater expected consumption growth rate.

Under assumption (iii) of this section, however, the variance term in (14.13)
is constant, which leads to a much-simplified representation

EtACt+1 = kig + pEt’r‘pythl, (1414)

where the constant k3 incorporates both the constant variance and the time
preference term p log 6. Substituting (14.14) into (14.11) in the most straight-
forward way and rearranging terms yields

ko(k1 — k3)

oo
co—yr=1=p)E > (k2)rpsy;+ -

j=1

(14.15)

Not surprisingly, equation (14.15) suggests that the investor’s (log) con-
sumption to wealth ratio (itself a measure of how willing he is to consume out
of current wealth) depends linearly on future discounted portfolio returns, neg-
atively if p > 1 and positively if p < 1 where p is his intertemporal elasticity of
substitution. The value of p reflects the implied dominance of the substitution
over the income effect. If p < 1, the income effect dominates: if portfolio re-
turns increase, the investor can increase his consumption permanently without
diminishing his wealth. If the substitution effect dominates (p > 1), however,
the investor will reduce his current consumption in order to take advantage of
the impending higher expected returns. Substituting ( 14.15) into (14.12) yields

oo
ciy1—Eicipr = TPit+1 —EtTP,t+1 + (1 —P)(Et+1 —Et) Z(kz)]TP,t+1+j7 (14-16)
j=1
an equation that attributes period ¢ 4+ 1’s consumption surprise to (1) the un-
expected contemporaneous component to the overall portfolio’s return rp ;41 —
Eyrpi+1, plus, (2) the revision in expectation of future portfolio returns, (Ey+1—
oo

Ey) > (ko) P,t+1+;- This revision either encourages or reduces consumption de-
j=1

pending on whether, once again, the income or substitution effect dominates.

This concludes the background on which the investor’s optimal portfolio char-

acterization rests. Note that equation (14.16) defines a relationship by which

consumption may be replaced — in some other expression of interest — by a set

of terms involving portfolio returns alone.

14.3.3 Optimal Portfolio Allocations

So far, we have not employed the assumption that the expected returns on all
assets move in tandem with the risk free rate, and, indeed the risk free rate
is not explicit in any of expressions (14.2) — (14.14). We address these issues
presently.

13



In an Epstein-Zin context, recall that the risk premium on any risky asset
over the safe asset, Eyrp¢11—7f,+1, is given by equation (9.32) which is recopied
below:

O't2 0 COVt(Tt+1, ACt+1)

Eyryp1 —rpge + 5 = P + (1 —6)covy(rie1,mpyy1) (14.17)

where 7,41 denotes the return on the stock portfolio, 7p ;41 is the return on
the portfolio of all the investor’s assets, that is, including the “risk free” one.
Note that implicit in assumption (iii) is the recognition that all variances and
covariances are constant despite the time dependency in notation.

From expression (14.16) we see that the covariance of (log) consumption
with any variable (and we have in mind its covariance with the risky return
variable of (14.17)) may be replaced by the covariance of that variable with the
portfolio’s contemporaneous return plus (1 — p) times the expectations revisions
concerning future portfolio returns. Eliminating in this way consumption from
(14.17) via a judicious insertion of (14.16) yields

o2

EtTt+1 — Tfi+1 + é = ")/COVt(TH_l, rP,t—Q—l) + (1418)

o0
(v = Deovy | 7e41, (Bryr — E) Z TP+
=1

As noted in Campbell and Viceira (2002), equations (14.16 ) and (14.18)
delineate in an elegant way the consequences of the Epstein and Zin separation
of time and risk preferences. In particular, in equation (14.16) it is only the
time preference parameter p which relates current consumption to future returns
(and thus income) — a time preference effect, while, in (14.18), it is only v, the
risk aversion coefficient, that appears to influence the risk premium on the risky
asset.

If we further recall (assumption (iii)) that variation in portfolio expected
returns must be exclusively attributable to variation in the risk-free rate, it
follows logically that revisions in expectations of the former must uniquely follow
from revisions of expectations of the latter:

(ko) rpisie; = (Begr — By) Y (ko) rpiq14- (14.19)

1 J

(Bt1 — Ey)

Nk
Mg

1

J

In a model with one risky asset (in effect the risky portfolio whose compo-
sition we are a-priori holding constant),

2 2
oV (Tt41, Tpi+1) = G0 = G0 py

where a; is, as before, the risky asset proportion in the portfolio.
Substituting both this latter expression and identification (14.19) into equa-
tion (14.18) and solving for a; gives the optimal, time invariant portfolio weight
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on the risky asset.

2

1 | Eyr -r + 3
o = a=- t7t4+1 §>t+1 2 (14.20)
2l Ot
1.1 —
+(1 - ?Pcovt Te+1, = (Brv1 — Ey) Z Yrririss |
t J=1

our first portfolio result. Below we offer a set of interpretative comments related
to it.

(1) The first term in (14.20) represents the myopic portfolio demand for the
risky asset, myopic in the sense that it describes the fraction of wealth invested
in the risky portfolio when the investor ignores the possibility of future risk free
rate changes. In particular, the risky portfolio proportion is inversely related
to the investor’s CRRA (), and positively related to the risk premium. Note,
however, that these rate changes are the fundamental feature of this economy in
the sense that variances are fixed and all expected risky returns move in tandem
with the risk free rate.

(2) The second term in (14.20) captures the risky asset demand related to
its usefulness for hedging intertemporal interest rate risk. The idea is as follows.
We may view the risk free rate as the “base line” return on the investor’s wealth
with the risky asset providing a premium on some fraction thereof If expected

future risk free returns are revised downwards, ( —(FEy+1 — Ey) Z (ko) 7 f 414

j=1
increases), the investor’s future income (consumption) stream will be reduced
unless the risky asset’s return increases to compensate. This will be so on
average if the covariance term in equation (14.20) is positive. It is in this sense
that risky asset returns (r;11) can hedge risk free interest rate risk. If the
covariance term is negative, however, risky asset returns only tend to magnify
the consequences of a downward revision in expected future risk free rates. As
such, a long term investor’s holding of risky assets would be correspondingly
reduced.

These remarks have their counterpart in asset price changes: if risk free rates
rise (bond prices fall) the investor would wish for changes in the risky portion
of his portfolio to compensate via increased valuations.

(3) As the investor becomes progressively more risk averse (y — o0), he
will continue to hold stocks in his portfolio, but only because of their hedging
qualities, and not because of any return premium they provide. An analogous
myopic investor would hold no risky assets.

(4) Note also that the covariance term in (14.20) depends on changes in
expectations concerning the entire course of future interest rates. It thus follows
that the investor’s portfolio allocations will be much more sensitive to persistent
changes in the expected risk free rate than to transitory ones.

Considering all the complicated formulae that have been developed, the con-
clusions thus far are relatively modest. An infinitely lived investor principally
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consumes out of his portfolio’s income and he wishes to maintain a stable con-
sumption series. To the extent that risky equity returns can offset (hedge)
variations in the risk free rate, investors are provided justification for increasing
the share of their wealth invested in the high return risky asset. This leads us to
wonder if any asset can serve as a truly risk free one for the long term investor.

14.3.4 The Nature of the Risk Free Asset

Implicit in the above discussion is the question of what asset, if any, best serves
as the risk free one. From the long term investor’s point of view it clearly
cannot be a short-term money market instrument (e.g., a T-bill), because its
well-documented rate variation makes uncertain the future reinvestment rates
that the investor will receive.

We are reminded at this juncture, however, that it is not the return risk,
per se, but the derived consumption risk that is of concern to investors. Viewed
from the consumption perspective, a natural candidate for the risk free asset is
an indexed consol bond which pays (the real monetary equivalent of) one unit
of consumption every period. Campbell, Lo, and MacKinlay (1997) show that
the (log) return on such a consol is given by

o0

Tett1 = Tfr1 + ka — (Bipr — Z 714 (14.21)
j=1

where k4 is a constant measuring the (constant) risk premium on the consol,
and ks is another positive constant less than one. Suppose, as well that we have
an infinitely risk averse investor (y = o0) so that (14.20) reduces to

1 o0
a = ?covt Ti+1, — Et+1 E r‘f7t+1+j 5 (14.22)
t
Jj=1

and that the single risky asset is the consol bond (1441 = 7¢++1). In this case
(substituting (14.21) into (14.22) and observing that constants do not matter
for the computing of covariances), a = 1: the highly risk averse investor will
eschew short term risk free assets and invest entirely in indexed bonds. This
alone will provide him with a risk free consumption stream, although the value
of the asset may change from period to period.

14.3.5 The Role of Bonds in Investor Portfolios

Now that we allow the risk free rate to vary, let us return to the three life cy-
cle portfolio recommendations mentioned in the myopic choice section of this
chapter. Of course, the model — with an infinitely-lived investor — is, by con-
struction, not the appropriate one for the life cycle issues of recommendation 2
and, being without labor income, nothing can be said regarding recommenda-
tion 3 either. This leaves the first recommendation, which really concerns the
portfolio of choice for long term investors. The single message of this chapter
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subsection must be that conservative long term investors should invest the bulk
of their wealth in long term index bonds. If such bonds are not available, then
in an environment of low inflation risk, long term government securities are a
reasonable, second best substitute. For persons entering retirement — and likely
to be very concerned about significant consumption risk — long term real bonds
should be the investment vehicle of choice.

This is actually a very different recommendation from the static one period
portfolio analysis which would argue for a large fraction of a conservative in-
vestor’s wealth being assigned to risk free assets (T-bills). Yet we know that
short rate uncertainty, which the long term investor would experience every time
she rolled over her short term instruments, makes such an investment strategy
inadvisable for the long term.

14.4 The Long Run Behavior of Stock Returns

Should the proportion of an investor’s wealth invested in stocks differ system-
atically for long term versus short term investors? In either case, most of the
attractiveness of stocks (by stocks we will continue to mean a well diversified
stock portfolio) to investors lies in their high excess returns (recall the equity
premium puzzle of Chapter 9). But what about long versus short term equity
risk; that is, how does the ex ante return variance of an equity portfolio held
for many periods compare with its variance in the short run?

The ex post historical return experience of equities versus other investments
turns out to be quite unexpected in this regard.

From Table 14.1 it is readily apparent that, historically, over more than 20
year time horizons, stocks have never yielded investors a negative real annualized
return, while for all other investment types this has been the case for some
sample period. Are stocks in fact less risky than bonds for an appropriately
“long run”?

In this section, we propose to explore this issue via an analysis of the follow-
ing questions:

(1) What are the intertemporal equity return patterns in order that the
outcomes portrayed in Table 14.1 be pervasive and not just represent the real-
izations of extremely low-probability events;

(2) Given a resolution of (1), what are the implications for the portfolio
composition of long term versus short term investors; and,

(3) How does a resolution of questions (1) and (2) modify the myopic re-
sponse to the long run investment advice of Section 14.27

It is again impossible to answer these questions in full generality. Following
Campbell and Viceira (1999), we elect to examine investor portfolios composed
of one risk free and one risky asset (a diversified portfolio). Otherwise, the
context is as follows:

(i) the investor is infinitely-lived with Epstein-Zin preferences so that (14.4)
remains as the investor’s intertemporal optimality condition; furthermore, the
investor has no labor income;
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Table 14.1(): Minimum and Maximum Actual Annualized Real
Holding Period Returns for the Period 1802-1997 U.S. Securities
Markets Variety of Investment Options

Maximum Observed Return

Stocks
Bonds
T-Bills

Stocks
Bonds
T-Bills

Stocks
Bonds
T-Bills

Stocks
Bonds
T-Bills

Stocks
Bonds
T-Bills

Stocks
Bonds
T-Bills

66.6%
35.1%
23.7%

41.0%
24.7%
21.6%

26.7%
17.7%
14.9%

16.9%
12.4%
11.6%

12.6%
8.8%
8.3%

10.6%
7.4%
7.6%

Minimum Observed Return

One Year Holding Period
—38.6%
—21.9%
—15.6%
Two Year Holding Period
—31.6%
—15.9%
-15.1%
Five Year Holding Period
—11.0%
—10.1%
—8.2%
Ten Year Holding Period
—4.1%()
—5.4%
—5.1%
Twenty Year Holding Period
1.0%
-3.1%
-3.0%
Thirty Year Holding Period
2.6%
—-2.0%
—1.8%

() Source: Siegel (1998), Figure 2-1
(#) Notice that beginning with a ten year horizon, the minimum observed stock
return exceeded the corresponding minimum bill and bond returns.
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(ii) the log real risk free rate is constant from period to period. Under this
assumption, all risk free assets — long or short term — pay the same annualized
return. The issues of Section 14.3 thus cannot be addressed;

(iii) the equity return generating process builds on the following observations:

First, note that the cumulative log return over T periods under an i.i.d.
assumption is given by

41 + T2 + oo+ Tt

so that

var(rep1 + repo + o+ 1) = Tvar(repr) > Tvar(ry ).

For U.S. data, var(ry+1) =~ (.167)? (taking the risky asset as the S&P500
market index) and var(ry1) = (.057)? (measuring the risk free rate as the
one-year T-bill return). With a T' = 20 year time horizon, the observed range
of annualized relative returns given by Table 14.1 is thus extremely unlikely to
have arisen from an i.i.d. process. What could be going on?

For an ii.d. process, the large relative twenty-year variance arises from
the possibility of long sequences, respectively, of high and low returns. But
if cumulative stock returns are to be less variable than bond returns at long
horizons, some aspect of the return generating process must be discouraging
these possibilities. That aspect is referred to as “mean reversion”: the tendency
of high returns today to be followed by low returns tomorrow on an expected
basis and vice versa. It is one aspect of the “predictability” of stock returns and
is well documented beyond the evidence in Table 14.1.%

5It is well known that stock returns are predicted by a number of disparate variables.
Perhaps the most frequently cited predictive variable is log(Dt/Pt) = dy — p¢, the log of the
dividend/price ratio at long horizons. In particular, regressions of the form

Teggk =Tt41+ o+ repn = Bu(de — pt) + €404k

obtain a R? of an order of magnitude of .3. In the above expression r¢y; denotes the log
return on the value weighted index portfolio comprising all NYSE, AMEX, and NASDAQ
stocks in month ¢ + j, d¢ is the log of the sum of all dividends paid on the index over the
entire year preceding period t, and P; denotes the period t value of the index portfolio. See
Campbell et. al. (1997) for a detailed discussion. More recently, Santos and Veronesi (2004)
study regressions whereby long horizon excess returns (above the risk free rate) are predicted
by lagged values of the (U.S. data) aggregate labor income/consumption ratio:

Tipk =01 + Brsy + etk

where s}’ = wy/cy; we is measured as period t total compensation to employees and ¢t
denotes consumption of non-durables plus services (quarterly data). For the period 1948-
2001, for example, they obtain an adjusted R? of .42 for k = 16 quarters. Returns are
computed in a manner identical to Campbell et al. (1997) just mentioned. The basic logic
is as follows: when the labor income/consumption ratio is high, investors are less exposed to
stock market fluctuations (equity income represents a small fraction of total consumption) and
hence demand a lower premium. Stock prices are thus high. Since the s} ratio is stationary
(and highly persistent in the data) it will eventually return to its mean value suggesting a
lower future tolerance for risk, a higher risk premium, lower equity prices and low future
returns. Their statistical analysis concludes that the labor income/consumption ratio does
indeed move in a direction opposite to long horizon returns. Campbell and Cochrane (1999)

19



Campbell and Viceira (1999) statistically model the mean reversion in stock
returns in a particular way that facilitates the solution to the associated portfolio
allocation problem. In particular, they assume the time variation in log return
on the risky asset is captured by:

Tit+1 — Et’l“t+1 = Ut+4+1, Ut41 ™~ ]\7(07 O'Z), (14.23)

where u;yjcaptures the unexpected risky return component or “innovation.”
In addition, the expected premium on this risky asset is modeled as evolving

according to:
2

Eyrepr —rp+ 0—2“ =1, (14.24)

where z; itself is a random variable following an AR(1) process with mean Z,
persistence parameter ¢, and random innovation ;11 ~ N (0, 0727) :

Tiy1 = T+ (15(1'25 — i’) + Ne+1- (1425)

The z; random variable thus moves slowly (depending on ¢) with a tendency
to return to its mean value. Lastly, mean reversion is captured by assuming
cov(n+1, Ut+1) = Oy < 0, which translates, as per below, into a statement
about risky return autocorrelations:

0> oy = cov(upy1, m1) = cove[(Tep1 — Eyrign), (Te41 — T — ¢ — 7))
= COVt(Tt+17 xtJrl)
o2
= covi(riq1, Byrepo —1f + ?“)
2
= covi(Teq1, Teqo — Uppo — T¢ + 7“)

= COVy (Tt+17 Tt42 )7

a high return today reduces expected returns next period. Thus,

varg (’l"t+1 + 7"t+2) = 2vart (Tt+1) + 2COVt (’I’t+1, Tt+2) < 2vart (Tt+1),
in contrast to the independence case. More generally, for all horizons k,

varg (’I“t+1 + Tigo2 + ...+ TtJrk)
kvart (Tt+1)

stocks will appear to be relatively safer to long term investors. This concludes
assumption (iii) and its interpretation. We next explore what this environment
implies for optimal investment proportions.

are also able to replicate many of the predictability results of the empirical literature using a
slow moving external habit formation model.

2
6We are reminded that the presence of the %‘ term in (14.24) follows from the fact that
for any lognormal random variable z, log Ftzt+1 = E¢log z¢+1 + %vart log z¢4+1
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14.4.1 Solving for Optimal Portfolio Proportions in a Mean Rever-
sion Environment

Campbell and Viceira (1999) manipulate the log linearized version of (the op-
timality condition for Epstein-Zin utility (14.4) in conjunction with (14.23) -
(14.25) to obtain:

a; = ag + a1xy (14.26)

¢t =y = bo + brxy + boa?, (14.27)

where a; is the (time varying) wealth proportion invested in the risky asset
and (14.27) describes the behavior of the (log) consumption-wealth ratio. The
terms ag, a1, by, b1, ba, are constants; of special interest are those defining the
time varying risky asset proportion:

ap = (1— %) [(1b_1p> +23(1 — ) <1b_2p>} <_5£“> and  (14.28)
0Dl ()

Note that in the case of a myopic investor (v = 1) who holds stocks only
because of the (conditional) excess returns they offer, ap = 0 and a; = U% This

ayp = (1

suggests that all the other terms present in the expressions defining aouand ai
must be present to capture some aspect of a non-myopic investor’s intertemporal
hedging demand.

What is meant by this latter expression in this particular context? With
Z > 0, investors are typically long in stocks (the risky asset) in order to capture
the excess returns they provide on average. Suppose in some period ¢+ 1, stock
returns are high, meaning that stock prices rose a lot from ¢ to ¢ + 1 (uzqq is
large). To keep the discussion less hypothetical, let’s identify this event with
the big run-up in stock prices in the late 1990s. Under the o, < 0 assumption,
expected future returns are likely to decline, and perhaps even become negative
(41 is small, possibly negative so that z;y; is small and thus, via (14.24), so
is Ers11). Roughly speaking this means stock prices are likely to decline - as
they did in the 2000-2004 period! In anticipation of future price declines, long
term investors would rationally wish to assemble a short position in the risky
portfolio, since this is the only way to enhance their wealth in the face of falling
prices (ry is constant by assumption). Most obviously, this is a short position in
the risky portfolio itself, since negative returns must be associated with falling
prices.

These thoughts are fully captured by (14.26) -(14.27). Campbell and Viceira
(2002) argue that the empirically relevant case is the one for which z > 0,
1b_1p > 0, 1b_2p > 0, and o0y, < 0. Under these circumstances, ag > 0, and
ay > 0, for a sufficiently risk averse investor (v > 1). If uy4 is large then 741
is likely to be small - let’s assume negative - and ‘large’ in absolute value if |0,
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is itself large. Via portfolio allocation equation (14.26), the optimal a; < 0 - a
short position in the risky asset.

This distinguishing feature of long term risk averse investors is made more
striking if we observe that with o,, < 0, such an investor will maintain a
position in the risky asset if average excess returns, £ = 0: Even in this case
ag > 0 (provided v > 1). Thus if 2; = 0 (no excess returns to the risky
asset), the proportion of the investor’s wealth in stocks is still positive. In a
one period CAPM investment universe, a mean-variance myopic investor would
invest nothing in stocks under these circumstances. Neither would the myopic
expected utility maximizer of Theorem 4.1.

All this is to observe that a risk averse rational long term investor will use
whatever means are open to him, including shorting stocks, when he (rationally)
expects excess future stock returns to be sufficiently negative to warrant it. A
major caveat to this line of reasoning, however, is that it cannot illustrate an
equilibrium phenomenon: if all investors are rational and equally well informed
about the process generating equity returns (14.23) — (14.25), then all will want
simultaneously to go long or short. The latter, in particular, is not feasible from
an equilibrium perspective.

14.4.2  Strategic Asset Allocation

The expression “strategic asset allocation” is suggestive not only of long-term
investing (for which intertemporal hedging is a concern), but also of portfolio
weights assigned to broad classes of assets (e.g., “stocks”, “long term bonds”)
each well diversified from the perspective of its own kind. This is exactly the
setting of this chapter.

Can the considerations of this section, in particular, be conveniently con-
trasted with those of the preceding chapters? This is captured in Figure (14.1)
below under the maintained assumptions of this subsection (itself a replica of
Figure 4.1 in Campbell and Viceira (2002)).

Insert Figure 14.1 about here

The myopic buy and hold strategy assumes a constant excess stock return
equal to the true unconditional mean ((Eyriy1 —75+ é = 1)) with the investor
solving a portfolio allocation problem as per Theorem 4.1. The line marked
“tactical asset allocation” describes the portfolio allocations for an investor who
behaves as a one period investor, conditional on his observation of z;. Such an
investor, by definition, will not take account of long term hedging opportunities.
Consistent with the CAPM recommendation, such an investor will elect a; =0
when 2; = 0 (no premium on the risky asset) but if the future looks good —
even for just one period — he will increase his wealth proportions in the risky
assets. Again, by construction, if z; = Z, such an investor will adopt portfolio
proportions consistent with the perpetually myopic investor.

Long term “strategic” investors, with rational expectations vis-a-vis the re-
turn generating process (i.e., they know and fully take account of (14.23) —
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(14.25)) will always elect to hold a greater proportion of their wealth in the
risky portfolio than will be the case for the “tactical” asset allocator. In itself
this is not entirely surprising for only he is able to illustrate the “hedging de-
mand.” But this demand is present in a very strong way; in particular, even
if excess returns are zero, the strategic investor holds a positive wealth fraction
in risky assets (ap > 0). Note also that the slope of the strategic asset allo-
cation line exceeds that of the tactical asset allocation line. In the context of
(14.23-14.25)), this is a reflection of the fact that ¢ = 0 for the tactical asset
allocator.

14.4.3 The Role of Stocks in Investor Portfolios

Stocks are less risky in the long run because of the empirically verified mean
reversion in stock returns. But does this necessarily imply a 100% stock alloca-
tion in perpetuity for long term investors? Under the assumptions of Campbell
and Viceira (2002), this is clearly not the case: long term investors should be
prepared to take advantage of mean reversion by timing the market in a manner
illustrated in Figure 14.1 But this in turn presumes the ability of investors to
short stocks when their realized returns have recently been very high. Especially
for small investors, shorting securities may entail prohibitive transactions costs.
Even more significantly, this cannot represent an equilibrium outcome for all
investors.

14.5 Background Risk: The Implications of Labor Income for Port-
folio Choice

Background risks refer to uncertainties in the components of an investor’s in-
come not directly related to his tradeable financial wealth and, in particular, his
stock - bond portfolio allocation. Labor income risk is a principal component of
background risk; variations in proprietary income (income from privately owned
businesses) and in the value of owner-occupied real estate are the others.

In this section we explore the significance of labor income risk for portfolio
choice. It is a large topic and one that must be dealt with using models of
varying complexity. The basic insight we seek to develop is as follows: an
investor’s labor income stream constitutes an element of his wealth portfolio.
The desirability of the risky asset in the investor’s portfolio will therefore depend
not only upon its excess return (above the risk free rate) relative to its variance
(risk), but also the extent to which it can be used to hedge variations in the
investor’s labor income. Measuring how the proportion of an investor’s financial
wealth invested in the risky asset depends on its hedging attributes in the above
sense is the principal focus of this section. Fortunately it is possible to capture
the basic insights in a very simple framework. As discussed in Campbell and
Viceira (2002) that framework makes a number of assumptions:

(1) the investor has a one period horizon, investing his wealth to enhance his
consumption tomorrow (as such the focus is on the portfolio allocation decision
exclusively; there is no ¢t = 0 simultaneous consumption-savings decision);
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(ii) the investor receives labor income L1, tomorrow, which for analytical
simplicity is assumed to be lognormally distributed: log Li1 1 = 111 ~ N(l,03);

(iii) there is one risk free and one risky asset (a presumed-to-be well diver-
sified portfolio). Following our customary notation, ry = log(Ry) and 7141 =
IOg(Rt+1). Furthermore, 7:1‘,-&-1 *Etft—i-l = ﬂt+1 where ﬁt+1 ~ N(O, 0'3) The Pos-
sibility is admitted that the risky asset return is correlated with labor income
in the sense that COV(Et+1, Tt41) = 0py 7 0.

(iv) the investor’s period ¢ + 1 utility function is of the CRRA-power utility
type, with coefficient of relative risk aversion ~.

Since there is no labor-leisure choice, this model is implicitly one of fixed
labor supply in conjunction with a random wage.

Accordingly, the investor solves the following problem:

oLy
max E; [§—+1 (14.30)
[ -y
s.t. Cyp1 = YiRpyi1 + Liya,
where
Rpit1 = ai(Riy1 — Ry) + Ry, (14.31)

a; represents the fraction of the investor’s wealth assigned to the risky portfolio,

and P denotes his overall wealth portfolio. As in nearly all of our problems to
date, insights can be neatly obtained only if approximations are employed which
take advantage of the lognormal setup. In particular, we first need to modify
the portfolio return expression (14.31)7. Since

Rp7t+1 = Clth_H + (1 — Clt)Rf,

Rpit1 Riyq

PR A M = 1 —1).
7, + aq( R, )

Taking the log of both sides of this equation yields
rpit1 — Ty =1og[l + ay(exp(ripr —ryp — 1))]. (14.32)

The right hand side of this equation can be approximated using a second order
Taylor expansion around 7,41 —ry = 0, where the function to be approximated
is

gt(re41 —ry) =log[l + ar(exp(re41 —ry) — 1)

By Taylor’s Theorem

1
ge(rev1 —75) = 9:(0) + 9:(0)(req1 — i)+ 592/(0)(7“t+1 - Tf)Q-

"The derivation to follow is performed in greater detail in Campbell and Viceira (2001b)
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Clearly ¢:(0) = 0; Straightforward calculations (simple calculus) yield g;(0) =
at, and gy (0) = a(1—ay). Substituting the Taylor expansion, with the indicated
coefficient values, for the left hand side of (14.32) yields,

1
P41 —Tf = a(rep1 —Tf) + iat(l —ay)o}

where (ri41 — T‘f)2 is replaced by its conditional expectation. By the special

form of the risky return generating process, o7 = o2, which yields

1
TPl = Qy(Tey1 —7Tp) + A+ §at(1 — ay)o?. (14.33)
We next modify the budget constraint to problem (14.30).

Cit1 Y;
= (Rpae) + 1,
Liyi Ly ()

or taking the log of both sides of the equation,

loglexp(y: + rpi+1 — liv1) + 1] (14.34)
k4 &y +rpir1 — b)),

Cir1 — Ll

Q

where k and £,0 < & < 1, are constants of approximation. Adding log labor
income — ¢; 11— to both sides of the equation yields

Cty1 = k+ f(yt + Tp7t+1) + (1 — g)gtJr]_, 1>¢>0. (1435)

In other words, (log-) end of period consumption is a constant plus a weighted
average of (log-) end-of-period financial wealth and (log-) labor income, with
the weights £, 1 — ¢ serving to describe the respective elasticities of consumption
with respect to these individual wealth components.

So far, nothing has been said regarding optimality. Problem (14.30) is a one
period optimization problem. The first order necessary and sufficient condition
for this problem with respect to a;, the proportion of financial wealth invested
in the portfolio, is given by:

E, [6(Ci)™ Rm)} - B, [5((1“)*7(&)} . (14.36)
In loglinear form, equation (14.36) has the familiar form:
Ey(Fip1 — 1) + 1/207 = yeovy(Fei1, Er11)-
Substituting the expression in (14.35) for ¢;11 yields
Ey(Frp1 — 1) +1/207 = yeovi(Fryr, k + E(ye + Fpasa) + (1 — )liga).

After substituting (14.33) for rp 41, we are left with

Ey(fey1 — 1) + 1/207 =y [Saro] + (1 — §)C0Vt(gt+1a7zP,t+1)} .
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from which we can solve directly for a;.

Recall that our objective was to explore how the hedging (with respect to
labor income) features of risky securities influence the proportion of financial
wealth invested in the risky asset. Accordingly it is convenient first to simplify
the expression via the following identifications: let

(1) p = Ey(Feqq —rp);
(i1) o7 = 02, since 71 — Eyrii1 = Upyn;

(#41) cov(gtﬂ,?’tﬂ) = COV(Zt+1, Tie1 — Eyfigq) = COV(gt+1,at+1) = 0/
With these substitutions the above expression reduces to:
L, 2
w50y =8y + (1= &ow].

Straightforwardly solving for a; yields

2
1 M+% 1\ ou
== 1—-)— 14.37
“ 5(703>+< E)oﬁ’ (457

an expression with an attractive interpretation. The first term on the right
hand side of (14.37) represents the fraction in the risky asset if labor income is
uncorrelated with the risky asset return (og, = 0). It is positively related to

(T’KL

the adjusted return premium ( x4+ %) and inversely related to the investor’s
risk aversion coefficient . The second term represents the hedging component:
if og, < 0, then since £ < 1, demand for the risky asset is enhanced since it
can be employed to diversify away some of the investor’s labor income risk. Or,
to express the same idea from a slightly different perspective, if the investor’s
labor income has a “suitable” statistical pattern vis-a-vis the stock market, he
can reasonably take on greater financial risk.

It is perhaps even more striking to explore further the case where gy, = O:
since £ < 1, even in this case the optimal fraction invested in the risky portfolio

2 2
1 (p+% pt
= — > s
“ f( o2 ) ( vo?

where the rightmost ratio represents the fraction the investor places in the risky
portfolio were there to be no labor income at all. If oy, = 0, then at least one
of the following is true: corr(u,f) = 0 or o, = 0, and each leads to a slightly
different interpretation of the optimal a;. First, if o, > 0 (there is variation
in labor income), then the independence of labor and equity income allows for
a good deal of overall risk reduction, thereby implying a higher optimal risky
asset portfolio weight. If oy = 0 — labor income is constant — then human capital
wealth is a non-tradeable risk free asset in the investor’s overall wealth portfolio.
Ceteris paribus, this also allows the investor to rebalance his portfolio in favor
of a greater fraction held in risky assets. If, alternatively oy, > 0 — a situation
in which the investor’s income is closely tied to the behavior of the stock market
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— then the investor should correspondingly reduce his position in risky equities.
In fact, if the investor’s coefficient of relative risk aversion is sufficiently high
and oy, large and positive (say, if the investor’s portfolio contained a large
position in his own firm’s stock) then a; < 0; i.e., the investor should hold a
short position in the overall equity market.

These remarks formalize, though in a very simple context, the idea that
an investor’s wage income stream represents an asset and that its statistical
covariance with the equity portion of his portfolio should matter for his overall
asset allocation. To the extent that variations in stock returns are offset by
variations in the investor’s wage income, stocks are effectively less risky (so also
is wage income less risky) and he can comfortably hold more of them. The
reader may be suspicious, however, of the one period setting. We remedy this
next.

Viceira (2001) extends these observations to a multiperiod infinite horizon
setting by adopting a number of special features. There is a representative
investor-worker who saves for retirement and who must take account in his
portfolio allocation decisions of the expected length of his retirement period. In
any period there is a probability 7" that the investor will retire; his probability
of remaining employed and continuing to receive labor income is 7¢ =1 — 7",
with constant probability period by period. With this structure of uncertainty,
the expected number of periods until an investor’s retirement period is % Once
retired (zero labor income) the period constant probability of death is 7¢; in
a like manner the expected length of his retirement is 7. Viceira (2001) also
assumes that labor income is growing in the manner of

Aft_;'_l = lOg Lt+1 - log Lt =g + §t+1, (1438)

where g > 0 and ;41 ~ N ((), cr?). In expression (14.38), g represents the mean
growth in labor income (for the U.S. this figure is approximately 2%) while &;
denotes random variations about the mean. The return on the risky asset is
assumed to follow the same hypothetical process as in the prior example. In
this case,

Out = COVt(TH-l, Agm—l) = COVt(ut+1>5t+l) = Ouye-

With an identical asset structure as in the previous model, the investor’s
problem appears deceptively similar to (14.30):

.
max E 5 14.39
y ; T ( )
st. Y1 = (Y + Ly — C)Rpyya-

The notation in problem (14.39) is identical to that of the previous model. De-
pending on whether an agent is employed or retired, however, the first order
optimality condition will be different, reflecting the investor’s differing proba-
bility structure looking forward. If the investor is retired, for any asset i (the
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portfolio P, or the risk free asset):

r -
1=EJ[(1—7%6 ( 51> Rit11]. (14.40)
The interpretation of equation (14.40) is more or less customary: the investor
trades off the marginal utility lost in period ¢ by investing one more consump-
tion unit against the expected utility gain in period ¢ + 1 for having done so.
The expectation is adjusted by the probability (1 — %) that the investor is, in
fact, still living next period. Analytically, its influence on the optimality condi-
tion is the same as a reduction in his subjective discount factor §. In equations
(14.40) and (14.41) to follow, the (not log) consumption is superscripted by e or
r, depending upon its enjoyment in the investor’s period of employment or re-
tirement, respectively. If the investor is employed, but with positive probability
of retirement and subsequent death, then each asset i satisfies:

1=E ) Cf+1 - + (1 _ 7'('6)(1 _ 7Td)(5 f?—i—l -
t Cf C,g

Equation (14.41)’s interpretation is analogous to (14.40) except that the investor
must consider the likelihood of his two possible states next period: either he is
employed (probability 7¢) or retired and still living (probability (1 — 7¢)(1 —
7?)). Whether employed or retired, these equations implicitly characterize the
investor’s optimal risk free - risky portfolio proportions as those for which his
expected utility gain to a marginal dollar invested in either one is the same.

Viceira (2001) log linearizes these equations and their associated budget
constraints to obtain the following expressions for log consumption and the
optimal risky portfolio weight in both retirement and employment; for a retired
investor:

(Ri,tJrl)} (14.41)

c; = by + bly:, and (14.42)
0_2
ar=trt3 (14.43)
Ybioy
where b] = 1 and bj is a complicated (in terms of the model’s parameters)

constant of no immediate concern; for an employed investor, the corresponding
expressions are:

g =bg + by + (1 — b7)l, (14.44)
2
Oy e(1 — pe o
ge = H 13 <7T( 1)>02 (14.45)
o102 b1 o

with 0 < b§ < 1,b; = 7¢b¢ + (1 — 7©)b7, and bS, again, a complex constant
whose precise form is not relevant for the discussion.
These formulae allow a number of observations:
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(1) Since b} > bf, (log) consumption is more sensitive to (log) wealth changes
for the retired (equation 14.42) as compared with the employed (equation 14.44).
This is not surprising as the employed can hedge this risk via his labor income.
The retired cannot.

(2) As in the prior model with labor income, there are two terms which
together comgrise the optimal risky asset proportions for the employed, a®.

The first ‘;g GTZ reflects the proportion when labor income is independent of
1

u

risky returns (0., = 0). The second, —(

%:bi))%, accounts for the hedging
component. If ., < 0, then the hedge that labor income provides to the risky
component of the investor’s portfolio is more powerful: the optimal a° is thus
higher, while the opposite is true if o.,, > 0. With a longer expected working life
(greater 7€) the optimal hedging component is also higher: the present value of
the gains to diversification provided by labor income variation correspondingly
increase. Note also that the hedging feature is very strong in the sense that even
if the mean equity premium, p = 0, the investor will retain a positive allocation
in risky assets purely for their diversification effect vis-a-vis labor income.

(3) Let us next separate the hedging effect by assuming o, = 0 (and thus

« = 0). Since b < b}, by < b7,

2 2
R A ks

ybo?2 T Ablol

e

for any level of risk aversion : even if labor income provides no hedging services,
the employed investor will hold a greater fraction of his wealth in the risky
portfolio than will the retired investor. This is the labor income wealth effect.
Ceteris paribus, a riskless labor income stream contributes a valuable riskless
asset and its presence allows the investor to tilt the financial component of his
wealth in favor of a greater proportion in stocks. It also enhances his average
consumption suggesting less aversion to risk. If o, = 0 because p.,, = 0, a® > a”
can be justified on the basis of diversification alone. This latter comment is
strengthened (weakened) when greater (lesser) diversification is possible: oo, <
0 (0cy > 0).

Before summarizing these thoughts, we return to a consideration of the initial
three life-cycle portfolio recommendations. Strictly speaking Problem (14.39)
is not a life cycle model. Life cycle considerations can be dealt with to a good
approximation, however, if we progressively resolve problem (14.39) for a variety
of choices of 7¢,w®. If n? is increased the expected length of the period of
retirement falls. If 7" is increased (7€ decreased) it is as if the investor’s expected
time to retirement was declining as he “aged.” Campbell and Viceira (2002)
present the results of such an exercise which we report in Table 14.2 for a
selection of realistic risk aversion parameters.

Here we find more general theoretical support for at least the 1st and 3rd of
our original empirical observations. As investors approach retirement, the frac-
tion of their wealth invested in the risky portfolio does decline strongly. Notice
also that it is optimal for mildly risk averse young investors (v = 2) to short
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Table 14.2: Optimal Percentage Allocation to Stocks(:()
Employed Retired

Expected Time to Retirement (years)
35 25 10 5

Panel A: corr(rpgy1, Alir1) =0

N =2 184 156 114 97 80

v=5 62 55 42 37 32
Panel B: corr(rp 41, Alyy1) = .35

v=2 155 136 116 93 80

=5 42 39 35 33 32

@) ry=.02, Erp, 141 -1y, 141 =p=.04, o, = .157, g = .03, 0. = .10
(%) Table 14.2 is a subset of Table 6.1 in Campbell and Viceira (2002)

dramatically the risk free asset to buy more of the risky one in order to “cap-
ture” the return supplement inherent in the equity premium. In actual practice,
however, such a leverage level is unlikely to be feasible for young investors with-
out a high level of collateral assets. However, the “pull of the premium” is so
strong that even retired persons with v = 5 (the upper bound for which there
is empirical support) will retain roughly one third of their wealth in the risky
equity index. In this sense the latter aspect of the first empirical assertion is
not borne out, at least for this basic preference specification.

We conclude this section by summarizing the basic points.

1. Riskless labor income creates a tilt in investor portfolios toward risky eq-
uities. This is not surprising as the labor income stream in this case contributes
a risk free asset in the investor’s portfolio. There are two effects going on. One
is a wealth effect: ceteris paribus an investor with a labor income stream is
wealthier than an investor without one, and with CRRA utility some of that
additional wealth will be assigned to equities. This is complemented by a pure
portfolio effect: the risk free asset alters overall portfolio proportions in a way
that is manifest as an increased share of financial wealth in risky assets.

2. These same effects are strengthened by the hedging effect if 0., < 0
(effectively this means o,, < 0). Stocks and risky labor income co-vary in a
way that each reduces the effective risk of the other. Only if o, is large and
positive will the presence of labor income risk reduce the fraction of financial
wealth invested in risky assets.

3. Although not discussed explicitly, the ability of an investor to adjust his
labor supply - and thus his labor income - only enhances these effects. In this
case the investor can elect not only to save more but also to work more if he
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experiences an unfavorably risky return realization. His ability to hedge averse
risky return realizations is thus enriched, and stocks appear effectively less risky.

14.6 An Important Caveat

The accuracy and usefulness of the notions developed in the preceding sections,
especially as regards applications of the formulae for practical portfolio alloca-
tions should not be overemphasized. Their usefulness depends in every case on
the accuracy of the forecast means, variances, and covariances which represent
the inputs to them: garbage in; garbage out still applies! Unfortunately these
quantities — especially expected risky returns — have been notoriously difficult
to forecast accurately, even one year in advance. Errors in these estimates can
have substantial significance for risky portfolio proportions, as these are gener-
ally computed using a formula of the generic form

1__
a; = ;2 YEriy —rpe4l),

where bold face letters represent vectors and X! is a matrix of ‘large’ numbers.
Errors in Eiryyq, the return vector forecasts are magnified accordingly in the
portfolio proportion choice.

In a recent paper Uppal (2004) evaluates a number of complex portfolio
strategies against a simple equal-portfolio-weights-buy-and-hold strategy. Using
the same data set as Campbell and Viceira (2002) use, the equal weighting
strategy tends to dominate all the others, simply because, under this strategy,
the forecast return errors (which tend to be large) do not affect the portfolio’s
makeup.

14.7 Another Background Risk: Real Estate

In this final section we explore the impact of real estate holdings on an investor’s
optimal stock-bond allocations. As before, our analysis will be guided by two
main principles: (1) all assets — including human capital wealth — should be
explicitly considered as components of the investor’s overall wealth portfolio and
(2) it is the correlation structure of cash flows from these various income sources
that will be paramount for the stock-bond portfolio proportions. Residential
real estate is important because it represents roughly half of the U.S. aggregate
wealth, and it is not typically included in empirical stand-ins for the U.S. market
portfolio M.

Residential real estate also has features that make it distinct from pure
financial assets. In particular, it provides a stream of housing services which
are inseparable from the house itself. Houses are indivisible assets: one may
acquire a small house but not 1/2 of a house. Such indivisibilities effectively
place minimum bounds on the amount of real estate that can be acquired.
Furthermore, houses cannot be sold without paying a substantial transactions
fee, variously estimated to be between 8 % and 10 % of the value of the unit
being exchanged. As the purchase of a home is typically a leveraged transaction,
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most lenders require minimum “down payments” or equity investments by the
purchaser in the house. Lastly, investors may be forced to sell their houses for
totally exogenous reasons, such as a job transfer to a new location.

Cocco (2004) studies the stock-bond portfolio allocation problem in the con-
text of a model with the above features yet which is otherwise very similar to
the ones considered thus far in this chapter. Recall that our perspective is one of
partial equilibrium where, in this section, we seek to understand how the own-
ership of real estate influences an investor’s other asset holdings, given assumed
return processes on the various assets. Below we highlight certain aspects of
Cocco’s (2004) modeling of the investor’s problem.

The investor’s objective function, in particular, is

T 0 r71—0\1— 1—
H v Y it

x5 {3 g G ()
{S¢,Bt,D¢,FC.} e 1-— vy 1— v

where, as before, C; is his period ¢ (non-durable) consumption (not logged; in
fact no variables will be logged in the problem description), H; denotes period ¢
housing services (presumed proportional to housing stock with a proportionality
constant of one), and Y; the investor’s period ¢ wealth. Under this formulation
non-durable consumption and housing services complement one another with the
parameter 6 describing the relative preference of one to the other 8. Investor
risk sensitivity to variations in the non durable consumption-housing joint con-

sumption decision is captured by v (the investor displays CRRA with respect
to the composite consumption product). The right most term, %, is to
be interpreted as a bequest function: the representative investor receives util-
ity from non-consumed terminal wealth which is presumed to be bequeathed
to the next generation with the same risk preference structure applying to this
quantity as well. In order to capture the idea that houses are indivisible assets,

Cocco (2004) imposes a minimum size constraint
Ht > Hmin;

to capture the fact that there exist transactions costs to changing one’s stock
of housing, the agent is assumed to receive only

(1= N\ PH,_,

if he sells his housing stock H;_1, in period t for a price P;. In his calibration,
A- the magnitude of the transaction cost - is fixed at .08, a level for which there
is substantial empirical support in U.S. data. Note the apparent motivation for
a bequest motive: given the minimum housing stock constraint, an investor in
the final period of his life would otherwise own a significant level of housing

stock for which the disposition at his death would be ambiguous®.

8The idea is simply that an investor will “enjoy his dinner more if he eats it in a warm and
spacious house.”

9 An alternative device for dealing with this modeling feature would be to allow explicitly
for reverse mortgages.
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Let Rt,Rf and Rp denote the gross random exogenous return on equity,
(constant) risk free rate, and the (constant) mortgage interest rate. If the
investor elects not to alter his stock of housing in period t relative to t — 1,
his budget constraint for that period is:

S+ By = R;S;_1+RfB;y — RpDM, + L, — C; —xF°F - QP,H, , + DM =Y,
(14.46)

where the notation is suggestive: S; and B; denote his period ¢ stock and bond
holdings, DM the level of period ¢ mortgage debt, ) is a parameter measuring
the maintenance cost of home ownership and F' is a fixed cost of participating
in the financial markets. The indicator function xF'¢ assumes values xF'¢ =1,
if the investor alters his stock or bond holdings relative to period t — 1 and
0 otherwise. This device is meant to capture the cost of participating in the
securities markets. In the event the investor wishes to alter his stock of housing
in period ¢, his budget constraint is modified in the to-be-expected way (most
of it is unchanged except for the addition of the costs of trading houses):

St + Bt = }/t + (1 - A)Pth_l - Pth, and (1447)
D, < (1-d)PH, (14.48)

The additional terms in equation (14.47) relative to (14.46) are simply the
net proceeds from the sale of the ‘old’ house, (1 — \)P,H;_1, less the costs
of the ‘new’ one P,H;. Constraint (14.48) reflects the down payment equity
requirement and the consequent limits to mortgage debt (in his simulation Cocco
(2004) chooses d = .15).

Cocco (2004) numerically solves the above problem given various assump-
tions on the return and house price processes which are calibrated to historical
data. In particular, he allows for house prices and aggregate labor income shocks
to be perfectly positively correlated, and for labor income to have both random
and determinate components.!°

10Tn particular, Cocco (2004) assumes

: o fO+a, t<T
Le = f) tt>T’

where T is the retirement date and the deterministic component f(t) is chosen to replicate the
hump shape earnings pattern typically observed. The random component #: has aggregate
(7¢) and idiosyncratic components (&) where

uy = M+ &, and (14.49)
i = kB (14.50)

where P is the log of the average house price. In addition he assumes Ry = 1.02 is fixed for
the period [0, 7] as is the mortgage rate Rp = 1.04. The return on equity follows

7t = log(R:) = Elog R+ iy
with 7y ~ N(0;02),0, = .1674 andE log R = .10.
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Cocco (2004) uses his model to comment upon a number of outstanding fi-
nancial puzzles of which we will review three: (1) considering the magnitude
of the equity premium and the mean reversion in equity returns, why do all
investors not hold at least some of their wealth as a well-diversified equity port-
folio? Simulations of the model reveal that the minimum housing level Hyiy
(which is calculated at 20,000 US$) in conjunction with the down payment re-
quirement make it non-optimal for lower labor income investors to pay the fixed
costs of entering the equity markets. This is particularly the case for younger
investors who remain liquidity constrained. (2) While the material in Section
14.5 suggests that the investors’ portfolio share invested in stocks should de-
crease in later life (as the value of labor income wealth declines), the empirical
literature finds that for most investors the portfolio share invested in stocks is
increasing over their life cycle. Cocco’s (2004) model implies the share in equity
investments increasing over the life cycle. As noted above, early in life, housing
investments keep investors’ liquid assets low and they choose not to participate
in the markets. More surprisingly, he notes that the presence of housing can
prevent a decline in the share invested in stocks as investors age: as housing
wealth increases, investors are more willing to accept equity risk as that risk
is not highly correlated with this component. Lastly (3), Cocco deals with the
cross sectional observation that the extent of leveraged mortgage debt is highly
positively correlated with equity asset holdings. His model is able to repli-
cate this phenomenon as well because of the consumption dimension of housing;:
investors with more human capital acquire more expensive houses and thus bor-
row more. Simultaneously, the relatively less risky human capital component
induces a further tilt towards stock in high labor income investor portfolios.

14.8 Conclusions

The analysis in this chapter has brought us conceptually to the state of the art
in modern portfolio theory. It is distinguished by (1) the comprehensive array of
asset classes that must be explicitly considered in order properly to understand
an investor’s financial asset allocations. Labor income (human capital wealth)
and residential real estate are two principal cases in point. And to some extent
these two asset classes provide conflicting influences on an investor’s stock-bond
allocations. On the one hand, as relatively riskless human capital diminishes as
an investor ages, then ceteris paribus, his financial wealth allocation to stocks
should fall. On the other hand, if his personal residence has dramatically in-
creased in value over the investor’s working years, this fact argues for increased
equity holdings given the low correlation between equity and real estate returns.
Which effectively dominates is unclear. (2) Second, long run portfolio analysis
is distinguished by its consideration of security return paths beyond the stan-
dard one-period-ahead mean, variance and covariance characterization. Mean
reversion in stock returns suggests intertemporal hedging opportunities as does
the long run variation in the risk free rate.
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Chapter 15 : Financial Structure and Firm Val-
uation in Incomplete Markets

15.1 Introduction

We have so far motivated the creation of financial markets by the fundamental
need of individuals to transfer income across states of nature and across time
periods. In Chapter 8 (Section 8.5), we initiated a discussion of the possibility
of market failure in financial innovation. There we raised the possibility that
coordination problems in the sharing of the benefits and the costs of setting
up a new market could result in the failure of a Pareto-improving market to
materialize. In reality, however, the bulk of traded securities are issued by
firms with the view of raising capital for investment purposes rather than by
private individuals. It is thus legitimate to explore the incentives for security
issuance taking the viewpoint of the corporate sector. This is what we do in
this chapter. Doing so involves touching upon a set of fairly wide and not fully
understood topics. One of them is the issue of security design. This term refers
to the various forms financial contracts can take (and to their properties), in
particular, in the context of managing the relationship between a firm and its
managers on the one hand, and financiers and owners on the other. We will
not touch on these incentive issues here but will first focus on the following two
questions.

What Securities Should a Firm Issue If the Value of the Firm Is
to be Maximized?

This question is, of course, central to standard financial theory and is usually
resolved under the heading Modigliani-Miller (M M) Theorem (1958). The
M M Theorem tells us that under a set of appropriate conditions, if markets are
complete the financial decisions of the firm are irrelevant (recall our discussion
in Chapter 2). Absent any tax considerations in particular, whether the firm is
financed by debt or equity has no impact on its valuation. Here we go one step
further and rephrase the question in a context where markets are incomplete
and a firm’s financing decision modifies the set of available securities. In such a
world, the financing decisions of the firm are important for individuals as they
may affect the possibilities offered to them for transferring income across states.
In this context is it still the case that the firm’s financing decisions are irrelevant
for its valuation? If not, can we be sure that the interests of the firm’s owners
as regards the firm’s financing decisions coincide with the interests of society at
large?

In a second step, we cast the same security design issue in the context of
inter-temporal investment that can be loosely connected with the finance and
growth issues touched upon in Chapter 1. Specifically, we raise the following
complementary question.

What Securities Should a Firm Issue If It Is to Grow As Rapidly



As Possible?

We first discuss the connection between the supply of savings and the finan-
cial market structure and then consider the problem of a firm wishing to raise
capital from the market. The questions raised are important: Is the financial
structure relevant for a firm’s ability to obtain funds to finance its investments?
If so, are the interests of the firm aligned with those of society?

15.2 Financial Structure and Firm Valuation

Our discussion will be phrased in the context of the following simple exam-
ple. We assume the existence of a unique firm owned by an entrepreneur who
wishes only to consume at date ¢ = 0; for this entrepreneur, U’(co) > 0. The
assumption of a single entrepreneur circumvents the problem of shareholder una-
nimity: If markets are incomplete, the firm’s objective does not need to be the
maximization of market value: shareholders cannot reallocate income across all
dates and states as they may wish. By definition, there are missing markets.
But then shareholders may well have differing preferred payment patterns by
the firm — over time and across states — depending on the specificities of their
own endowments. One shareholder, for example, may prefer investment project
A because it implies the firm will flourish and pay high dividends in future
circumstances where he himself would otherwise have a low income. Another
shareholder would prefer the firm to undertake some other investment project
or to pay higher current dividends because her personal circumstances are dif-
ferent. Furthermore, there may be no markets where the two shareholders could
insure one another.

The firm’s financial structure consists of a finite set of claims against the
firm’s period 1 output. These securities are assumed to exhaust the returns
to the firm in each state of nature. Since the entrepreneur wishes to consume
only in period 0, yet his firm creates consumption goods only in period 1, he
will want to sell claims against period 1 output in exchange for consumption in
period 0.

The other agents in our economy are agents 1 and 2 of the standard Arrow-
Debreu setting of Chapter 8 and we retain the same general assumptions:

1. There are two dates: 0, 1.

2. At date 1, N possible states of nature, indexed 6§ = 1,2,..., N, with
probabilities 7y, may be realized. In fact, for nearly all that we wish to illustrate
N = 2 is sufficient.

3. There is one consumption good.

4. Besides the entrepreneur, there are 2 consumers, indexed k = 1,2, with
preferences given by

N
UE(ch) + 6% ZWgUk(c]g) =acf + Flnch
0=1

and endowments elg, (65)9:1727.”,]\;. We interpret c’g to be the consumption of



agent k if state 6 should occur, and c§ his period zero consumption. Agents’
period utility functions are all assumed to be concave, « is the constant date
0 marginal utility, which, for the moment, we will specify to be 0.1, and the
discount factor is unity (there is no time discounting). The endowment matrix
for the two agents is assumed to be as shown in Table 15.1.

Table 15.1: Endowment Matrix

Datet =0 Date t=1
State # = 1 | State 8 = 2
Agent k=1 | 4 1
Agent k=2 | 4 5 1

Each state has probability 1/2 (equally likely) and consumption in period 0
cannot be stored and carried over into period 1. Keeping matters as simple as
possible, let us further assume the cash flows to the firm are the same in each
state of nature, as seen in Table 15.2.

Table 15.2: Cash Flows at Date t =1
[ 0=1]6=2|
Firm ‘ 2 ‘ 2 ‘

There are at least two different financial structures that could be written
against this output vector:

F; ={(2,2)} — pure equity;!

F2 =1{(2,0),(0,2)} — Arrow-Debreu securities.?

From our discussion in Chapter 8, we expect financial structure F» to be
more desirable to agents 1 and 2, as it better allows them to effect income
(consumption) stabilization: F» amounts to a complete market structure with
the two required Arrow-Debreu securities. Let us compute the value of the firm
(what the claims to its output could be sold for) under both financial structures.
Note that the existence of either set of securities affords an opportunity to shift
consumption between periods. This situation is fundamentally different, in this
way, from the pure reallocation examples in the pure exchange economies of
Chapter 8.

15.2.1 Financial Structure F;

Let p denote the price (in terms of date 0 consumption) of equity — security
{(2,2)} — and let z1, 25 respectively, be the quantities demanded by agents 1

LEquity is risk-free here. This is the somewhat unfortunate consequence of our symmetry
assumption (same output in the two date t = 1 states). The reader may want to check that
our message carries over with a state 6 = 2 output of 3.

20f course, we could have assumed, equivalently, that the firm issues 2 units of the two
conceivable pure Arrow-Debreu securities, ({(1,0),(0,1)}).



and 2. In equilibrium, z; + 2o = 1 since there is one unit of equity issued;
holding z units of equity entitles the owner to a dividend of 2z both in state 1
and in state 2.

Agent 1 solves:

Iglagi(.l)(ll —pz1) +1/2[In(1 + 221) + In(5 + 221)].

Agent 2 solves:

ggagi(.l)(él —pz2) +1/2[In(5 + 223) + In(1 + 229)].

Assuming an interior solution, the FOCs for agents 1 and 2 are, respectively,

(LAY, o2 ] L2
0 \10/)P 721522 T2 |5r24

P 1 n 1
10 |142% 542

p 1 1
291 — = +
10 54 229 14229

Clearly z; = 22 = 1/2, and 5 = [ﬁ + ﬁ} = [% + %] = % or p = 20/3.
Thus, VFy, =p=20/3 = 6% and the resulting equilibrium allocation is displayed
in Table 15.3.

Table 15.3: Equilibrium Allocation

t=0 t=1

0 | 6,

Agent 1: 4—-35 | 141 [ 5+1
Agent 2: 4— 3% 541 | 1+1

Agents are thus willing to pay a large proportion of their period 1 consump-
tion in order to increase period 2 consumption. On balance, agents (except the
entrepreneur) wish to shift income from the present (where MU = a = 0.1) to
the future and now there is a device by which they may do so.

Since markets are incomplete in this example, the competitive equilibrium
need not be Pareto optimal. That is the case here. There is no way to equate
the ratios of the two agents’ marginal utilities across the 2 states: In state 1,
the MU ratio is % = 3 while it is }/Lg = % in state 2. A transfer of one
unit of consumption from agent 2 to agent 1 in state 1 in exchange for one
unit of consumption in the other direction in state 2 would obviously be Pareto



improving. Such a transfer cannot, however, be effected with the limited set of
financial instruments available. This is the reality of incomplete markets.

Note that our economy is one of three agents: agents 1 and 2, and the original
firm owner. From another perspective, the equilibrium allocation under Fj is
not a Pareto optimum because a redistribution of wealth between agents 1 and 2
could be effected making them both better off in ex- ante expected utility terms
while not reducing the utility of the firm owner (which is, presumably, directly
proportional to the price he receives for the firm). In particular the allocation
that dominates the one achieved under F} is shown in Table 15.4.

Table 15.4: A Pareto-superior Allocation

t=0]| t=1

01 | 02

Agent 1| 2/3 | 4 | 4
Agent 2| 2/3 | 4 | 4
Owner 6% 010

15.2.2 Financial Structure F»

This is a complete Arrow-Debreu financial structure. It will be notationally
clearer here if we deviate from our usual notation and denote the securities as
X =(2,0), W = (0,2) with prices gx, gw respectively (¢x thus corresponds to

the price of 2 units of the state-1 Arrow-Debreu security while gy is the price

of 2 units of the state-2 Arrow-Debreu security), and quantities 2}, 2%, 2y, 23

The problems confronting the agents are as follows.

Agent 1 solves:
max(1/10)(4 — gx 2z — qwzry) + [1/2In(1 4 22%) + 1/21n(5 + 223;,)]
axzx +awaly <4

Agent 2 solves:
max(1/10)(4 — gx 2% — qwza,) + [1/2In(5 4 22%) + 1/21In(5 + 22%,)]
axzx +awzy <4

The FOCs are:

11 1
Agent 1: hx =5 (g )2
")1o W:%(s B )2
+2zW
1.1 1
1 1
() gaw = 3 (5+2z§,) 2



By equation (i): {5¢x = 1+2Z1 =142z = 0 =zl =2 1

ax

By equation (iii): f—oqx 5+2z2 =5+22% = 72 = 2% = qix _ %
With one security of each type issued:
x+2x = 1 (2x 20;2% >0)
5 1 n 5 5 1= 10 Lo g 10
Z -4 22 = — = x = —.
gx 2 qx 2 qx 4
Similarly, qu = 10 (by symmetry) and Vi = qx +gw = 10+ 10 = 20 _ 5,

So we see that Ve has declined from 6 in the Fj case to 5. Let us further
examine this result. Consider the allocatlons implied by the complete financial
structure:

) 1 1 1 1
ax 2 / S 2 2 2
) 5 ) 5 5) 1
ax 2 5/2 2 2 2
1 1 2 ]‘
2y = > 2 by symmetry

Thus, agent 1 wants to short sell security 2 while agent 2 wants to short sell
security 1. Of course, in the case of financial structure Fi(2,2), there was no
possibility of short selling since every agent, in equilibrium must have the same
security holdings. The post-trade allocation is found in Table 15.5.

Table 15.5: Post-Trade Allocation

t=0

Agent 1: 4= (13) qu + Saw =4 - 3 (1) + 1 () =420 1}
Agent 2 4+ 30— Jaw =4+ 3 (F) -3 () =1-¥ =13
t=1

Agent 11 (1,5) + 1% (2,0) — £ (0,2) = (4,4)

Agent 2: (5,1) + (—3) (2,0) + 11 (0,2) = (4,4),

This, unsurprisingly, constitutes a Pareto optimum.?

We have thus reached an important result that we summarize in Propositions
15.1 and 15.2.

Proposition 15.1:
When markets are incomplete, the Modigliani-Miller theorem fails to hold
and the financial structure of the firm may affect its valuation by the market.

3Note that our example also illustrates the fact that the addition of new securities in a
financial market does not necessarily improve the welfare of all participants. Indeed, the firm
owner is made worse off by the transition from F; to Fb.



Proposition 15.2:
When markets are incomplete, it may not be in the interest of a value-
maximizing manager to issue the socially optimal set of securities.

In our example the issuing of the right set of securities by the firm leads to
completing the market and making a Pareto-optimal allocation attainable. The
impact of the financial decision of the firm on the set of markets available to
individuals in the economy places us outside the realm of the M M theorem and,
indeed, the value of the firm is not left unaffected by the choice of financing.
Moreover, it appears that it is not, in this situation, in the private interest of the
firm’s owner to issue the socially optimal set of securities. Our example thus
suggests that there is no reason to necessarily expect that value-maximizing
firms will issue the set of securities society would find preferable.*

15.3 Arrow-Debreu and Modigliani-Miller

In order to understand why V declines when the firm issues the richer set of
securities, it is useful to draw on our work on Arrow-Debreu pricing (Chapter
8). Think of the economy under financial structure Fy. This is a complete
Arrow-Debreu structure in which we can use the information on equilibrium
endowments to recompute the pure Arrow-Debreu prices as per Equation (15.1),

=% §=1,2, (15.1)
[0]

which, in our example, given the equilibrium allocation (4 units of commodity
in each state for both agent) reduces to

1(3H(E) 5
qo = (21(4):150:1727
which corresponds, of course, to
10
dx = qw = Zu

and to Vp = 5.

This Arrow-Debreu complete markets equilibrium is unique: This is gener-
ically the case in an economy such as ours, implying there are no other allo-
cations satisfying the required conditions and no other possible prices for the
Arrow-Debreu securities. This implies the Modigliani-Miller proposition as the
following reasoning illustrates. In our example, the firm is a mechanism to pro-
duce 2 units of output in date 1, both in state 1 and in state 2. Given that the

4The reader may object that our example is just that, an example. Because it helps us
reach results of a negative nature, this example is, however, a fully general counterexample,
ruling out the proposition that the M M theorem continues to hold and that firms’ financial
structure decisions will always converge with the social interest.



date 0 price of one unit of the good in state 1 at date 1 is 5/4 and the price of one
unit of the good in state 2 at date 1 is 5/4 as well, it must of necessity be that
the price (value) of the firm is 4 times 5/4, that is, 5. In other words, absent
any romantic love for this firm, no one will pay more than 5 units of the current
consumption good (which is the numeraire) for the title of ownership to this
production mechanism knowing that the same bundle of goods can be obtained
for 5 units of the numeraire by purchasing 2 units of each Arrow-Debreu secu-
rity. A converse reasoning guarantees that the firm will not sell for less either.
The value of the firm is thus given by its fundamentals and is independent of
the specific set of securities the entrepreneur choses to issue: This is the essence
of the Modigliani-Miller theorem!

Now let us try to understand how this reasoning is affected when markets
are incomplete and why, in particular, the value of the firm is higher in that
context. The intuition is as follows. In the incomplete market environment of
financial structure F, security{(2,2)} is desirable for two reasons: to transfer
income across time and to reduce date 1 consumption risk. In this terminology,
the firm in the incomplete market environment is more than a mechanism to
produce 2 units of output in either states of nature in date 1. The security
issued by the entrepreneur is also the only available vehicle to reduce second
period consumption risk. Individual consumers are willing to pay something,
that is to sacrifice current consumption, to achieve such risk reduction. To
see that trading of security {(2,2)} provides some risk reduction in the former
environment, we need only compare the range of date 1 utilities across states
after trade and before trade for agent 1 (agent 2 is symmetric). See Table 15.6.

Table 15.6: Agent 1 State Utilities Under F,

Before Trade {(2,2)};2! = 0.5 (Equilibrium Allocation)
State 1 Ulle])=In1=0 Ul(cl) =1In2 = 0.693
State 2 UT(cl) =In5 = 1.609 | U'(ch) =In6 = 1.792

Difference = 1.609 Difference = 1.099

The premium paid for the equity security, over and above the value of the
firm in complete markets, thus originates in the dual role it plays as a mechanism
for consumption risk smoothing and as a title to two units of output in each
future state. A question remains: Given that the entrepreneur, by his activity
and security issuance, plays this dual role, why can’t he reap the corresponding
rewards independently of the security structure he choses to issue? In other
words, why is it that his incentives are distorted away from the socially optimal
financial structure? To understand this, notice that if any amount of Arrow-
Debreu-like securities, such as in Fy = {(2,0),(0,2)} is issued, no matter how
small, the market for such securities has effectively been created. With no
further trading restrictions, the agents can then supply additional amounts of
these securities to one another. This has the effect of empowering them to trade,
entirely independently of the magnitude of the firm’s security issuance, to the




following endowment allocation (see Table 15.7).

Table 15.7: Allocation When the Two Agents Trade Arrow-Debreu
Securities Among Themselves

t=0]| t=1

01 | 05

Agent 1: 4 313
Agent 2: 4 3|13

In effect, investors can eliminate all second-period endowment uncertainty
themselves. Once this has been accomplished and markets are effectively com-
pleted (because there is no further demand for across-state income redistribu-
tion, it is irrelevant to the investor whether the firm issues {(2,2)} or {(2,0), (0,2)},
since either package is equally appropriate for transferring income across time
periods. Were {(2,0),(0,2)} to be the package of securities issued, the agents
would each buy equal amounts of (2,0), and (0, 2), effectively repackaging them
as (2,2). To do otherwise would be to reintroduce date 1 endowment uncertainty.
Thus the relative value of the firm under either financial structure, {(2,2)} or
{(2,0),(0,2)}, is determined solely by whether the security (2,2) is worth more
to the investors in the environment of period two endowment uncertainty or
when all risk has been eliminated as in the environment noted previously.

Said otherwise, once the markets have been completed, the value of the firm
is fixed at 5 as we have seen before, and there is nothing the entrepreneur can do
to appropriate the extra insurance premium. If investors can eliminate all the
risk themselves (via short selling) there is no premium to be paid to the firm, in
terms of value enhancement, for doing so. This is confirmed if we examine the
value of the firm when security {(2,2)} is issued after the agents have traded
among themselves to equal second-period allocation (3,3). In this case V@ =5
also.

There is another lesson to be gleaned from this example and that leads us
back to the CAPM. One of the implications of the CAPM was that securities
could not be priced in isolation: Their prices and rates of return depended on
their interactions with other securities as measured by the covariance. This
example follows in that tradition by confirming that the value of the securities
issued by the firm is not independent of the other securities available on the
market or which the investors can themselves create.

15.4 On the Role of Short Selling

From another perspective (as noted in Allen and Gale, 1994), short selling
expands the supply of securities and provides additional opportunities for risk
sharing, but in such a way that the benefits are not internalized by the innovating
firm. When deciding what securities to issue, however, the firm only takes into
account the impact of the security issuance on its own value; in other words, it



only considers those benefits it can internalize. Thus, in an incomplete market
setting, the firm may not issue the socially optimal package of securities.

It is interesting to consider the consequence of forbidding or making it im-
possible for investors to increase the supply of securities (2,0) and (0,2) via
short selling. Accordingly, let us impose a no-short-selling condition (by requir-
ing that all holdings of all securities by all agents are positive). Agent 1 wants
to short sell (0,2); agent 2 wants to short sell (2,0). So, we know that the con-
strained optimum will have (simply setting z = 0 wherever the unconstrained
optimum had a negative z and anticipating the market clearing condition):

22 = 0 zip=0
2 = 1 28 =1
1 1 1 1
il - MU ==-[—" Yo—=
107 Ur=3 <1+2(1)> 3
1 1 1 1
—qw = MUy=-(——")2="2
10" 2 2<1+2(1)> 3
_ 1o 10
ax = 37QW— 3
20 2
Vi = — =62,
r 3 3

which is as it was when the security (2,2) was issued.

The fact that Vg rises when short sales are prohibited is not surprising as
it reduces the supply of securities (2,0) and (0,2). With demand unchanged,
both gx and qw increase, and with it, Vp. In some sense, now the firm has a
monopoly in the issuance of (2,0) and (0,2), and that monopoly position has
value. All this is in keeping with the general reasoning developed previously.
While it is, therefore, not surprising that the value of the firm has risen with
the imposition of the short sales constraint, the fact that its value has returned
precisely to what it was when it issued {(2,2)} is striking and possibly somewhat
of a coincidence.

Is the ruling out of short selling realistic? In practice, short selling on the
U.S. stock exchanges is costly, and only a very limited amount of it occurs. The
reason for this is that the short seller must deposit as collateral with the lending
institution, as much as 100 percent of the value of the securities he borrows to
short sell. Under current practice in the United States, the interest on this
deposit is less than the T-bill rate even for the largest participants, and for
small investors it is near zero. There are other exchange-imposed restrictions
on short selling. On the NYSE, for example, investors are forbidden to short
sell on a down-tick in the stock’s price.?

5Brokers must obtain permission from clients to borrow their shares and relend them to a
short seller. In the early part of 2000, a number of high technology firms in the United States
asked their shareholders to deny such permission as it was argued short sellers were depressing
prices! Of course if a stock’s price begins rising, short sellers may have to enter the market to
buy shares to cover their short position. This boosts the share price even further.

10



15.5 Financing and Growth

Now we must consider our second set of issues, which we may somewhat more
generally characterize as follows: How does the degree of completeness in the
securities markets affect the level of capital accumulation? This is a large topic,
touched upon in our introductory chapter, for which there is little existing the-
ory. Once again we pursue our discussion in the context of examples.

Example 15.1

Our first example serves to illustrate the fact that while a more complete
set of markets is unambiguously good for welfare, it is not necessarily so for
growth. Consider the following setup. Agents own firms (have access to a
productive technology) while also being able to trade state-contingent claims
with one another (net supply is zero). We retain the two-agent, two-period
setting. Agents have state-contingent consumption endowments in the second
period. They also have access to a productive technology which, for every k
units of period one consumption foregone, produces vk in date 1 in either state
of nature® (see Table 15.8).

Table 15.8: The Return From Investing k& Units
t=1

01 0y

Vk Vik

The agent endowments are given in Table 15.9.

Table 15.9: Agent Endowments

t=1]| t=2

0, | 02

Agent 1: 3 5 | 1
Agent 2: 3 1

Prob(6;)=Prob(62) =1/2

and the agent preference orderings are now (identically) given by
1 1
EU (cp,cy) =In(cp) + 3 In(e) + 3 In (e3) .

In this context, we compute the agents’ optimal savings levels under two alter-
native financial structures. In one case, there is a complete set of contingent

6Such a technology may not look very interesting at first sight! But, at the margin, agents
may be very grateful for the opportunity it provides to smooth consumption across time
periods.
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claims, in the other, the productive technology is the only possibility for redis-
tributing purchasing power across states (as well as across time) among the two
agents.

15.5.1 No Contingent Claims Markets

Each agent acts autonomously and solves:
1 1
m}iixln(3—k)+§ln(5+\/g) +3 (1+\/E) :
Assuming an interior solution, the optimal level of savings k* solves:

e ) o () )

which, after several simplifications, yields

=

3(k*)% + 156" + TVE* —9 = 0.

The solution to this equation is k* = 0.31. With two agents in the economy,
economy-wide savings are 0.62. Let us now compare this result with the case in
which the agents also have access to contingent claims markets.

15.5.2 Contingent Claims Trading

Let g1 be the price of a security that pays 1 unit of consumption if state 1
occurs, and let go be the price of a security that pays 1 unit of consumption
if state 2 occurs. Similarly, let 27, 23, 22, 22 denote, respectively, the quantities
of these securities demanded by agents 1 and 2. These agents continue to have
simultaneous access to the technology.

Agent 1 solves:

1 1
max ln(3—k1—qlz%—q2z21)+§1n<5+\/k1—|—z%)—|—§ln<1+\/E—l—z%).

1,1
k1,21,25

Agent 2’s problem is essentially the same:

1 1
max In (3 — ko — qlz% — qzzg) + iln (1+\/k2 —1—2%) + gln (5 + v/ ko —1—23) .

2 .2
k2,271,235

By symmetry, in equilibrium

k1 = ko q1 = qo;
1 2 2 1_ .2 .2
21 = 25 =2, 7y = 2] = —25.

Using these facts and the FOCs (see the Appendix), it can be directly shown
that
—2= z%

12



and, it then follows that k1 = 0.16. Thus, total savings = k1 + ko = 2k, = 0.32.

Savings have thus been substantially reduced. This result also generalizes to
situations of more general preference orderings, and to the case where the un-
certainty in the states is in the form of uncertainty in the production technology
rather than in the investor endowments. The explanation for this phenomenon
is relatively straightforward and it parallels the mechanism at work in the pre-
vious sections. With the opening of contingent claims markets, the agents can
eliminate all second-period risk. In the absence of such markets, it is real in-
vestment that alone must provide for any risk reduction as well as for income
transference across time periods — a dual role. In a situation of greater uncer-
tainty, resulting from the absence of contingent claims markets, more is saved
and the extra savings take, necessarily, the form of productive capital: There is
a precautionary demand for capital. Jappelli and Pagano (1994) find traces of
a similar behavior in Italy prior to recent measures of financial deregulation.

Example 15.2

This result also suggests that if firms want to raise capital in order to invest
for date 1 output, it may not be value maximizing to issue a more complete set
of securities, an intuition we confirm in our second example.

Consider a firm with access to a technology with the output pattern found
in Table 15.10.

Table 15.10: The Firm’s Technology

t=20 t=1
0, | 6,
k| VE] VE

Investor endowments are given in Table 15.11.

Table 15.11: Investor Endowments
t=20 t=

01 02
Agent 1: 12 | 1/2| 10
Agent 2: 12 10 | 1/2

Their preference orderings are both of the form:

1 1 1
EU (¢1,¢9) = 3t gln (1) + §ln(02).

15.5.3 Incomplete Markets

Suppose a security of the form (1,1) is traded, at a price p; agents 1 and 2
demand, respectively, z; and zo. The agent maximization problems that define
their demand are as follows:

13



Agent 1:

max(1/12) (12 — pzy) + I (1/2 4 2,) + 2 In (10 + 21)
pzy <12 '

Agent 2:

max(1/12) (12—pzy) + £ In (10 + 22) + 2 In (1/2 + 2,)
D2y <12 ’

It is obvious that z; = 25 at equilibrium. The first order conditions are (again
assuming an interior solution):

Agent 1:
Agent 2:

= D=

1 1 1
(725 T3 (10420

Sk G

1
2 (10+22) +3 (1/2+z2)

In order for the technological constraint to be satisfied, it must also be that

[p(z1 + Zg)]1/2 = 21+ 29, OT
p = 21+ 22 = 221 as noted earlier.

Substituting for p in the first agent’s FOC gives:

221 11 L1t

—_— = = — or
12 2(1/2421)  2(10+ 21)’
0 = 23410527 — 2 —31.5.

Trial and error gives z; = 1.65. Thus p = 3.3 and total investment is
p =z + 2 = (3.3)(3.3) = 10.89 = Vp; date 1 output in each state is thus

v10.89 = 3.3.

15.5.4 Complete Contingent Claims

Now suppose securities R = (1,0) and S = (0,1) are traded at prices gr and
gs and denote quantities demanded respectively as zk, 2%, zL, 22. The no short
sales assumption is retained. With this assumption, agent 1 buys only R while
agent 2 buys only security S. Each agent thus prepares himself for his worst
possibility.

max(1/12) (12 — qrzp) + 3 1n (1/2 + 2§) + 3 In(10)

Agent 1: 0 < qrzh

max(1/12) (12 — gs22) + 5 In (10) + 5 In (1/2 + 23)

Agent 2: 0< qs22

14



The FOCs are thus:

1 1
Agentl:q—R:f T
12 2(1/2+2L)
1 1
Agent 2 : ds _ -
122(1/2+ 25)

Clearly qg = gs by symmetry, and z}z = zg; by the technological constraints:

1 2
1/2 zZp+z
(qrehtas2)"* = (RQS) or
1
z
qr = 71?,.
Solving for zk:
o _ ozp_1 1 1
12 24 2(1/2+2L) 1+2z%
2 (1+4225) = 24
L —14+/1-4(2)(-24) —-1+/1+192 —1+13.892
Zr = = =
4 4 4
(taking positive root)
2R = 3.223
zg = 3.223
qr = 1.61, and
qr (2 +2%) = 1.61(6.446) = 10.378 = Vp.

As suspected, this is less than what the firm could raise issuing only (1,1).

Much in the spirit of our discussion of Section 15.2, this example illustrates
the fact that, for a firm wishing to maximize the amount of capital levied from
the market, it may not be a good strategy to propose contracts leading to
a (more) complete set of markets. This is another example of the failure of
the Modigliani-Miller theorem in a situation of incomplete markets and the
reasoning is the same as before: In incomplete markets, the firm’s value is
not necessarily equal to the value, computed at Arrow-Debreu prices, of the
portfolio of goods it delivers in future date-states. This is because the security
it issues may, in addition, be valued by market participants for its unintended
role as an insurance mechanism, a role that disappears if markets are complete.
In the growth context of our last examples, this may mean that more savings
will be forthcoming when markets are incomplete, a fact that may lead a firm
wishing to raise capital from the markets to refrain from issuing the optimal set
of securities.

15



15.6 Conclusions

We have reached a number of conclusions in this chapter.

1. In an incomplete market context, it may not be value maximizing for
firms to offer the socially optimal (complete) set of securities. This follows from
the fact that, in a production setting, securities can be used not only for risk
reduction but also to transfer income across dates. The value of a security will
depend upon its usefulness in accomplishing these alternative tasks.

2. The value of securities issued by the firm is not independent of the
supply of similar securities issued by other market participants. To the extent
that others can increase the supply of a security initially issued by the firm (via
short selling), its value will be reduced.

3. Finally, welfare is, but growth may not be, promoted by the issuance of
a more complete set of markets.” As a result, it may not be in the best interest
of a firm aiming at maximizing the amount of capital it wants to raise, to issue
the most socially desirable set of securities.

All these results illustrate the fact that if markets are incomplete, the link
between private interests and social optimality is considerably weakened. Here
lies the the intellectual foundation for financial market regulation and supervi-
sion.
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Appendix: Details of the Solution of the Contingent Claims Trade
Case of Section 15.5

Agent 1 solves:

1 1
max In (3 — k1 — qlz% — qué) + 3 In (5 + v/ kl—&-zi) + 5 In (1 + 4/ kl—i—z%)

1,1
k1,271,253

"The statement regarding welfare is strictly true only when financial innovation achieves
full market completeness. Hart (1975) shows that it is possible that everyone is made worse
off when the markets become more complete but not fully complete (say, going from 9 to 10
linearly independent securities when 15 would be needed to make the markets complete).
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MBS

T
2\14+Vk1+23) 2

b -1 + 1 < 1 ) 1]{,
! 3—ki—qzt —qezl 2 \54+VEki+21) 2
Zl . 0 ‘1 < 1 ) = O
! 3—k1—qzl — gzl T 2\ 54V + 2]

— 1
Z% q2 5

3—ki—qiz — q273

1
=0
<1+\/E+Z%>

Agent 2’s problem and FOC are essentially the same:

max In (3 — ko — qlzf — qug)

Fam (Vi 2) 4 S (54 v+ 23)

ky

MBS

=0
(15.2)

(15.3)

(15.4)

ko,22,22
-1 1 1 1. -1 1 1 1 -1
k + < e e E
2 3— ko — qu2? — qo22 2(1—1—\/6—1—2%)22 2(5—1—\/6—}—2%)22
(15.5)
—qQ 1 1 )
z = =0 15.6
! 3— ko — 12} — q273 2<1+\/E+z% (15.6)
—q2 1 1 )
z + = =0 15.7
2 3—ko —q12} — q273 2<5+\/E+z§ (15.7)
By symmetry, in equilibrium
ki =Fko; q1 = qo;
SR T N . —
By Equations (15.3) and (15.6), using the fact that 2 + 24 = 235 + 2%
1 B 1
5+VEL+2 1+ Ve + 23
Equations (15.4) and (15.7):
1 B 1
14+ VEk+22 5+ Vky + 22
The equations defining k; and z{ are thus reduced to
1 11 1 11 1
kl 2 2 + - 1 + - 1 == 0
3— k1 —quzi{ — q225 4k 5+\/H+Zl 4 ki 1+\/H*21
(15.8)
1 1
P (15.9)

54+ vk +28 14+ VE — 2
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Solving for k1, 21, yields from Equation (15.8)

L+vVki—21 = 5+Vki+2
-4 = 22}

_ 1
-2 = z

Substituting this value into Equation (15.8) gives

1 11 1 1
3—ki +4m{5+JE—2+1+\/E+2}
1 +1 1 { 1 }
3—ki AVE 3+ VEr
4/ kq {3 + \/]4}1} = 2(3—ky), or, simplifying,

—6+12¢/k; +6k1 = 0
—1+2\/k1+1€1 = 0
Let X = k1
x —2+4/4—-4(1)(-1) -2+8
2 N 2
X = -1+vV2=-1+14
X = 04

k1 = 0.16 and total savings = k1 + ko = 2k; = 0.32
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Chapter 16: Financial Equilibrium with Differen-
tial Information

16.1 Introduction

The fact that investors often disagree about expected future returns or the eval-
uation of the risks associated with specific investments is probably the foremost
determinant of financial trading in the sense of explaining the larger fraction of
trading volume. Yet we have said very little so far about the possibility of such
disagreements and, more generally, of differences in investors’ information. In
fact, two of the equilibrium models we have reviewed have explicitly assumed
investors have identical information sets. In the case of the CAPM, it is assumed
that all investors’ expectations are summarized by the same vector of expected
returns and the same variance-covariance matrix. It is this assumption that
gives relevance to the single efficient frontier. Similarly, the assumption of a
single representative decision maker in the CCAPM is akin to assuming the
existence of a large number of investors endowed with identical preferences and
information sets.! The Rational Expectations hypothesis, which is part of the
CCAPM, necessarily implies that, at equilibrium, all investors share the same
objective views about future returns.

Both the APT and the Martingale pricing models are nonstructural mod-
els which, by construction, are agnostic about the background information (or
preferences) of the investors. In a sense they thus go beyond the homogenous in-
formation assumption, but without being explicit as to the specific implications
of such an extension. The Arrow-Debreu model is a structural model equipped
to deal, at least implicitly, with heterogeneously informed agents. In particular,
it can accommodate general utility representations defined on state-contingent
commodities where, in effect, the assumed state probabilities are embedded in
the specific form taken by the individual’s utility function.? Thus, while agents
must agree on the relevant states of the world, they could disagree on their
probabilities. We did not exploit this degree of generality, however, and typi-
cally made our arguments on the basis of time-additive and state-additive utility
functions with explicit, investor-homogenous, state probabilities.

In this chapter we relax the assumption that all agents in the economy have
the same subjective probabilities about states of nature or the same expectations
about returns, or that they know the objective probability distributions. In
so doing we open a huge and fascinating, yet incomplete, chapter in financial
economics, part of which was selectively reviewed in Chapter 2. We will again
be very selective in the topics we choose to address under this heading and
will concentrate on the issue of market equilibrium with differentially informed
traders. This is in keeping with the spirit of this book and enables us to revisit
the last important pillar of traditional financial theory left untouched thus far:
the efficient market hypothesis.

1Box 9.1 discussed the extent to which this interpretation can be relaxed as far as utility
functions are concerned.
2Such preference structures are, strictly speaking, not expected utility.



The import of differential information for understanding financial markets,
institutions, and contracts, however, goes much beyond market efficiency. Since
Akerlof (1970), asymmetric information — a situation where agents are differen-
tially informed with, moreover, one or a subgroup having superior information
— is known potentially to lead to the failure of a market to exist. This lemons
problem is a relevant one in financial markets: One may be suspicious of pur-
chasing a stock from a better informed intermediary, or, a fortiori, from the
primary issuer of a security who may be presumed to have the best information
about the exact value of the underlying assets. One may suspect that the issuer
would be unwilling to sell at a price lower than the fundamental value of the
asset. What is called the winner’s curse is applicable here: if the transaction
is concluded, that is, if the better-informed owner has agreed to sell, is it not
likely that the buyer will have paid too much for the asset? This reasoning
might go some way toward explaining the fact that capital raised by firms in
equity markets is such a small proportion of total firm financing [on this, see
Greenwald and Stiglitz (1993)].

Asymmetric information may also explain the phenomenon of credit ra-
tioning. The idea here is that it may not be to the advantage of a lender,
confronted with a demand for funds larger than he can accommodate, to in-
crease the interest rate he charges as would be required to balance supply and
demand: doing so the lender may alter the pool of applicants in an unfavorable
way. Specifically, this possibility depends on the plausible hypothesis that the
lender does not know the degree of riskiness of the projects for which borrowers
need funds and that, in the context of a debt contract, a higher hurdle rate may
eliminate the less profitable, but consequently, also the less risky, projects. It
is easy to construct cases where the creditor is worse off lending his funds at
a higher rate because at the high rate the pool of borrowers becomes riskier
[Stiglitz and Weiss (1981)].

Asymmetric information has also been used to explain the prevalence of
debt contracts relative to contingent claims. We have used the argument before
(Chapter 8): States of nature are often costly to ascertain and verify for one
of the parties in a contract. When two parties enter into a contract, it may
be more efficient, as a result, to stipulate noncontingent payments most of the
time, thus economizing on verification costs. Only states leading to bankruptcy
or default are recognized as resulting in different rights and obligations for the
parties involved [Townsend (1979)].

These are only a few of the important issues that can be addressed with
the asymmetric information assumption. A full review would deserve a whole
book in itself. One reason for the need to be selective is that there is a lack
of a unifying framework in this literature. It has often proceeded with a set of
specific examples rather than more encompassing models. We refer interested
readers to Hirshleiffer and Riley (1992) for a broader review of this fascinating
and important topic in financial economics.



16.2 On the Possibility of an Upward Sloping Demand
Curve

There are plenty of reasons to believe that differences in information and be-
liefs constitute an important motivation for trading in financial markets. It is
extremely difficult to rationalize observed trading volumes in a world of homoge-
neously informed agents. The main reason for having neglected what is without
doubt an obvious fact is that our equilibrium concept, borrowed from traditional
supply and demand analysis (the standard notion of Walrasian equilibrium),
must be thoroughly updated once we allow for heterogeneous information.

The intuition is as follows: The Walrasian equilibrium price is necessarily
some function of the orders placed by traders. Suppose traders are heteroge-
neously informed and that their private information set is a relevant determinant
of their orders. The equilibrium price will, therefore, reflect and, in that sense,
transmit at least a fraction of the privately held information. In this case, the
equilibrium price is not only a signal of relative scarcity, as in a Walrasian world;
it also reflects the agents’ information. In this context, the price quoted for a
commodity or a security may be high because the demand for it is objectively
high and/or the supply is low. But it may also be high because a group of
investors has private information suggestive that the commodity or security in
question will be expensive tomorrow. Of course, this information about the
future value of the item is of interest to all. Presumably, except for liquidity
reasons, no one will want to sell something at a low price that will likely be of
much higher value tomorrow. This means that when the price quoted on the
market is high (in the fiction of standard microeconomics, when the Walrasian
auctioneer announces a high price), a number of market participants will realize
that they have sent in their orders on the basis of information that is probably
not shared by the rest of the market. Depending on the confidence they place in
their own information, they may then want to revise their orders, and to do so
in a paradoxical way: Because the announced price is higher than they thought
it would be, they may want to buy more! Fundamentally, this means that what
was thought to be the equilibrium price is not, in fact, an equilibrium.

This is a new situation and it requires a departure from the Walrasian equi-
librium concept. In this chapter we will develop these ideas with the help of an
example. We first illustrate the notion of a Rational Expectations Equilibrium
(REE), a concept we have used more informally in preceding chapters (e.g.,
Chapter 9), in a context where all participants share the same information.
We then extend it to encompass situations where agents are heterogeneously
informed. We provide an example of a fully revealing rational expectations
equilibrium which may be deemed to be the formal representation of the no-
tion of an informationally efficient market. We conclude by discussing some
weaknesses of this equilibrium concept and possible extensions.



16.3 An Illustration of the Concept of REE: Homogeneous
Information?

Let us consider the joint equilibrium of a spot market for a given commodity
and its associated futures market. The context is the familiar now and then,
two-date economy. The single commodity is traded at date 1. Viewed from
date 0, the date at which producers must make their production decisions, the
demand for this commodity, emanating from final users, is stochastic. It can be
represented by a linear demand curve shocked by a random term as in

D(p>ﬁ):a’_cp+ﬁ7

where D(-) represents the quantity demanded, p is the (spot) price for the
commodity in question, a and c are positive constants, and 7} is a stochastic
demand-shifting element.? This latter quantity is centered at (has mean value)
zero, at which point the demand curve assumes its average position, and it is
normally distributed with variance o7, in other words, h (77) = N (0;07) where
h( ) is the probability density function on 7. See Figure 16.1 for an illustration.
At date 0, the N producers decide on their input level x — the input price is
normalized at 1 — knowing that g(x) units of output will then be available after
a one-period production lag at date 1. The production process is thus non-
stochastic and the only uncertainty originates from the demand side. Because
of the latter feature, the future sale price p is unknown at the time of the input
decision.

Insert Figure 16.1 about here

We shall assume the existence of a futures or forward market® that our
producers may use for hedging or speculative purposes. Specifically, let f >
0(< 0) be the short (long) futures position taken by the representative producer,
that is, the quantity of output sold (bought) for future delivery at the future
(or forward) price pf.

Here we shall assume that the good traded in the futures market, (i.e.,
specified as acceptable for delivery in the futures contract), is the same as the

3The rest of this chapter closely follows Danthine (1978).

4Looking forward, the demand for heating oil next winter is stochastic because the severity
of the winter is impossible to predict in advance.

5The term futures market is normally reserved for a market for future delivery taking
place in the context of an organized exchange. A forward market refers to private exchanges
of similar contracts calling for the future delivery of a commodity or financial instrument.
While knowledge of the credit worthiness and honesty of the counter-party is of essence in
the case of forward contracts, a futures market is anonymous. The exchange is the relevant
counter-party for the two sides in a contract. It protects itself and ensures that both parties’
engagements will be fulfilled by demanding initial guarantee deposits as well as issuing daily
margin calls to the party against whose position the price has moved. In a two-date setting,
thus in the absence of interim price changes, the notion of margin calls is not relevant and it
is not possible to distinguish futures from forwards.



commodity exchanged on the spot market. For this reason, arbitrageurs will
ensure that, at date 1, the futures and the spot price will be exactly identical:
In the language of futures markets, the basis is constantly equal to zero and
there is thus no basis risk.

Under these conditions, the typical producer’s cash flow y is

j=pg(x) —x+ (p' —p) f
which can also be written as
§=p(9(@) = f)—z+p'f.
It is seen that by setting f = g(z), that is, by selling forward the totality of
his production, the producers can eliminate all his risks. Although this need
not be his optimal futures position, the feasibility of shedding all risks explains
the separation result that follows (much in the spirit of the CAPM: diversifiable
risk is not priced).
Let us assume that producers maximize the expected utility of their future
cash flow where U’( ) > 0 and U"( ) < 0:
BU (i
Max BU(y)
Differentiating with respect to x and f successively, and assuming an interior
solution, we obtain the following two FOCs:

r B[] = ﬁm@) (16.1)
f EUW()p) = p! EUL(H) (16.2)
which together imply: .
f—_ -
pl = @) (16.3)

Equation (16.3) is remarkable because it says that the optimal input level should
be such that the marginal cost of production is set equal to the (known) futures
price pf/, the latter replacing the expected spot price as the appropriate pro-
duction signal. The futures price equals marginal cost condition is also worth
noticing because it implies that, despite the uncertain context in which they
operate, producers should not factor in a risk premium when computing their
optimal production decision.

For us, a key implication of this result is that, since the supply level will
directly depend on the futures price quoted at date 0, the equilibrium spot
price at date 1 will be a function of the futures price realized one period earlier.
Indeed, writing z = 2(pf) and g(z) = ¢ (x(pf)) to highlight the implications
of Equation (16.3) for the input and output levels, the supply-equals-demand
condition for the date 1 spot market reads

Ng (z(p)) =a—cp+1j



which implicitly defines the equilibrium (date 1) spot price as a function of the
date 0 value taken by the futures price, or

p=p 0. (16.4)

It is clear from Equation (16.4) that the structure of our problem is such that the
probability distribution on p cannot be spelled out independently of the value
taken by p/. Consequently, it would not be meaningful to assume expectations
for p, on the part of producers or futures market speculators, which would not
take account of this fundamental link between the two prices. This observation,
which is a first step toward the definition of a rational expectation equilibrium,
can be further developed by focusing now on the futures market.

Let us assume that, in addition to the N producers, n speculators take
positions on the futures market. We define speculators by their exclusive in-
volvement in the futures markets; in particular they have no position in the
underlying commodity. Accordingly, their cash flows are simply:

Zi=0 —p) b

where b; is the futures position (> 0 = short ; < 0 = long) taken by speculator i.
Suppose for simplicity that their preferences are represented by a linear mean-
variance utility function of their cash flows:

~ ~ X ~
W(z) = E(%) — 51}(17"(22-)
where x represents the (Arrow-Pratt) Absolute Risk Aversion index of the rep-
resentative speculator. We shall similarly specialize the utility function of pro-
ducers. The assumption of a linear mean-variance utility representation is, in
fact, equivalent to hypothesizing an exponential (CARA) utility function such
as

W (2) = —exp {—%2}

if the context is such that the argument of the function, z , is normally distrib-
uted. This hypothesis will be verified at the equilibrium of our model.
Under these hypotheses, it is easy to verify that the optimal futures position
of speculator i is
pl —E (p|p”)
bj=—+"—~ (16.5)
xvar (p[p)
where the conditioning in the expectation and variance operators is made nec-
essary by Equation (16.4). The form of Equation (16.5) is not surprising. It
implies that the optimal futures position selected by a speculator will have the
same sign as the expected difference between the futures price and the expected
spot price, that is, a speculator will be short (b > 0) if and only if the futures
price at which he sells is larger than the spot price at which he expects to be
able to unload his position tomorrow. As to the size of his position, it will be
proportional to the expected difference between the two prices, which is indica-
tive of the size of the expected return, and inversely related to the perceived



riskiness of the speculation, measured by the product of the variance of the
spot price with the Arrow-Pratt coefficient of risk aversion. More risk-averse
speculators will assume smaller positions, everything else being the same.

Under a linear mean-variance specification of preferences, the producer’s
objective function becomes

£

max B (5 |p') (9 (x) = f =) + 9/ f = 5 (9 (x) = ) var (p[p’)

z>0,f
where £ is the absolute risk aversion measure for producers.
With this specification of the objective function, Equation (16.2), the FOC
with respect to f, becomes

f_ 5| pf
F=o(e )+ Lt T = ) (165)

which is the second part of the separation result alluded to previously. The
optimal futures position of the representative producer consists in selling forward
the totality of his production (g(z)) and then readjusting by a component that
is simply the futures position taken by a speculator with the same degree of risk
aversion. To see this, compare the last term in Equation (16.6) with Equation
(16.5). A producer’s actual futures position can be viewed as the sum of these
two terms. He may under-hedge, that is, sell less than his future output at
the futures price. This is so if he anticipates paying an insurance premium in
the form of a sale price (p’) lower than the spot price he expects to prevail
tomorrow. But he could as well over-hedge and sell forward more than his total
future output. That is, if he considers the current futures price to be a high
enough price, he may be willing to speculate on it, selling high at the futures
price what he hopes to buy low tomorrow on the spot market.

Putting together speculators’” and producers’ positions, the futures market
clearing condition becomes:

ibi-f—Nf:O, or

=1

R R e e SR R

xvar (p|p’) Evar (plp)

which must be solved for the equilibrium futures price p/. Equation (16.7) makes
clear that the equilibrium futures price p/ is dependent on the expectations held
on the future spot price p; we have previously emphasized the dependence on
pof expectations about p. This apparently circular reasoning can be resolved
under the rational expectations hypothesis, which consists of assuming that
individuals have learned to understand the relationship summarized in Equation
(16.4), that is,

E@p")=Ep@a)lp" ] var (plp") = var [p (0" 0) [p"]  (16.8)



Definition 16.1:

In the context of this section, a Rational Expectations Equilibrium (REE)
is

1. a futures price p/ solving Equation (16.7) given Equation (16.8), and the
distributional assumption made on 7, and

2. a spot price p solving Equation (16.4) given p/ and the realization of 7.

The first part of the definition indicates that the futures price equilibrates
the futures market at date 0 when agents rationally anticipate the effective
condition under which the spot market will clear tomorrow and make use of
the objective probability distribution on the stochastic parameter 7. Given the
supply of the commodity available tomorrow (itself a function of the equilibrium
futures price quoted today), and given the particular value taken by 7, (i.e., the
final position of the demand curve), the second part specifies that the spot price
clears the date 1 spot market.

16.4 Fully Revealing REE: An Example

Let us pursue this example one step further and assume that speculators have
access to privileged information in the following sense: Before the futures ex-
change opens, speculator ¢, (i = 1,...,n) observes some unbiased approximation
v; to the future realization of the variable 7. The signal v; can be viewed as the
future 7 itself plus an error of observation w;. The latter is specific to speculator
1, but all speculators are similarly imprecise in the information they manage to
gather. Thus,

v; = 1 + w; where the ©’s are i.i.d. N (0; ai)

across agents and across time periods.

This relationship can be interpreted as follows: 7 is a summary measure of
the mood of consumers or of other conditions affecting demand. Speculators
can obtain advanced information as to the particular value of this realization
for the relevant period through, for instance, a survey of consumer’s intentions
or a detailed weather forecast (assuming the latter influences demand). These
observations are not without errors, but (regarding these two periods as only
one occasion of a multiperiod process where learning has been taking place),
speculators are assumed to be sufficiently skilled to avoid systematic biases in
their evaluations. In this model, this advance information is freely available to
them.

Under these conditions, Equation (16.5) becomes

B (flp’ )
_ b pp” 5vi) _ foo
bz - xvar (ﬁ |pf aUZ) =b (p avl) )

where we make it explicit that both the expected value and the variance of
the spot price are affected by the advance piece of information obtained by



speculator i. The Appendix details how these expectations can actually be
computed, but this need not occupy us for the moment.

Formally, Equation (16.6) is unchanged, so that the futures market clearing
condition can be written

Nf(pf>+Zb(pf;vi) = 0;

It is clear from this equation that the equilibrium futures price will be affected
by the “elements” of information gathered by speculators. In fact, under ap-
propriate regularity conditions, the market-clearing equation implicitly defines
a function

pl =1(v1,v9,...,0,) (16.9)

that formalizes this link and thus the information content of the equilibrium
futures price.

All this implies that there is more than meets the eye in the conditioning on
p! of E (p|p’) and var (p|p’). So far the reasoning for this conditioning was
given by Equation (16.4): A higher p/ stimulates supply from g (z(p’)) and
thus affects the equilibrium spot price. Now a higher p/ also indicates high v;’s
on average, thus transmitting information about the future realization of 7. The
real implications of this link can be suggested by reference to Figure 16.1. In the
absence of advance information, supply will be geared to the average demand
conditions. () represents this average supply level, leading to a spot price p
under conditions of average demand (n = 0). If suppliers receive no advance
warning of an abnormally high demand level, an above-average realization 7
requires a high price p; to balance supply and demand. If, on the other hand,
speculators’ advance information is transmitted to producers via the futures
price, supply increases in anticipation of the high demand level and the price
increase is mitigated.

We are now in a position to provide a precise answer to the question that
has preoccupied us since Section 16.2: How much information is transmitted by
the equilibrium price p/? It will not be a fully general answer: Our model has
the nature of an example because it presumes specific functional forms. The
result we will obtain certainly stands at one extreme on the spectrum of possible
answers, but it can be considered as a useful benchmark. In what follows, we
will construct, under the additional simplification g(z) = az'/?, a consistent
equilibrium in which the futures price is itself a summary of all the information
there is to obtain, a summary which, in an operational sense, is fully equivalent
to the complete list of signals obtained by all speculators. More precisely, we
will show that the equilibrium futures price is an invertible (linear) function of
> wv; and that, indeed, it clears the futures market given that everyone realizes
this property and bases his orders on the information he can thus extract. This
result is important because ) v; is a sufficient statistic for the entire vector
(v1,v2, ..., Up). This formal expression means that the sum contains as much
relevant information for the problem at hand as the entire vector, in the sense
that knowing the sum leads to placing the same market orders as knowing the



whole vector. Ours is thus a context where the answer to our question is: All
the relevant information is aggregated in the equilibrium price and is revealed
freely to market participants. The REE is thus fully revealing!

Let us proceed and make these precise assertions. Under the assumed tech-
nology, q(x) = ax'/?, Equations (16.3), (16.4), and (16.8) become, respectively,

g’ = T
p(p',7) = A-Bp/ +-74
2
with A = & p_No
c c 2
) 1
E@plp') = A-Bp'+_E(@[p’)
) 1
var (p|pf) = gvar (77|p‘f)

The informational structure is as follows. Considering the market as a whole,
an experiment has been performed consisting of observing the values taken by
n independent drawings of some random variable U, where © = n + w and W
is N (0, 012”). The results are summarized in the vector v = (v1,va, ..., v,) or,
as we shall demonstrate, in the sum of the v;’s, > v;, which is a sufficient
statistic for v = (v1,va, ...,v,). The latter expression means that conditioning
expectations on » v; or on ) v; and the whole vector of v yields the same
posterior distribution for 77. In other words, the entire vector does not contain
any information that is not already present in the sum. Formally, we have
Definition 16.2.

Definition 16.2:
(%) > vj is a sufficient statistic for v = (v1, v, ..., v, ) relative to the distri-
bution h (n) if and only if A (7[> vj,v) =h (7[> vj).

Being a function of the observations [see Equation (16.9)], pf is itself a sta-
tistic used by traders in calibrating their probabilities. The question is: How
good a statistic can it be? How well can the futures price summarize the infor-
mation available to the market? As promised, we now display an equilibrium
where the price p/ is a sufficient statistic for the information available to the
market; that is, it is invertible for the sufficient statistic > v;. In that case,
knowledge of pf is equivalent to the knowledge of > wv; and farmers’ and spec-
ulators’ expectations coincide. If the futures price has this revealing property,
expectations held at equilibrium by all agents must be (see the Appendix for
details):

2
~ ~ ~ g,
E@p") = E@v.p")= E(n‘zvj) = ﬁzw (16.10)
n w
. - o202
var(ijlp?) = vaT(n\vj,pf)zﬁ. (16.11)
n w
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Equations (16.10) and (16.11) make clear that conditioning on the futures
price would, under our hypothesis, be equivalent to conditioning on > v;, the
latter being, of course, superior information relative to the single piece of indi-
vidual information, v;, initially obtained by speculator i. Using these expres-
sions for the expectations in Equation (16.7), one can show after a few tedious
manipulations that, as announced, the market-clearing futures price has the
form

pP=F+LY v (16.12)
where
N A

o (Nx +né) . and

(Nx +71€) (B +1) + Na2éx & st

2 2

L = 1 %uh F
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Equation (16.12 shows the equilibrium price p/ to be proportional to 3 v; and
thus a sufficient statistic as postulated. It satisfies our definition of an equi-
librium. It is a market-clearing price, the result of speculators’ and farmers’
maximizing behavior, and it corresponds to an equilibrium state of expecta-
tions. That is, when Equation (16.12) is the hypothesized functional relation-
ship between p/ and v, this relationship is indeed realized given that each agent
then appropriately extracts the information ) | v; from the announcement of the
equilibrium price.

16.5 The Efficient Market Hypothesis

The result obtained in Section 16.4 is without doubt extreme. It is interesting,
however, as it stands as the paragon of the concept of market efficiency. Here
is a formal and precise context in which the valuable pieces of information
held by heterogeneously informed market participants are aggregated and freely
transmitted to all via the trading process. This outcome is reminiscent of the
statements made earlier in the century by the famous liberal economist F. von
Hayek who celebrated the virtues of the market as an information aggregator
[Hayek (1945)]. It must also correspond to what Fama (1970) intended when
introducing the concept of strong form efficiency, defined as a situation where
market prices fully reflect all publicly and privately held information.

The reader will recall that Fama (1970) also introduced the notions of weak-
form efficiency, covering situations where market prices fully and instanta-
neously reflect the information included in historical prices, and of semi-strong
form efficiency where prices, in addition, reflect all publicly available informa-
tion (of whatever nature). A securities market equilibrium such as the one
described in Chapter 9 under the heading of the CCAPM probably best cap-
tures what one can understand as semi-strong efficiency: Agents are rational
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in the sense of being expected utility maximizers, they are homogeneously in-
formed (so that all information is indeed publicly held), and they efficiently use
all the relevant information when defining their asset holdings. In the CCAPM,
no agent can systematically beat the market, a largely accepted hallmark of
an efficient market equilibrium, provided beating the market is appropriately
defined in terms of both risk and return.

The concept of Martingale, also used in Chapters 11 and 12, has long con-
stituted another hallmark of market efficiency. It is useful here to provide a
formal definition.

Definition 16.3

A stochastic process T; is a Martingale with respect to an information set
o, if

E(.’ft+1 |(I)t) = T¢- (1613)

It is a short step from this notion of a Martingale to the assertion that
one cannot beat the market, which is the case if the current price of a stock
is the best predictor of its future price. The latter is likely to be the case if
market participants indeed make full use of all available information: In that
situation, future price changes can only be unpredictable. An equation like
Equation (16.13) cannot be true exactly for stock prices as stock returns would
then be zero on average. It is clear that what could be a Martingale under the
previous intuitive reasoning would be a price series normalized to take account
of dividends and a normal expected return for holding stock. To get an idea of
what this would mean, let us refer to the price equilibrium Equation (9.2) of
the CCAPM

Ur(Y)pe = 0B {U1(Yig1) (P41 + Yeg1)} (16.14)

Making the assumption of risk neutrality, one obtains:

pr = 0B (pey1 + Yig1) (16.15)

If we entertain, for a moment, the possibility of a non-dividend paying stock,
Y; = 0, then Equation (16.14) indeed implies that the normalized series z; = §'p;
satisfies Equation (16.13) and is thus a Martingale. This normalization implies
that the expected return on stockholding is constant and equal to the risk-
free rate. In the case of a dividend-paying stock, a similar, but slightly more
complicated, normalization yields the same result.

The main points of this discussion are (1) that a pure Martingale process
requires adjusting the stock price series to take account of dividends and the
existence of a positive normal return, and (2) that the Martingale property is
a mark of market efficiency only under a strong hypothesis of risk neutrality
that includes, as a corollary, the property that expected return to stockholding
is constant. The large empirical literature on market efficiency has not always
been able to take account appropriately of these qualifications. See Leroy (1989)
for an in-depth survey of this issue.

12



Our model of the previous section is more ambitious, addressing as it does,
the concept of strong form efficiency. Its merit is to underline what it takes for
this extreme concept to be descriptive of reality, thus also helping to delineate
its limits. T'wo of these limits deserve mentioning. The first one arises once one
attempts, plausibly, to get rid of the hypothesis that speculators are able cost-
lessly to obtain their elements of privileged information. If information is free, it
is difficult to see why all speculators would not get all the relevant information,
thus reverting to a model of homogeneous information. However, the spirit of
our example is that resources are needed to collect information and that spec-
ulators are those market participants specializing in this costly search process.
Yet why should speculator ¢ expand resources to obtain private information v;
when the equilibrium price will freely reveal to him the sufficient statistic > vj,
which by itself is more informative than the information he could gather at a
cost. The very fact that the equilibrium REE price is fully revealing implies that
individual speculators have no use for their own piece of information, with the
obvious corollary that they will not be prepared to spend a penny to obtain it.
On the other hand, if speculators are not endowed with privileged information,
there is no way the equilibrium price will be the celebrated information aggrega-
tor and transmitter. In turn, if the equilibrium price is not informative, it may
well pay for speculators to obtain valuable private information. We are thus
trapped in a vicious circle that results in the nonexistence of equilibrium, an
outcome Grossman and Stiglitz (1980) have logically dubbed “the impossibility
of informationally efficient markets.”

Another limitation of the conceptual setup of Section 16.4 resides in the
fact that the hypotheses required for the equilibrium price to be fully reveal-
ing are numerous and particularly severe. The rational expectations hypothesis
includes, as always, the assumption that market participants understand the
environment in which they operate. This segment of the hypothesis is particu-
larly demanding in the context of our model and it is crucial for agents to be
able to extract sufficient statistics from the equilibrium futures price. By that
we mean that, for individual agents to be in position to read all the information
concealed in the equilibrium price, they need to know exactly the number of
uninformed and informed agents and their respective degrees of risk aversion,
which must be identical inside each agent class. The information held by the
various speculators must have identical precision (i.e., an error term with the
same variance), and none of the market participants can be motivated by lig-
uidity considerations. All in all, these requirements are simply too strong to be
plausibly met in real-life situations. Although the real-life complications may
be partly compensated for by the fact that trading is done on a repeated, al-
most continuous basis, it is more reasonable to assume that the fully revealing
equilibrium is the exception rather that the rule.

The more normal situation is certainly one where some, but not all, in-
formation is aggregated and transmitted by the equilibrium price. In such an
equilibrium, the incentives to collect information remain, although if the price is
too good a transmitter, they may be significantly reduced. The nonexistence-of-
equilibrium problem uncovered by Grossman and Stiglitz is then more a curiosity
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than a real source of worry. Equilibria with partial transmission of information
have been described in the literature under the heading noisy rational expec-
tation equilibrium. The apparatus is quite a bit messier than in the reference
case discussed in Section 16.4 and we will not explore it further (see Hellwig
(1980) for a first step in this direction). Suffice it to say that this class of mod-
els serves as the basis for the branch of financial economics known as market
macrostructure which strives to explain the specific forms and rules underlying
asset trading in a competitive market environment. The reader is referred to
O’Hara (1997) for a broad coverage of these topics.
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Appendix: Bayesian Updating with the Normal Distribution

Theorem A 16.1:
If we assume T and g are two normally distributed vectors with
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Review of Basic Options Concepts and
Terminology

March 24, 2005

1 Introduction

The purchase of an options contract gives the buyer the right to buy (call options
contract) or sell (put options contract) some other asset under pre-specified
terms and circumstances. This underlying asset, as it is called, can in principle
be anything with a well-defined price. For example, options on individual stocks,
portfolios of stocks (i.e., indices such as the S&P500), futures contracts, bonds,
and currencies are actively traded. Note that options contracts do not represent
an obligation to buy or sell and, as such, must have a positive, or at worst zero,
price.

“American” style options allow the right to buy or sell (the so-called “right of
exercise”) at any time on or before a pre-specified future date (the “expiration”
date). “European” options allow the right of exercise only at the pre-specified
expiration date. Most of our discussion will be in the context of European call
options. If the underlying asset does not provide any cash payments during the
time to expiration (no dividends in the case of options on individual stocks),
however, it can be shown that it is never wealth maximizing to exercise an
American call option prior to expiration (its market price will at least equal and
likely exceed its value if exercised). In this case, American and European call
options are essentially the same, and are priced identically. The same statement
is not true for puts.

In all applied options work, it is presumed that the introduction of options
trading does not influence the price process of the underlying asset on which
they are written. For a full general equilibrium in the presence of incomplete
markets, however, this will not generally be the case.

2 Call and Put Options on Individual Stocks

1. European call options

(a) Definition: A European call options contract gives the owner the right
to buy a pre-specified number of shares of a pre-specified stock (the



underlying asset) at a pre-specified price (the “strike” or “exercise”
price) on a pre-specified future date (the expiration date). American
options allow exercise “on or before” the expiration date. A contract
typically represents 100 options with the cumulative right to buy 100
shares.

Payoff diagram: It is customary to describe the payoff to an individ-
ual call option by its value at expiration as in Figure 1.
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Figure 1: Payoff Diagram: European Call Option

In Figure 1, St denotes the possible values of the underlying stock
at expiration date T', K the exercise price, and Cr the corresponding
call value at expiration. Algebraically, we would write

Cr =max {0,Sr — K}.

Figure 1 assumes the perspective of the buyer; the payoff to the seller
(the so-called “writer” of the option) is exactly opposite to that of
the buyer. See Figure 2.
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Figure 2: Payoff Diagram: European Call-Writer's Perspective

Note that options give rise to exactly offsetting wealth transfers be-
tween the buyer and the seller. The options related wealth positions
of buyers and sellers must thus always sum to zero. As such we say
that options are in zero net supply, and thus are not elements of
“M", the market portfolio of the classic CAPM.

Remarks: The purchaser of a call option is essentially buying the ex-
pected price appreciation of the underlying asset in excess of the ex-
ercise price. As we will make explicit in a later chapter, a call option



can be thought of as very highly leveraged position in the underly-
ing stock - a property that makes it an ideal vehicle for speculation:
for relatively little money (as the call option price will typically be
much less than the underlying share’s price) the buyer can acquire
the upward potential.

There will, of course, be no options market without substantial di-
versity of expectations regarding the future price behavior of the
underlying stock.

2. European Put Options

(a)

Definition: A European put options contract gives the buyer the right
to sell a pre-specified number of shares of the underlying stock at a
pre-specified price (the “exercise” or “strike” price) on a pre-specified
future date (the expiration date). American puts allow for the sale
on or before the expiration date. A typical contract represents 100
options with the cumulative right to sell 100 shares.

Payoff diagram: In the case of a put, the payoff at expiration to an
individual option is represented in Figure 3.

Pr
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Figure 3: Payoff Diagram for a European Put

In Figure 3, Pr denotes the put’s value at expiration; otherwise, the
notation is the same as for calls. The algebraic equivalent to the
payoff diagram is

Pr = max{0, K — St}

The same comments about wealth transfers apply equally to the put
as to the call; puts are thus also not included in the market portfolio
M.

Remarks: Puts pay off when the underlying asset’s price falls below
the exercise price at expiration. This makes puts ideal financial in-
struments for “insuring” against price declines. Let us consider the
payoff to the simplest “fundamental hedge” portfolio:

1 share of 1 put written on the
stock stock with exercise price K



Table 1: Payoff Table for Fundamental Hedge

Events Sr <K Sr>K
Stock St St
Put K- Sr 0
Hedge Portfolio K St

To see how these two securities interact with one another, let us
consider their net total value at expiration:

The diagrammatic equivalent is in Figure 4.
Sr

Pr, Sr
K S\ Hedge Portfolio

Pr

K Sr
Figure 4: Payoff Diagram: Fundamental Hedge

The introduction of the put effectively bounds the share price to fall
no lower than K. Such insurance costs money, of course, and its price
is the price of the put.

Puts and calls are fundamentally different securities: calls pay off
when the underlying asset’s price at expiration exceeds K; puts pay
off when its price falls short of K. Although the payoff patterns of
puts and calls are individually simple, virtually any payoff pattern
can be replicated by a properly constructed portfolio of these instru-
ments.

The Black-Scholes Formula for a European
Call Option.

. What it presumes: The probability distribution on the possible payoffs
to call ownership will depend upon the underlying stock’s price process.
The Black-Scholes formula gives the price of a European call under the
following assumptions:

(a) the underlying stock pays no dividends over the time to expiration;

(b) the risk free rate of interest is constant over the time to expiration;

(¢) the continuously compounded rate of return on the underlying stock
is governed by a geometric Brownian motion with constant mean and
variance over the time to expiration.



This model of rate of return evolution essentially presumes that the rate of
return on the underlying stock — its rate of price appreciation since there
are no dividends — over any small interval of time At € [0,7] is given by

AS
Titear = %*“ = At + 68VAL, (1)

where € denotes the standard normal distribution and f, & are, respec-
tively, the annualized continuously compounded mean return and the stan-
dard deviation of the continuously compounded return on the stock. Un-
der this abstraction the rate of return over any small interval of time At

is distributed N (ﬂAt, oV At); furthermore, these returns are indepen-
dently distributed through time. Recall (Chapter 3) that these are the two
most basic statistical properties of stock returns. More precisely, Equa-

tion (1) describes the discrete time approximation to geometric Brownian
motion.

True Geometric Brownian motion presumes continuous trading, and its at-
tendant continuous compounding of returns. Of course continuous trading
presumes an uncountably large number of “trades” in any finite interval
of time, which is impossible. It should be thought of as a very useful
mathematical abstraction.

Under continuous trading the expression analogous to Equation (1) is

% = adt + 6EVdt . (2)

Much more will be said about this price process in the web-complement
entitled “An Intuitive Overview of Continuous Time Finance”

. The formula: The Black-Scholes formula is given by

Cr(S,K) = SN(dy) — """ KN(dy)

where

In this formula:

S = the price of the stock “today” (at the time the call valuation is being
undertaken);

K = the exercise price;



T = the time to expiration, measured in years;
7¢ = the estimated continuously compounded annual risk free rate;

0 = the estimated standard deviation of the continuously compounded
rate of return on the underlying asset annualized; and

N() is the standard normal distribution.

In any practical problem, of course, ¢ must be estimated. The risk free
rate is usually unambiguous as normally there is a T-bill coming due
on approximately the same date as the options contracts expire (U.S.
markets).

. An example

Suppose
S = $68
K = $60

T = 88 days = o = .241 years

ry = 6% (not continuously compounded)

6 =.40

The 7y inserted into the formula is that rate which, when continuously

compounded, is equivalent to the actual 6% annual rate; this must satisfy

e =1.06, or 7y = In(1.06) = .058.

Thus,
i = 1n%+(.058+%(.4)2(.241)):.806
(.40)y/.241

dy = .806— (.40)v/.241 = .610

N(dy) = N(.806)~ .79

N(dy) = N(.610)~.729
C = $.68(.79) — e~ (058241 (360)(.729)

= $10.60

. Estimating o.

We gain intuition about the Black-Scholes model if we understand how
its inputs are obtained, and the only input with any real ambiguity is o.
Here we present a straightforward approach to its estimation based on the
security’s historical price series.

Since volatility is an unstable attribute of a stock, by convention it is
viewed as unreliable to go more than 180 days into the past for the choice
of historical period. Furthermore, since we are trying to estimate the



u, o of a continuously compounded return process, the interval of mea-
surement should be, in principle, as small as possible. For most practical
applications, daily data is the best we can obtain.

The procedure is as follows:

i) Select the number of chosen historical observations and index them ¢ =
0,1,2,...,n with observation 0 most distant into the past and observation
n most recent. This gives us n + 1 price observations. From this we will
obtain n daily return observations.

ii) Compute the equivalent continuously compounded ROR on the under-
lying asset over the time intervals implied by the selection of the data (i.e.,
if we choose to use daily data we compute the continuously compounded

daily rate):
r; =1In ( Si )
Si—1

This is the equivalent continuously compounded ROR from the end of
period 7 — 1 to the end of period i.

Why is this the correct calculation? Suppose S; = 110, S;—; = 100; we
want that continuously compounded return x to be such that

Si1e® = S;, or 100e® = 110
e = (110/100)
110
= 1 — ) = . .
x n(loo) 0953

This is the continuously compounded rate that will increase the price from
$100 to $110.

iii) Compute the sample mean

45

=1

Remark: If the time intervals are all adjacent; i.e., if we have not omitted

any observations, then
= % Z r; = {ln (g—;) + In (g—f) +..+In (—Sf’ilﬂ

3= 3=

Note that if we omit some calendar observations — perhaps due to, say,
merger rumors at the time which are no longer relevant — this shortcut
fails.



iv) Estimate o

Example: Consider the (daily) data in Table 2.

Table 2
Period Closing price ln( S )
i=0 $26 In (252%) = .0190482
i=1 $26.50 In (2325) = —.009479
i=2 $26.25 Py = m(gg %) =0
i=3 $26.25 ry =In (3352) = .0094787
i=4 $26.50

In this case i = In(252%) = 1/4;In(1.0192308) = .004762

Using the above formula,

D r7 = (.0190482)% + (—.009479)* + (.0094787)* = .0005472
=1
4 2
(Z r,) = (.0190482 — .009479 + .0094787)? = (.01905)% = .0003628
=1
5= \/ 1( 005472) ! (.003628)

v/.0001809 — .0000302 = +/.0001507 = .0123
6% =(.0123)2 = .0001507

v) Annualize the estimate of o

We will assume 250 trading days per year. Our estimate for the continu-
ously compounded annual return is thus:

62 . = 250(.0001507) = .0377
OGail
aily

Remark: Why do we do this? Why can we multiply our estimate by 250
to scale things up? We can do this because of our geometric Brownian




motion assumption that returns are independently distributed. This is
detailed as follows:

Our objective: an estimate for var (ln (STS;O“”>) given 250 trading days,

o (n(%5)) r(ln(s”“”“))

1 < Sdayl SdayQ Sday250 > )
n . ves
So Sdayr  Sday249

The latter equivalence is true because returns are uncorrelated from day
to day under the geometric Brownian motion assumption.

Furthermore, the daily return distribution is presumed to be the same for
every day, and thus the daily variance is the same for every day under
geometric Brownian motion.

Thus, var (ln (STS;;“)) = 250 Ugaily'

We have obtained an estimate for Jﬁmlu which we will write as &gaily' To
convert this to an annual variance, we must thus multiply by 250.

Hence 63,01 = 250 - 03,4, = 0377, as noted.

If a weekly 62were obtained, it would be multiplied by 52.

4 The Black-Scholes Formula for an Index.

Recall that the Black-Scholes formula assumed that the underlying stock did
not pay any dividends, and if this is not the case an adjustment must be made.
A natural way to consider adapting the Black-Scholes formula to the dividend
situation is to replace the underlying stock’s price S in the formula by S —
PV(EDIVs), where PV(EDIVs) is the present value, relative to ¢ = 0, the
date at which the calculation is being undertaken, of all dividends expected to
be paid over the time to the option’s expiration. In cases where the dividend
is highly uncertain this calculation could be problematic. We want to make
such an adjustment because the payment of a dividend reduces the underlying
stock’s value by the amount of the dividend and thus reduces the value (ceteris
paribus) of the option written on it. Options are not “dividend protected,” as
it is said.

For an index, such as the S&Pj5qg, the dividend yield on the index portfolio
can be viewed as continuous, and the steady payment of this dividend will have

Sdayl > (Sday2> (Sday250

= +1 + .. +In[ =—"—

( ( " Sday1 Sday249

= var <ln (Sdayl>> + var <ln <Sday2>) + ...+ var (ln (
SO Sdayl

))

Sday250

Sday249

))



a continuous tendency to reduce the index value. Let d denote the dividend
yield on the index. In a manner exactly analogous to the single stock dividend
treatment noted above, the corresponding Black-Scholes formula is

C = Se ¥ N(d))— Ke ™ N(dy)
S/ + (ry = d+ %) T
oVT

where di =

dg dl—O'\/T.
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An Intuitive Overview of Continuous Time
Finance

June 1, 2005

1 Introduction

If we think of stock prices as arising from the equilibration of traders demands
and supplies, then the binomial model is implicitly one in which security trading
occurs at discrete time intervals, however short, and this is factually what actu-
ally happens. It will be mathematically convenient, however, to abstract from
this intuitive setting and hypothesize that trading takes place “continuously.”
This is consistent with the notion of continuous compounding. But it is not fully
realistic: it implies that an uncountable number of individual transactions may
transpire in any interval of time, however small, which is physically impossible.

Continuous time finance is principally concerned with techniques for the
pricing of derivative securities under the fiction of continuous trading. These
techniques frequently allow closed form solutions to be obtained — at the price of
working in a context that is less intuitive than discrete time. In this Appendix
we hope to convey some idea as to how this is done.

We will need first to develop a continuous time model of a stock’s price evo-
lution through time. Such a model must respect the basic statistical regularities
which are known to characterize, empirically, equity returns:

(i) stock prices are lognormally distributed, which means that returns (con-
tinuously compounded) are normally distributed;

(ii) for short time horizons stock returns are independently and identically
distributed over non-overlapping time intervals.

After we have faithfully represented these equity regularities in a continuous
time setting, we will move on to a consideration of derivatives pricing. In doing
so we aim to give some idea how the principles of risk neutral valuation carry
over to this specialized setting. The discussion aims at intuition; no attempt is
made to be mathematically complete.

In all cases this intuition has its origins in the discrete time context. This
leads to a discussion of random walks.



2 Random Walks and Brownian Motion

Consider a time horizon composed of N adjacent time intervals each of duration
At, and indexed by tg, t1, ta, ...t 5; that is,

ti—ti1=At, i=1,2,..,N.

We define a discrete time stochastic process on this succession of time indices
by

{L‘(to) =0

I’(tj+1) = IL'(tj) +g(tj)\/ At, ] = 0, 1, 2, ceey N — 1,

where, for all j, é(t;) ~ N(0, 1). It is further assumed that the random factors
£(t;)are independent of one another; i.e.,

E(&(tj)e(t:) =0, i #j.

This is a specific example of a random walk, specific in the sense that the
uncertain disturbance term follows a normal distribution *.

We are interested to understand the behavior of a random walk over extended
time periods. More precisely, we want to characterize the statistical properties
of the difference

x(ty) — z(t;) for any j < k.

Clearly,
k—1
E(tr) —a(t;) = Y &(t:) VAL

Since the random disturbances £(¢;) all have mean zero,

E (#(tx) — 2(t;)) = 0.

Furthermore,
k—1 ?
var (z(ty) — z(t;)) = FE (Z: é(tﬁ@)
=F (kz_:l [E(t:)) At) (by independance)
= kil (1)At = (k — j)At,since
BlEt)? =1

!In particular, a very simple random walk could be of the form z(t;41) = z(t;) + n(t;),
where for all j =0,1,2...

n(t;) = +1, if a coin is flipped and a head appears

J —1, if a coin is flipped and a tail appears .

At each time interval x(t;) either increases or diminishes by one depending on the outcome
of the coin toss. Suppose we think of z(tg) = Oas representing the center of the sidewalk where
an intoxicated person staggers one step to the right or to the left of the center in a manner
that is consistent with independent coin flips (heads implies to the right). This example is
the source of the name “random walk.”



If we identify
zy; =Ingg,

where qz, is the price of the stock at time ¢;, then this simple random walk
model becomes a candidate for our model of stock price evolution beginning
from ¢ = 0: At each node t;, the logarithm of the stock’s price is distributed
normally, with mean In ¢j and variance jAt.

Since the discrete time random walk is so respectful of the empirical realities
of stock prices, it is natural to seek its counterpart for continuous time. This
is referred to as a “Brownian Motion” (or a Weiner process), and it represents
the limit of the discrete time random walk as we pass to continuous time; i.e.,
as At — 0. It is represented symbolically by

dz = E(t)Vdt,

where &(t) ~ N(0,1), and for any times ¢,t' where ¢t # t/, and E (£(t')E(t)) =
0. We used the word “symbolically” not only because the term dz does not
represent a differential in the terminology of ordinary calculus but also because
we make no attempt here to describe how such a limit is taken. Following what
is commonplace notation in the literature we will also not write a ~ over z even
though it represents a random quantity.

More formally, a stochastic process z(t) defined on [0, 7] is a Brownian mo-
tion provided the following three properties are satisfied:

(i) for any t; < ta, z(t2) — z(¢1) is normally distributed with mean zero and
variance to — tq;

(ii) for any 0 < t1 < to < t3 < t4, 2(t4) — 2(t3) is statistically independent
of z(t2) — 2z(t1); and

(iii) z(to) = 0 with probability one.

A Brownian motion is a very unusual stochastic process, and we can only give
a hint about what is actually transpiring as it evolves. Three of its properties
are considered below:

1. First, a Brownian motion is a continuous process. If we were able to trace
out a sample path z(t) of a Brownian motion, we would not see any jumps?.

2. However, this sample path is not at all “smooth” and is, in fact, as
“jagged as can be” which we formalize by saying that it is nowhere differential.
A function must be essentially smooth if it is to be differentiable. That is, if we
magnify a segment of its time path enough, it will appear approximately linear.
This latter “smoothness” is totally absent with a Brownian motion.

3. Lastly a Brownian motion is of “unbounded variation.” This is perhaps
the least intuitive of its properties. By this is intended the idea that if we could
take one of those mileage wheels which are drawn along a route on a map to
assess the overall distance (each revolution of the wheel corresponding to a fixed
number of kilometers) and apply it to the sample path of a Brownian motion,

2At times such as the announcement of a take over bid, stock prices exhibit jumps. We
will not consider such “jump processes,” although considerable current research effort is being
devoted to studying them, and to the pricing of derivatives written on them.



then no matter how small the time interval, the mileage wheel would record “an
infinite distance” (if it ever got to the end of the path!)

One way of visualizing such a process is to imagine a rough sketch of a
particular sample path where we connect its position at a sequence of discrete
time intervals by straight lines. Figure 1 proposes one such path.

Figure 1

Suppose that we were next to enlarge the segment between time intervals t;
and to. We would find something on the order of Figure 2.

Figure 2

,
ty ts ts t,

Continue this process of taking a segment, enlarging it, taking another sub-
segment of that segment, enlarging it etc., etc. (in Figure 2 we would next
enlarge the segment from ¢3 to t4). Under a typical differentiable function of
bounded variation, we would eventually be enlarging such a small segment that
it would appear as a straight line. With a Brownian motion, however, this will
never happen. No matter how much we enlarge even a segment that corresponds
to an arbitrarily short time interval, the same “sawtooth” pattern will appear,
and there will be many, many “teeth”.

A Brownian motion process represents a very special case of a continuous



process with independent increments. For such processes, the standard devia-
tion per unit of time becomes unbounded as the interval becomes smaller and

smaller:
. oV At . o
11m ——— = llIm — =0
At—0 At At—0 /At
No matter how small the time period, proportionately, a lot of variation remains.

This constitutes our translation of the abstraction of a discrete time random
walk to a context of continuous trading?.

3 More General Continuous Time Processes

A Brownian motion will be the principal building block of our description of
the continuous time evolution of a stock’s price — it will be the “engine” or
“source” of the uncertainty. To it is often added a deterministic component
which is intended to capture the “average” behavior through time of the process.
Together we have something of the form

dz(t) = adt + ba(t)Vdt = adt + bdz, (1)

where the first component is the deterministic one and a is referred to as the
drift term.

This is an example of a generalized Brownian motion or, to use more common
terminology, a generalized Weiner process. If there were no uncertainty x(t)
would evolve deterministically; if we integrate

dz(t) = adt, we obtain

x(t) = z(0) + at

The solution to (1) is thus of the form

z(t) = z(0) + at + bz(t), (2)

where the properties of z(t) were articulated earlier (recall properties (1),
(2), and (3) of the definition). These imply that:

E (z(t)) = z(0) + at,
r bt, and

)
s.d(z(t)) = by/t.

Equation (2) may be further generalized to allow the coefficients to depend upon
the time and the current level of the process:

dx(t) = a(x(t),t) dt + b (z(t),t) dz. (3)

3The name Brownian motion comes from a 19t century physicist Brown, who studied the
behavior of dust particles floating on the surface of water. Under a microscope dust particles
are seen to move randomly about in a manner similar to the sawtooth pattern above except
that the motion can be in any 360° direction. The interpretation of the phenomena is that
the dust particles experience the effect of random collisions by moving water molecules.



In this latter form, it is referred to as an Ito process after one of the earliest and
most important developers of this field. An important issue in the literature -
but one we will ignore - is to determine the conditions on a (x(t),t) and b (z(t), t)
in order for equation (3) to have a solution. Equations (1) and (3) are generically
referred to as stochastic differential equations.

Given this background, we now return to the original objective of modeling
the behavior of a stock’s price process.

4 A Continuous-Time Model of Stock Price Be-
havior

Let us now restrict our attention only to those stocks which pay no dividends,
so that stock returns are exclusively determined by price changes. Our basic
discrete time model formulation is:

Ing®(t + At) — lng°(t) = pAt + céV AL. (4)

Notice that the stochastic process is imposed on differences in the logarithm of
the stock’s price. Equation (4) thus asserts that the continuously compounded
return to the ownership of the stock over the time period ¢ to t+ At is distributed
normally with mean pAt and variance o2 At.

This is clearly a lognormal model:

In (¢°(t + At)) ~ N (m °(t) + pAt, ag@) .

It is a more general formulation than a pure random walk as it admits the
possibility that the mean increase in the logarithm of the price is positive. The
continuous time analogue of (4) is

dlng®(t) = pdt + odz. (5)
Following (2), it has the solution

In g (t) = I g°(0) + it + 72(1), (©)
where

Elng®(t) =Ing°(0) + ut, and

var ¢¢(t) = ot

Since In¢¢(¢t) on average grows linearly with ¢ (so that, on average, ¢°(¢) will
grow exponentially), Equations (5) and (6) are, together, referred to as a geo-
metric Brownian motion(GBM). It is clearly a lognormal process: Ing®(t) ~
N (ln q°(0) + pt, J\/f). The webcomplement entitled “Review of Basic Options
Concepts and Terminology” illustrates how the parameters p and o can be
estimated under the maintained assumption that time is measured in years.
While Equation (6) is a complete description of the evolution of the loga-
rithm of a stock’s price, we are rather interested in the evolution of the price



itself. Passing from a continuous time process on In ¢°(t) to one on ¢°(t)is not a
trivial matter, however, and we need some additional background to make the
conversion correctly. This is considered in the next few paragraphs.

The essence of lognormality is the idea that if a random variable g is dis-
tributed normally, then the random variable @ = e¥ is distributed lognormally.
Suppose, in particular, that § ~ N(uy,0y). A natural question is: how are f,
and o, related to p, and o, when w = e’? We first note that

Ly # €Y and oy, # e%Y.
Rather, it can be shown that
o = e (7)
and
0 = et t1/20] (eaﬁ - 1)1/2, (8)

These formulae are not obvious, but we can at least shed some light on (7).
Why the variance of g should have an impact on the mean of w. To see why this
is s0, let us remind ourselves of the shape of the lognormal probability density
function as found in Figure 3

Figure 3: A lognormal density function

Probability

o
=30 4

Suppose there is an increase in variance. Since this distribution is pinched
off to the left at zero, a higher variance can only imply (within the same class
of distributions) that probability is principally shifted to higher values of .
But this will have the simultaneous effect of increasing the mean of w. The
variance of ¢ and the mean of § cannot be specified independently. The mean
and standard deviation of the lognormal variable w are thus each related to
both the mean and variance of § as per the relationships in Equations (7) and
(8).

These results allow us to express the man and standard deviation of ¢°(t)
(by analogy, ) in relation to Ing¢®(t) + ut and o2t (by analogy, the mean and
variance of §) via Equations (5) and (6):



qu(t) — q°(0)+put+io’t _ qe(o)eut-ﬁ—%azt (9)
1

sdge(t)y = emd Ot (et ) (10)

gt (o 1)t

We are now in a position, at least at an intuitive level, to pass from a stochastic
differential equation describing the behavior of In¢®(¢) to one that governs the
behavior of ¢¢(t). If In ¢°(¢) is governed by Equation (5), then

dq“(t) ( 1 2)
=|pu+ =0 |dt+ odz(t 11
where ‘Zf((tt)) can be interpreted as the instantaneous (stochastic) rate of price

change. Rewriting Equation (11) slightly differently yields

dg®(t) = (u + ;J2> q°(t)dt + oq®(t)dz(t) (12)

which informs us that the stochastic differential equation governing the stocks
price represents an Ito process since the coefficients of dt and dz(t) are both
time dependent.

We would also expect that if ¢°(t) were governed by

dg®(t) = pg(t)dt + oq®(t)dz(t), then (13)

dlng®(t) = (,u - ;0’2) dt + odz(t). (14)

Equations (13) and (14) are fundamental to what follows.

5 Simulation and Call Pricing

5.1 Ito Processes

Ito Processes and their constituents, most especially the Brownian motion, are
difficult to grasp at this abstract level and it will assist our intuition to describe
how we might simulate a discrete time approximation to them.

Suppose we have estimated i and & for a stock’s price process as suggested
in the webcomplement “Review of Options..”. Recall that these estimates are
derived from daily price data properly scaled up to reflect the fact that in this
literature it is customary to measure time in years. We have two potential
stochastic differential equations to guide us — Equations (13) and (14) — and
each has a discrete time approximate counterpart.



(i) Discrete Time Counterpart to Equation (13)
If we approximate the stochastic differential dg®(t) by the change in the
stock’s price over a short interval of time At we have,

Qo+ D) — q°(t) = i (1) At + 605 (1)E(H)VAT, or
°(t + At) = ¢°(1) [1 + At + &é(t)\/Kt} (15)
There is a problem with this representation, however, because for any ¢¢(t), the
price next “period,” ¢°(t+At), is normally distributed (recall that £(t) ~ N(0,1)
) rather than lognormal as a correct match to the data requires. In particular,
there is the unfortunate possibility that the price could go negative, although
for small time intervals At, this is exceedingly unlikely.

(ii) Discrete Time Counterpart to Equation (14)

Approximating d1n ¢°(t) by successive log values of the price over small time
intervals At yields

Ing®(t + At) —Ing®(t) = (i —
Ing®(t+ At) = Ing®(t) + (f —

62) At + 6&(t)VAt, or

6%) At + 6eVAL. (16)

Here it is the logarithm of the price in period t+ At that is normally distributed,
as required, and for this reason we’ll limit ourselves to (16) and its successors.
For simulation purposes, it is convenient to express equation (16) as

qe(t+At) _ qe(t)e(ﬂfé&z)AtJr&é(t)\/E. (17)

It is easy to generate a possible sample path of price realizations for (17). First
select an interval of time At, and the number of successive time periods of
interest (this will be the length of the sample path), say N. Using a random
number generator, next generate N successive draws from the standard normal

distribution. By construction, these draws are independent and thus successive
q° (t+A1)

qc(t)
Let this series of N draws be represented by {e;}._,. The corresponding sample
path (or “time series”) of prices is thus created as per Equation (18)

rates of return ( 71) will be statistically independent of one another.

N
j=

0°(t41) = q° (1)l 37) A0S VAL (18)
Where tj+1 = t]‘ + At
This is not the price path that would be used for derivatives pricing, however.

5.2 The binomial model

Under the binomial model, call valuation is undertaken in a context where the
probabilities have been changed in such a way so that all assets, including the
underlying stock, earn the risk free rate. The simulation-based counterpart to
this transformation is to replace i by In(1+ ry) in Equations (17) and (18):

qe(t+ At) _ qe(t)e(ln(1+rf)f%&2)At+aé(t)m’ (19)



where 7, is the one year risk free rate (not continuously compounded) and
In(1 + ry) is its continuously compounded counterpart.

How would we proceed to price a call in this simulation context? Since the
value of the call at expiration is exclusively determined by the value of the un-
derlying asset at that time, we first need a representative number of possible
“risk neutral prices” for the underlying asset at expiration. The entire risk neu-
tral sample path - as per equation (18) - is not required. By “representative” we
mean enough prices so that their collective distribution is approximately lognor-
mal. Suppose it was resolved to create J sample prices (to be even reasonably
accurateJ > 1000) at expiration, T' years from now. Given random draws
{5k}i=1 from N (0, 1), the corresponding underlying stock price realizations are

{qg(T)}izl as given by

qz(T) _ qe(O)e(ln(lJrrf)f%&2)T+U§k\/AT (20)

For each of these prices, the corresponding call value at expiration is
Cl =max{0,¢{(T) — E}, k=1,2,...,J.

The average expected payoff across all these possibilities is
1
T T
Chog =5 > cf.
k=1

Since under risk neutral valuation the expected payoff of any derivative asset
in the span of the underlying stock and a risk free bond is discounted back at
the risk free rate, our estimate of the calls value today (when the stock’s price
is ¢¢(0)) is

CO = e MHrITC (21)

In the case of an Asian option or some other path dependent option, a large
number of sample paths must to be generated since the exercise price of the
option (and thus its value at expiration) is dependent upon the entire sample
path of underlying asset prices leading to it.

Monte Carlo simulation is, as the above method is called, not the only pricing
technique where the underlying idea is related to the notion of risk neutral
valuation. There are ways that stochastic differential equations can be solved
directly.

6 Solving Stochastic Differential Equations: A
First Approach

Monte Carlo simulation employs the notion of risk neutral valuation but it does
not provide closed form solutions for derivatives prices, such as the Black Scholes
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formula in the case of calls 4. How are such closed firm expressions obtained?
In what follows we provide a non-technical outline of the first of two available
methods. The context will once again be European call valuation where the
underlying stock pays no dividends.

The idea is to obtain a partial differential equation whose solution, given the
appropriate boundary condition is the price of the call. This approach is due to
Black and Scholes (1973) and, in a more general context, Merton (1973). The
latter author’s arguments will guide our discussion here.

In the same spirit as the replicating portfolio approach mentioned in Section
4, Merton (1973) noticed that the payoff to a call can be represented in con-
tinuous time by a portfolio of the underlying stock and a risk free bond whose
quantities are continuously adjusted. Given the stochastic differential equation
which governs the stock’s price (13) and another non stochastic differential equa-
tion governing the bond’s price evolution, it becomes possible to construct the
stochastic differential equation governing the value of the replicating portfolio.
This latter transformation is accomplished via an important theorem which is
referred to in the literature as Ito’s Lemma. Using results from the stochastic
calculus, this expression can be shown to imply that the value of the replicating
portfolio must satisfy a particular partial differential equation. Together with
the appropriate boundary condition (e.g., that C(T") = max {¢°(T) — E, 0}),
this partial differential equation has a known solution — the Black Scholes for-
mula.

In what follows we begin first with a brief overview of this first approach;
this is accomplished in three steps.

6.1 The Behavior of Stochastic Differentials.

In order to motivate what follows, we need to get a better idea of what the object
dz(t) means. It is clearly a random variable of some sort. We first explore its
moments. Formally, dz(t) is

Alirilo z(t + At) — z(t), (22)

where we will not attempt to be precise as to how the limit is taken. We are
reminded, however, that

E[z(t + At) — z(t)] = 0, and
var [2(t + At) — 2(1)] = (\/E)Q — At, forall At.

It is not entirely surprising, therefore that

E(dz(t)) = AI%E}UE [2(t + At) — z(t)] = 0, and (23)
var (d=(t)) = Jim B [(z(t AL — ()] = dt. (24)

4The estimate obtained using Monte Carlo simulation will coincide with the Black Scholes
value to a high degree of precision, however, if the number of simulated underlying stock prices
is large (>10,000) and the parameters r¢, E, o, T are identical.
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The object dz(t) may thus be viewed as denoting an infinitesimal random
variable with zero mean and variance dt (very small, but we are in a world of
infinitesimals).

There are several other useful relationships:

E(dz(t)dz(t)) = war(dz(t)) =dt (25)

var (d(t) d=(t)) = lim E [(z(t FA - (1) - (At)?} (26)
~ 0

E(dz(t)dt) = AIPEO El(z(t+ At) — z(t)) At] =0 (27)

var (d(H)dt) = lim B [(z(t + AL — 2(t))? (At)ﬂ ~0  (28)

Equation (28) and (26) imply, respectively, that (25) and (??) are not only
satisfied in expectation but with equality. Expression (25) is, in particular, quite
surprising, as it argues that the square of a Brownian motion random process
is effectively deterministic.

These results are frequently summarized as in Table 2 where (dt)? is negli-
gible in the sense that it is very much smaller than dt and we may treat it as
Z€ero.

Table 2: The Product of Stochastic Differentials

dz | dt
dz | dt | 0
dt |0 |0

The power of these results is apparent if we explores their implications for
the computation of a quantity such as (dq®(t))*:

(pdt + odz(t))?
= 2(dt)? + 2uodtdz(t) + o2 (dz(t))?
= o2dt,

(dg“ (1))

since, by the results in Table 2, (dt)(dt) = 0 and dtdz(t) = 0.

The object dg®(t) thus behaves in the manner of a random walk in that its
variance is proportional to the length of the time interval.

We will use these results in the context of Ito’s lemma.

6.2 Ito’s Lemma

A statement of this fundamental result is outlined below.
Theorem (Ito’s Lemma).

12



Consider an Tto process dz(t) of form dx(t) = a (z(t),t) dt + b (z(t),t) dz(t),
where dz(t) is a Brownian motion, and consider a process y(t) = F (x(t),t).
Under quite general conditions y(t) satisfies the stochastic differential equation

oF oF 10°F 2
dy(t) = —dx(t) + —dt + == (dz(t))". 29
y(t) = Sodalt) + S+ 5 S (dat) (29)
The presence of the right most term (which would be absent in a standard
differential equation) is due to the unique properties of a stochastic differential
equation. Taking advantage of results (in Table 2) let us specialize Equation
(29) to the standard Ito process, where for notational simplicity, we suppress
the dependence of coefficients a( ) and b( ) on x(t) and ¢
dy(t) = 2L (adt + bdz(t)) + 2Edt + L2 (adt + bdz(1))?

xr
2

= 2 it + 2L pdx(t) + Lt + L 2F (a2(dt)2 + abdtdz(t) + b2 (dz(t))2)

)

Q

Q
!

Note that (dt)? = 0, dtdz(t) = 0, and (dz(t))* = dt.
Making these substitutions and collecting terms gives

OF OF 10°F oF
dy(t) = (ma + ot 2(%2!)2) dt + =—bdz(t). (30)

As a simple application, let us take as given

dq®(t) = pq®(t)dt + oq®(t)dz(t),

and attempt to derive the relationship for d1n ¢¢(¢).
Here we have a (¢¢(t),t) = ug®(t), b (¢¢(t),t) = 0q°(t), and

oF 1 0’F 1

o ~ 0 ™ aeE ~ F 0

Lastly agg ) = .

Substituting these results into Equation (30) yields.

dinge(t) = [lﬂqe(t)+0+1(1)< )<mf<t>>2

qc(t) 2

1 €
ey dt + qe—(t)aq (t)d=(t)

1
(,u - 202) dt + odz(t),

as was observed earlier.
This is the background.

6.3 The Black Scholes Formula

Merton (1973) requires four assumptions:

13



1. There are no market imperfections (perfect competition), transactions
costs, taxes, short sales constraints or any other impediment to the con-
tinuous trading of securities.

2. There is unlimited riskless borrowing and lending at the constant risk free
rate. If ¢°(t) is the period t price of a discount bond, then ¢®(#) is governed
by the differential equation

dg°(t) = rpq®(t)dt, or
B(t) = B(0)e"™f

3. The underlying stock’s price dynamics are given by a geometric Brownian
motion of the form

dq®(t) = pq®(t)dt + oq®(t)dz(t),
q°(0) > 0;

4. There are no arbitrage opportunities across the financial markets in which
the call, the underlying stock and the discount bond are traded.

Attention is restricted to call pricing formulae which are functions only of
the stock’s price currently and the time (so, e.g., the possibility of past stock
price dependence is ignored); that is,

C=C(),t).

By a straightforward application of Ito’s lemma the call’s price dynamics must
be given by

oC oC 2 9%C

C (1),

dC = | ug°(t) 85& @

o J .
aem "ot T 2 agwr M Tor®
which is of limited help since the form of C (¢°(¢),t)is
known. The partials with respect to ¢°(¢) and t of C' (¢°(¢
circumvented.

Following the replicating portfolio approach, Merton (1973) defines the value
of the call in terms of the self financing continuously adjustable portfolio P
composed of A (¢°(t),t) shares and N (¢°(¢), ) risk free discount bonds:

V (q°(t),t) = A (g°(t), 1) ¢°(t) + N (¢°(£),1) 4" (). (31)

precisely what is not
), t) must be somehow

By a straightforward application of Ito’s lemma, the value of the portfolio must
evolve according to (suppressing functional dependence in order to reduce the
burdensome notation):

dV = Adq® + Ndq® + dAq¢° + dN¢® + (dA)dg® (32)
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Since V() is assumed to be self-financing, any change in its value can only be
due to changes in the values of the constituent assets and not in the numbers
of them. Thus it must be that

dV = Adq® + Nd¢®, (33)

which implies that the remaining terms in Equation (33) are identically zero:
dAG® 4+ dN¢® + (dA)dg® = 0. (34)

But both A( ) and N( ) are functions of ¢°(¢), and t and thus Ito’s lemma
can be applied to represent their evolution in terms of dz(t) and dt. Using the
relationships of Table 2, and collecting terms, both those preceding dz(t) and
those preceding dt must individually be zero.

Together these relationships imply that the value of the portfolio must satisfy
the following partial differential equation:

1
ia%queqe +71qe Ve + Vi = 14V, (35)

which has as its solution the Black Scholes formula when coupled with the
terminal condition V(¢¢ (T),T) = max[0,¢° (T) — E].

7 A Second Approach: Martingale Methods

This method originated in the work of Harrison and Kreps (1979). It is popular
as a methodology because it frequently allows for simpler computations than in
the PDE approach. The underlying mathematics, however, is very complex and
beyond the scope of this book. In order to convey a sense of what is going on,
we present a brief heuristic argument that relys on the binomial abstraction.

Recall that in the binomial model, we undertook our pricing in a tree context
where the underlying asset’s price process had been modified. In particular, the
true probabilities of the “up” and “down” state were replaced by the corre-
sponding risk neutral probabilities. All assets (including the underlying stock)
displayed an expected return equal to the risk free rate in the transformed set-
ting.

Under geometric Brownian motion, the underlying price process is repre-
sented by an Ito stochastic differential equation of the form

dg° () = pq° ()t + o (1)d=(2). (36)

In order to transform this price process into a risk neutral setting, two changes
must be made.

1. The expression p defines the mean and it must be replaced by 77; Only
with this substitution will the mean return on the underlying stock become 7.
Note that r¢ denotes the corresponding continuously compounded risk free rate.
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2. The standard Brownian motion process must be modified. In particular,
we replace dz by dz*, where the two processes are related via the transformation:

dz*(t) = dz(t) + (“”) dt
o
The transformed price process is thus

dq®(t) = req®(t)dt + oq®(t)dz"(t). (37)

By Equation (14) the corresponding process on In ¢¢(t) is
1
dlng®(t) = (rf — 202) dt + odz*(t) (38)

Let T denote the expiration date of a simple European call option. In the same
spirit as the binomial model the price of a call must be the present value of its
expected payoff at expiration under the transformed process.

Equation (38) informs us that in the transformed economy,

(£) -5 (- Q))rer)

Since, in the transformed economy,

prob (¢°(t) > E) = prob(lng¢®(t) > In E),

we can compute the call’s value using the probability density implied by
Equation (39):
C=e T / (e’ — E)f(s)ds,
InE

where f(s) is the probability density on the In of the stock’s price.
Making the appropriate substitutions yields

7 —[s—Ilng®(t)—r ELL
C=emiT (\/%) /(eS—K)e e ]ds (40)
2ro?T

In

which, when the integration is performed yields the Black Scholes Formula.

8 Applications

We make reference to a number that have been considered earlier in the text.
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8.1 The Consumption-Savings Problem.

This is a classic economic problem and we considered it fairly thoroughly in
Chapter 5. Without the requisite math background there is not a lot we can
say about the continuous time analogue than to set up the problem, but even
that first step will be helpful.

Suppose the risky portfolio (“M”) is governed by the following price process

dg™ (t) = g™ (t)[uprdt + oprdz(t)],

¢™(0) given, and the risk free asset by

dg®(t) = rq°(t)dt, ¢*(0) given.

If an investor has initial wealth Y'(0), and chooses to invest the proportion
w(t) (possibly continuously varying) in the risky portfolio, then his wealth Y (¢)
will evolve according to

AY (£) = Y (O)[w(t) (par — re) + r)dt + Y () [r(t)odz(t)] — c(t)dt,  (41)

where ¢(t) is his consumption path. With objective function

T
max F e U (c(t))dt, 42
s B [ e tUe) (12)

the investors ‘problem’ is one of maximizing Equation (42) subject to Equa-
tion (41) and initial conditions on wealth, and the constraint that Y (¢) > 0 for
all ¢.

A classic result allows us to transform this problem to one that it turns out
can be solved much more easily:

T
max FE e ule(t))dt 43
s, / (c(t)) (43)

T
s.t. PVp(c(t)) = E*/O e "le(t)dt <Y (0)

where E* is the transformed risk neutral measure under which the investor’s
wealth follows a Brownian motion process.

In what we have presented above, all the notation is directly analogous to
that of Chapter 5: U( ) is the investors utility of (instantaneous) consumption,
~ his (instantaneous) subjective discount rate, and 7" his time horizon,

8.2 An Application to Portfolio Analysis.

Here we hope to give a hint of how to extend the portfolio analysis of Chapters
5 or 6 to a setting where trading is (hypothetically) continuous and individual
security returns follow geometric Brownian motions.

Let there be¢ = 1,2, ..., N equity securities, each of whose return is governed
by the process

17



dg; (t)
q; (t)

where o; > 0. These processes may also be correlated with one another in a
manner that we can represent precisely. Conducting a portfolio analysis in this
setting has been found to have two principal advantages. First, it provides new
insights concerning the implications of diversification for long run portfolio re-
turns, and, second, it allows for an easier solution to certain classes of problems.
We will note these advantages with the implicit understanding that the derived
portfolio rules must be viewed as guides for practical applications. Literally
interpreted, they will imply, for example, continuous portfolio rebalancing — at
an unbounded total expense, if the cost of doing each rebalancing is positive -
which is absurd. In practice one would rather employ them weekly or perhaps
daily.

The stated objective will be to maximize the expected rate of appreciation of
a portfolio’s value; equivalently, to maximize its expected terminal value which
is the terminal wealth of the investor who owns it. Most portfolio managers
would be familiar with this goal.

To get an idea of what this simplest criterion implies, and to make it more
plausible in our setting, we first consider the discrete time equivalent (and, by
implication) the discrete time approximation to GBM.

8.3 Digression to Discrete Time

Suppose a CRRA investor has initial wealth Y (0) at time ¢ = 0 and is consider-
ing investing in any or all of a set of non-dividend paying stocks whose returns
are iid. Since the rate of expected appreciation of the portfolio is its expected
rate of return, and since the return distributions of the available assets are iid,
the investors’ optional portfolio proportions will be invariant to the level of his
wealth, and the distribution of his portfolio’s returns will itself be iid. At the
conclusion of his planning horizon, T periods from the present, the investors’
wealth will be

Yr =Y, [[ RY, (45)

where ]:Zf denotes the (iid,) gross portfolio return in period s. It follows that

Y, I
In (}%) = Zlan,and

s=1

ln<§j§>% = (;)ilnéf. (46)
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Note that whenever we introduce the In we effectively assume continuous
compounding within the time period. As the number of periods in the time
horizon grows without bound, 7" —— oo, by the Law of Large Numbers,

v h ~
(Yﬁ) — e o (47)
YT N }/OeTE In RP (48)

Consider an investor with a many period time horizon who wishes to max-
imize her expected terminal wealth under continuous compounding. The rela-
tionship in Equation (48) informs her that

(1) it is sufficient, under the aforementioned assumptions, for her to choose
portfolio proportions which maximize Eln RY, the expected logarithm of the
one period return, and

(2) by doing so the average growth in rate of her wealth will approach a
deterministic limit.

Before returning to the continuous time setting let us also entertain a brief
classic example, one in which an investor must decide what fractions of his
wealth to assign to a highly risky stock and to a risk free asset (actually, the
risk free asset is equivalent to keeping money in a shoebox under the bed). For
an amount Y (0) invested in either asset, the respective returns are found in
Figure 4.

Figure 4: Two alternative Investment Returns

2 Yo, prob. =% Yo, prob. =%
Yo / YO

Y Y, prob. = % I Yo, prob. = ¥

Let w represent the proportion in the stock, and notice that the expected
gross return to either asset under continuous compounding is zero:

Stock  : ER®=1In(2)+ $In(3) =0

Shoebox : ER*® = 1In(1) + $In(1) =0

With each asset paying the same expected return, and the stock being wildly
risky, at first appearance the shoebox would seem to be the investment of choice.
But according to Equation (48) the investor ought to allocate his wealth among
the two assets so as to maximize the expected In of the portfolio’s one-period
gross return:

max Eln R = max,, {ZInw+(1-w)+ihn(Gw+ (1 -w))}

A straight forward application of the calculus yields w = 3/4, with the
consequent portfolio returns in each state as show in Figure 5

Figure 5 Optimal Portfolio Returns in Each State
In(1+ w) = In(1.75) = 0.5596, prob. = 1
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In(1 — 2 Inw) = In(0.625) = —0.47, prob. = %

As aresult, Eln RF = 0.0448 with an effective risk free period return (for a
very long time horizon) of 4.5% (%448 = 1.045) .

This result is surprising and the intuition is not obvious. Briefly, the optimal
proportions of w = 3/4 and 1 — w = 1/4 reflect the fact that by always keeping
a fixed fraction of wealth in the risk free asset, the worst trajectories can be
avoided. By “frequent” trading, although each asset has an expected return of
zero, a combination will yield an expected return that is strictly positive, and
over a long time horizon effectively riskless. Frequent trading expands market
opportunities.

8.4 Return to Continuous Time

The previous setup applies directly to a continuous time setting as all of the
fundamental assumptions are satisfied. In particular, there are a very large
number of periods (an uncountable number, in fact) and the returns to the
various securities are iid through time. Let us make the added generalization
that the individual asset returns are correlated through their Brownian motion
components. By an application of Ito’s lemma, we may write

cov(dz;,dz;) = E(dz(t)dz;(t)) = 04;dt,

where o denotes the (4, j) entry of the (instantaneous) variance — covariance
matrix.

As has been our custom, denote the portfolio’s proportions for the N assets
by w1, ..., wy and let the superscript P denote the portfolio itself. As in earlier

P
chapters, the process on the portfolio’s instantaneous rate of return, d}}/ P(S) is

the weighted average of the instantaneous constituent asset returns (as given in
Equation (44)):

AYP(t) N dg(t)
TP T 2 g -2 vkt da() (49)

N N
(Z wi,ui) dt + Zwldzz(t),
i=1 i=1

where the variance of the stochastic term is given by

N 2 N N
i=1 i=1 j=1
N N
- Z Zwiwjaij dt

i=1 j=1

Equation (49) describes the process on the portfolio’s rate of return and we
see that it implies that the portfolio’s value, at any future time horizon T will
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be lognormally distributed; furthermore, an uncountable infinity of periods will
have passed. By analogy (and formally) our discrete time reflections suggest
that an investor should in this context also choose portfolio proportion so as to
maximize the mean growth rate, Vp, of the portfolio as given by

o)

N
Since the portfolio’s value itself follows a Brownian motion (with drift > w;u;

i=1
N
and disturbance > w;dz;),
i=1
YP(t al 1 (<
E [m y(é” B (Z wu) T-5 |22 wawioy | T, thus (50)
i=1 i=1 j=1
1 YPH)] 1
vp = () F [hl } - Zwi’ui D) Z Zwiw-jaij'(m)
T Y(O) i=1 2 i=1 j=1

The investor should choose portfolio proportions to maximize this latter
quantity.

Without belaboring this development much further, it behooves us to recog-
nize the message implicit in (51). This can be accomplished most straightfor-
wardly in a context of an equally weighted portfolio where each of the N assets
is independently distributed of one another (o;; = 0 for ¢ # j), and all have the

same mean and variance ((Migi) = (M,O’), 1= 1, 27 . ,N) .
In this case (51) reduces to
1 2
== - —— 2
vp 1% (2 >0’ , (() )

with the direct implication that the more identical stocks the investor adds to
the portfolio the greater the mean instantaneous return. In this sense it is useful
to search for many similarly volatile stocks whose returns are independent of
one another: by combining them in a portfolio where we continually (frequently)
rebalance to maintain equal proportions, not only will portfolio variance decline
(55 0?), as in the discrete time case, but the mean return will rise (which is not
the case in discrete time!).

8.5 The Consumption CAPM in Continuous Time

Our final application concerns the consumption CAPM of Chapter 9, and the
question we address is this: What is the equilibrium asset price behavior in
a Mehra-Prescott asset pricing context when the growth rate in consumption
follows a GBM? Specializing preferences to be of the customary forms U(c) =
(¢}=7/1 — ~), pricing relationship (9.4) reduces to:
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P = F }/tZﬁzt+]

S BE {oi)}
j=1

where x;4; is the growth rate in output (equivalently, consumption in the
Mehra-Prescott economy) from period j to period j + 1.
We hypothesize that the growth rate x follows a GBM of the form

dx = pxdt + oxdz,

where we interpret x4 ; as the discrete time realisation of x (¢) at time ¢+ j.

One result from statistics is needed. Suppose w is lognormally distributed
which we write @ ~ L (£,71) where ¢ = Elnw and 7> = var Inw. Then for any
real number g,

E{wi} = 2+30°n°

By the process on the growth rate just assumed, x (t) ~ L((,u - %02) t,o\/1)
so that at time t + j, x¢4; ~ L(( - 70 )],af) By this result,

E{xt1+]} = - N(p—30%)i+3(1—y)0%

(=N (1=370%)j

)

and thus,

P, = YtZﬂj (1=7)(u—3~0)j
J=1

= Y (e

which is well defined (the sum has a finite value) if ﬁe(l_”(“_%wz) < 1,
wich we will assume to be the case. Then
56(1—7)@—%702)
1+ pet=(379%)

This is an illustration of the fact that working in continuous time often allows

convenient closed form solutions. Our remark are taken from Mehra and Sah
(2001).

b =Y,
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9 Final Comments

There is much more to be said. There are many more extensions of the CCAPM
style models to a continuous time setting. Another issue is the sense in which a
continuous time price process (e.g. Equation (13)) can be viewed as an equilib-
rium price process in the sense of that concept as presented in this book. This
remains a focus of research.

Continuous time is clearly different from discrete time, but does it use (as a
derivatives pricing tool) enrich our economic understanding of the large financial
and macroeconomics reality? That is less clear.
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Solutions to Exercises



Chapter 1

1.1.

1.2.

1.3.

1.4.

U is a utility function, i.e., U(x) >U(y) < x > y
f(.) is an increasing monotone transformation, f(a) > f(b) < a >b;
then f(U(x)) > f(U(y)) <= U(x) >U(y) = x >y

Utility function U(c,,c,):

FOC: U1/U2=p1/p2

Let f=f(U(.)) be a monotone transformation.

Apply the chain rule for derivatives:

FOC: fi/f2=f "U1/f "U2=p1/p2 (prime denotes derivation).

Economic interpretation: f and U represent the same preferences, they must lead to the same choices.

When an agent has very little of one given good, he is willing to give up a big quantity of another
good to obtain a bit more of the first.

MRS is constant when the utility function is linear additive (that is, the indifference curve is also
linear):

U(c,,c,)=ac, +Bc,
MRS = 2
B

Not very interesting; for example, the optimal choice over 2 goods for a consumer is always to
consume one good only (if the slope of the budget line is different from the MRS) or an indefinite
quantity of the 2 goods (if the slopes are equal).

Convex preferences can exhibit indifference curves with flat spots, strictly convex preferences
cannot. The utility function is not strictly quasi-concave here.

Pareto set: 2 cases.
» Indifference curves for the agents have the same slope: Pareto set is the entire box;

* Indifference curves do not have the same slope: Pareto set is the lower side and the right side of
the box, or the upper side and the left side, depending on which MRS is higher.

a. U= 6"°4" =4.90
U2=14"°16"° = 14.97
an /aCf _ GC%

MRS, = L = :
7ou /ot (1-a)e]
j
with o = 0.5, MRS, = -2
i
4
1\/II{S1 :g =0.67



MRS, :%:1.14

MRS1 # MRSz, not Pareto Optimal; it is possible to reallocate the goods and make one agent (at
least) better off without hurting the other.

b.PS={c/=cl,j=12:c} +c}, =20,i=1,2}, the Pareto set is a straight line (diagonal from lower-
left to upper-right corner).

c. The problem of the agents is

MaxU’ s.t.p,e) +el =p,c! +cJ.

The Lagrangian and the FOC's are given by

- A2 \i2 : . . _
i={.i ] Jamd o ad i
L _(Cl) (Cz) +Y(p1el te; =piC Cz)

oL’ 1 c% i
— == —-yp, =0

dc; 2(c!
oL! _1(c v
—=—| — -y=0
aci 2l ) 7
L . . _ .
aa_y:plef +e; —p,ci —¢; =0

. c) : o .
Rearranging the FOC's leads to p, = —f . Now we insert this ratio into the budget constraints of agent
cl

: 2 : . .
1 p,6+4—-2p,c; =0 and after rearranging we get ¢, =3 +-—. This expression can be interpreted as

P
a demand function. The remaining demand functions can be obtained using the same steps.
c, =3p, +2
¢l =7+ 8
b
c; =7p, +8

To determine market equilibrium, we use the market clearing condition ¢; + ¢ =20,c} +c; =20.
Finally we find p, =landc; =¢} =5,¢; =c; =15.
The after-trade MRS and utility levels are:

Ul — 504550.5 — 5
U= 15%15" =15
M}{S1 :E =

5
MRS, =2 =1

15

Both agents have increased their utility level and their after-trade MRS is equalized.
d. Ui( cf,c%) =1n((cf)a [(ci )l_a): a lncf + (1 - C()ln ci ,



1.5.

0U,/dci _ ac)
' 9U,/dc} (1-a)c!
Same condition as that obtained in a). This is not a surprise since the new utility function is a
monotone transformation (logarithm) of the utility function used originally.

Ui= In(6°%4%) = 1.59
U= In(14°%16°%) =2.71

MRS's are identical to those obtained in a), but utility levels are not. The agents will make the same
maximizing choice with both utility functions, and the utility level has no real meaning, beyond the
statement that for a given individual a higher utility level is better.

e. Since the maximizing conditions are the same as those obtained in a)-c) and the budget constraints
are not altered, we know that the equilibrium allocations will be the same too (so is the price ratio).
The after-trade MRS and utility levels are:

Ui= In(5%5°%) = 1.61

Us= In(15°°15%) =2.71

MRS, =2 =1
5

MRS, =12 =
15

Recall that in equilibrium there should not be excess demand or excess supply for any good in the
economy. If there is, then prices change accordingly to restore the equilibrium. The figure shows
excess demand for good 2 and excess supply for good 1, a situation which requires p. to increase and
p: to decrease to restore market clearing. This means that p1/p2 should decrease and the budget line
should move counter-clockwise.



Chapter 3

3.1.

3.2.

Mathematical interpretation:
We can use Jensen's inequality, which states that if f(.) is concave, then

E(f(x)) < £(E(X))

Indeed, we have that

E(f(X)) =f(E(X)) = f"'=0

As a result, when f(.) is not linear, the ranking of lotteries with the expected utility criterion might be
altered.

Economic interpretation:

Under uncertainty, the important quantities are risk aversion coefficients, which depend on the first
and second order derivatives. If we apply a non-linear transformation, these quantities are altered.
Indeed, R, (f (U())) =R, (U()) < f1s linear.

a.L=(B, M, 0.50) = 0.50xU(B) + 0.50xU(M) = 55 > U(P) = 50. Lottery L is preferred to the "sure
lottery" P.

b. f(U(X)) = a+bxU(X)
Lt= (B, M, 0.50)t= 0.50%(a+bU(B)) + 0.50%(a+bU(M)) = a + b55 > f(U(P)) = a+bU( P) = a + b50.
Again, L is preferred to P under transformation f.

g(U(X)) = InU(X)
Lg = (B, M, 0.50)¢ = 0.50xInU(100) +0.50xInU(10) = 3.46 < g(U(P)) = InU(50) = 3.91. P is preferred
to L under transformation g.

Lotteries:
We show that (x,z,1) = (x,y, 1T+ (1-1) ifz=(x,y, T).

0 X Ww/. probability Tt

X
m
X W/. probability (1-T)T
1-n !
z

1-
! y w/. probability (1-T0)(1-T)

The total probabilities of the possible states are
n(x)=n+(1-njt

m(y) = (1-m)1-1)

Of course, T(x) + T(y) =T+ (1 - ﬂ)T + (1 - ﬂ)(l - T) =1. Hence we obtain lottery (x,y, 1T+ (1-T)1).



3.3

Could the two lotteries (x,z,1) and (x,y,Tt+ (1-T)T) with z = (x,y, T) be viewed as non-equivalent ?
Yes, in a non-expected utility world where there is a preferences for gambling. Yes, also, in a world
where non-rational agents might be confused by the different contexts in which they are requested to
make choices. While the situation represented by the two lotteries is too simple to make this plausible
here, the behavioral finance literature building on the work of Kahneman and Tversky (see references
in the text) point out that in more realistic experimental situations similar ‘confusions’ are frequent.

U is concave. By definition, for a concave function f(.)
f(ha+(1-A)b) = Af(a)+ (1-A)f(b).A Of0,1]
Use the definition withf=U,a=c ,b=c,,A=1/2

1 1 1 1
U(—c1 +5c2j = EU(CI)'FEU(CZ)

2
U@z Ule,)+ Ule.)

2U(c)2 Ufe, )+ U(c,)
v(e,c)zv(c, +c,)



Chapter 4

4.1 Risk Aversion: (Answers to a), b), ¢), and d) are given together here)

1

(1) U(Y)=-— (2) U(Y)=InY
Y 1 (3) UY)=-Y"
U'(Y):%>O U(Y)—?>O U'(Y):yY_V_1>0<=> y>0
nevy = L U@ =-py+1)r7? <o
2 U'(Y)=—-——<0
U'(¥) =25 <0 =75 oy
R _2 RA:i A Y
A_? Y RR:y+1
R, =2 Ry =1 OR,  y+1
oR, _ 1 =-—7 <0
oY Y?
5) U(Y Y'
(4) U(Y) =—exp(-YY) Gy V=~

U'(Y) =yexp(-yY)>0 = y>0  y(y)=y"

U"(Y) =~y exp(~yY) <0 U (Y)=(y-1)Y"? <0 = y<1
R, = _
A=Y RA:1 Y
Ry =vY Y
Ry _ o 1;;;:1—\/
_A:y__1<0
ay Y’

6) U(Y)=aY -BY>a>0,>0

U'(Y)=a-2BY >0 o Y <2

2B
U'"(Y)=-2B<0
A = 2[3 >
a-2BY
N B _vso
a-2BY
2
OR, _ 4B >0
oY (a-2BY)
Ry =i(RAY): R, Y+R, >0
oy oy oY

Note that y controls for the degree of risk aversion. We check it with the derivative of Ra and Rr
w.r.t. V.



4.2.

4.3.

oR, 1 R,

U(Y)=-v" =— =1
o0y Y oy
OR OR
U(Y)=—exp(-yY A= R =y
(¥)=-enl-y) o5 .
U(Y):Y—y aRA = i aRR =-1
Y oy Y oy

In the last utility function above, we should better use y = 1-0, so that
_Y' Y™ g Ra = 1 OR,

y 1-6’ 00 Y 06
derivative w.r.t. 0 is positive. If we increase 0, we increase the level of risk aversion (both
absolute and relative).

U(Y) =1(look at Rr = 1-y = 0). After this change, every

Certainty equivalent .
The problem to be solved is: find x such that T[lU(Y,l ) + T[zU(Y; ) = U(X)

where Y,'denotes outcome of lottery L1 in state i and Tii denotes the probability of state i.
If U is bijective, it can be "inverted", so the solution is

x=U"{muly,)+muly!)}

where U™ is the inverse function of U.

() UY)=-— U™ (V) =~

1 1
Y’ Y
-1
x=d -t LM Ci6666.67
2\ 50000 10000
(2) U(Y)=InY,U™(Y)=exp(Y)

X = exp l(ln ! +In ! ) =22360.68
2\ 50000 10000

¥ 1
(3) U(Y)= YTU (Y) = (yv)

()

withy = .25,x =24232.88
withy =.75,x = 28125.91

Increasing Y leads to an increase in the value of x. This is because 1-y (and not y!) is the

coefficient of relative risk aversion for this utility function. Therefore, increasing y decreases the

level of risk aversion, and the certainty equivalent is higher, i.e. the risk premium is lower.

Risk premium .
The problem to be solved (indifference between insurance and no insurance) is



44.

4.5

EU(Y) =" InY,1i) = n(100,000 - P)

where P is the insurance premium, Yi is the worth in state i and 7T(i) is the probability of state i.
The solution to the problem is

P =100,000 - exp(EU(Y))
The solutions under the three scenarios are

Scenario A: P=13312.04

Scenario B: P=13910.83

Scenario C: P =22739.27
Starting from scenario A, in scenario B and C we have transferred 1 percent from state 3 to
another state (to state 2 in scenario B and to state 1 in scenario C). However, the outcome is very
different: The premium is slightly bigger in scenario B, while it is a lot higher in C. This could
have been expected because the logarithmic utility function is very curved at low values, and
flattens out rapidly, i.e. In 1 is very different from In 100000, but In 50000 is only slightly
different from In 100000. Also, logarithmic utility function is DARA.

Simply take the expected utility (initial wealth is normalized to 1)
E(UO+5) =E(U(i+5 +E)2 B(U(+ 7))
and apply Theorem 3.2. All individuals with increasing utility functions prefer A to B.

a. Let X, and X be two probability distributions. The notion that X, FSD X, is the idea that
X, assigns greater probability weight to higher outcome values; equivalently, it assigns lower
outcome values a lower probability relative to X, . Notice that there is no concern for “relative
riskiness” in this comparison: the outcomes under X, could be made more 'spread out' in the
region of higher values than X, .

b. The notion that X, SSD X, is the sense that X, is related to X, via a “pure increase in risk”.
This is the sense of X, being defined from X, via a mean preserving spread. X is just X,
where the values have been spread out. Of course, any risk averse agent would prefer X, .

c. Only two moments of a distribution are relevant for comparison: the mean and the variance.
Agents like the former and dislike the latter. Thus, given two distributions with the same mean,
the one with the higher variance is less desirable; similarly, given two distributions with the
same variance, the one with the greater mean return is preferred.

d. (i) Compare first under mean variance criterion.

1 1 1
EX, =—(2)+—(4)+—(9)=4.75
A 4() 2() 4()
EiB:%(1+6+8):5

o= i(z -4.75)? +%(4 -4.75)% + %(9 ~4.75)* = 6.6875



o; =

21_21_2
(1-5) +§® 5)+3@ 5)

fovt ot 2 2
So, EX, <EX;, 0, <0y

Thus X, dominates X, under mean variance.

(i1) Now let’s compare them under FSD.
Let F(X, ) be denoted

F(X}) be denoted
and let us graph F(X, ) andF(X})

A and B

34| ;
23 4 —————

12

13 4 R
/4 1 i B

+ + + + ¥ ¥ + -

1 2 3 4 5 6 7 8 9

It does not appear that either X, FSD X; or X, FSD X, ; either dominates the other in the FSD
sense.

Thus, mean-variance dominance does not imply FSD.

10



(iii)

X TfB (t)dt TFB (t)dt }fA (t)dt TFA (t)dt i[FB (t) - F, (t) it
0 0 0 0

0 0 0 0 0 0

1 1/3 13 0 0 1/3

2 1/3 2/3 1/4 1/4 5/12

3 1/3 1 1/4 1/2 1/2

4 1/3 1A 3/4 5/4 1/12

5 1/3 1% 3/4 2 -1/3

There is no SSD as the sign of | [FB (t)-F, (t)]dt is not monotone.
0

4.6  a. The certainty equivalent is defined by the equation :
U(CE,) =EU(Z), since Y, =0, and Z = (16,4; %)

1

2
Thus CE, =9

b. The insurance policy guarantees the expected payoft :

5 _ 1 1
EZ=—(16)+—(4)=8+2=10
;16 +=(4)

1

s e e Ly =Ly e Loy =
(CE,)* ==(6) +2(4) 2(4)+2(2) 3

1, the premium, satisfies 1 = EZ - CEZ =1.

c. The insurance would pay —6 in the high state, +6 in the low state. The most the agent would be
willing to pay is 1.

1 1 1
U(CE,)=10% =1 (16)> +(1-T1')(4)*, n'=.58
The probability premium is .08.

d. Now consider the gamble (36, 16, '2) = Z'

U(CE,) = (CE,)* = %(36)5 #2016y

1= lga Ly
(CE,)? =2 (6)+(4) =5

CE, =25
M, =1 (as before)

1 1 1
n'' solves: (26)2 =1'(36)2 +(1—11')(16)>
510=n"6+(1-n'")4 =21'""+4

11



2n''=1.1, W'Z%Z.SS

Thus the probability premium is .55 -.50 =.05
The probability premium has fallen became the agent is wealthier in the case and is operating on

a less risk averse portion of his utility curve. As a result, the premium, as measured in probability
terms, is less.

4.7 No. Reworking the data of Table 3.3 shows that it is not always the case that
i [E(0) = Ey(0)de > 0.
Specifically, for x =5 to 7, F,(x) > F,(x) . Graphically this corresponds to the fact that in Fig
3.6 area B of the graph is now bigger than area A.

4.8  a. State by state dominance : no.
b. FSD : yes. See graph

Probability
1 - Fe——————
|
~ |
Z|
|
2/3 -
y
1/3 =
7 and y
T
-10 0 10

These two notions are not equivalent.
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Chapter 5

5.1.  For full investment in the risky asset the first order condition has to satisfy the following:
E[U'(Y, (1+7))(F -1,)] 20

Now expanding U' (Y0 (1 + ?)) around Y, (1 +1; ) , we get, after some manipulations and ignoring

higher terms :

B[U (v, (1+ ) -1, )]
= U'[Y, 1+ JE(F =1 )+ UMy, (141 JB(E -1y, 20

Hence,

E(f-r)2R, [Y0 (1+r, )]E(? —1,)*Y, which is the smallest risk premium required for full
investment in the risky asset.

52. a. R(n)=(-a)2+a=2-a
R(n,)=(1-a)2+2a=2
R(n,)=(1-a)2+3a=2+a

b.

EU=nU(2-a)+n,U(2)+n,U(2+a)

‘E—U =-mU'(2-a)+mU'(2+a)=0
a

2

a=0 o UQfm-m]=0- m=m - E()

>0

.
Define W(a)

E(U(Y, (1 +1.)+a(F -r,)))
E(U(2 +a(z-2)))
E(U'(2+a(z-2)(z-2))=0

W'(a)

13



d.
« U(Y)=1-exp(-bY)
Wia) =701 -exp(~b(2-a))]+ [t exp(-b(2))]+ 71 - exp(-b(2 +a))
W'( )——T[bexp( (2 a))+T[bexp( (2+a))=0
ln(7T b)(~b(2 +a)) = In(mb)(~b(2 ~a))
_ In(rt)~1n(m)

2b

FUlY)= 2

wi)=n) a7 el )]
W'(a)=-m(2-a) +m(2+a) =0

Té/y T[I/v
T[l/y +T[1/y

-y

a=

Assuming n; >T,,b>0,0 <y <1 we have in either cases g—?{ >0.

L Y=+t (Y -a)i+r)
‘ :Y0(1+rf)+a(?_rf)
b. max EU(YO(I +rf)+a(?—rf))
F.O.C.: E{U'(Y,(1+1,)+a"(F-r,)[F -1, )} =0

E{U"(YO (1+r,)+a" (7 -r, ))(? -1 )2}< 0

Since the second derivative is negative we are at a maximum with respect toa at a =a ", the
optimum.

2 Take the total differential of the F.O.C. with respect to
0

c. We first want to formally obtain

Y, .

14



Since E{U'(Y,(1+r,)+a(f -1 )7 -, )} =0,
T e ] o

_EHU(Yo (4 ) +a(f - JE-r (i +r) _ da

BU(Y, (14 ) +a(f o ) - ) dY,

The denominator is <0; in conjunction with the negative preceeding the term we see that the sign

of da
dy

0

is entirely dependent on E{U"(Y,(1+1,)+a(¥ —r.))J(¥ -1, }(1+1,) the numerator.

Since (1 + rf) >0 it is in fact dependent on EU" (Y0 (1 +1, ) + a(? —I; ))(? —I; ) We want to show

. . . da
this latter expression is positive and hence

> (0, as our intuition would suggest.
0

d R, (Y) <0 is declining absolute risk aversion: as an investor becomes wealthier he should
be willing to place more of his wealth (though not necessarily proportionately more) in the risky

asset, if he displays R , (Y) <0.

e. We will divide the set of risky realizations into two sets: T 2r;and 7, >7 . We maintain the

assumption R A, (Y) <0.
Case 1: T =r;; Notice that
Y0(1+rf)+a(?_rf)>Y0(1+rf)'
Then, R, (Y, (1+15;)+a(f -r.)) <R, (Y, (1+r)).
Case2: if T <r;
Yo (L) +a(f -1 ) <Y, (1+1;).
Thus R, (Y, (1+r,)+a(F - )) >R, (Y, (1+1,))

f. Now we will use these observations.

Hence
U'(Y, (1+r)+a(F - ) 2 R, (Y, (1+ 1)) U'(Y, (141, ) +a(F - 1))
Since T —1, 2 0 for this case,

15



5.4.

O UYl+r)+ald -7 -r) 2 R, (Y (45 )U (Y (14 5) +a(F - )7 - )

Thus,
U'(Yy(+r)+a(f - 1)) R (Y, (141 ) U (Y, (1+ 1) +a(F - 1,).

Since for this case T -1, <0,

() U (Y () +alf - ))(F -1 ) 2 =R (Yo (L1 JU'(Y, (141 )+ aF -5 ))(F - 1)
Since (i) and (ii) encompass “all the probability,” we can write:

E{U"(Yo (1 + rf) + a(? I ))(? I )}
>-R, (Yo (1 T )) E{U'(Yo (1 + rf) + a(? I ))(? I )}

Since by the FOC for a,
E{U’(Yo (1 T ) + a(? R ))(? I )} =0

we know E{U"(Y,(1+1.)+a(f-r.))F -1, )} 20

da

0

=0.

and

Key assumption: declining absolute risk aversion.

Let R , and ﬁBrepresent the gross returns on the two assets ;
E(URR, +(1-2)R,))>E@UR, )+ (1 -2)U(R,))=2E(U(R, )+ (1 -2)E(U(R,))

=EUR, )=E(u(R,)
since the utility function is concave and gross asset returns are identically distributed. This result
means that the investor is going to invest in both securities — it is never optimal in this situation
to invest only in one of the two assets. He thus chooses to diversify. Moreover if the investor
cares only about the first two moments he will invest equal amounts in the assets to minimize

variance. To show this note that the expected return on the portfolio is constant independently of
the chosen allocation. A mean-variance investor will thus choose a to minimize the variance of

16



5.5

the portfolio. The latter is

a’ VarﬁA +(1-a)’ Varf{B = VarIN{A(2a2 +1-2a)= VarﬁA(l +2(a’ —a)).

Minimizing the portfolio variance thus amounts to minimizing the quantity (a>-a) which requires
selecting a=1/2.

1 T a
1 1-1 b

risky asset :

YO

1

payouts =

Since the price of both assets is 1, the number of units purchased equals the value of the
purchase.
Let x, = units (value) of risk free asset demanded

X, = units (value) of risky asset demanded

Since Y, =1, x, +x, =landx, =1-x,

a. Necessary condition for x, >0 :
"r, >a" or,in this case a <1

Necessary condition for the demand for the risky asset to be positive :
ma+(1-mb>1.

b. We would expect % <0
a

The optimization problem is
max U(x, [1+(1-x,)a)+(1-nU(x, [1+(1-x,)b)
st. X, +x,<lor0<x, <1
The F.O.C. for an interior solution is
nJ'(x, +(1-x,)a)1-a)+(1-nmU'(x, + (1 —x,)b)(1 —b) =0. This equation implicitly
defines x, =x,(a) ; taking the total differential yields :

' (x, + (1 =x)a)(=D) + 1" (x, + (1 -x,)a)(1 - a)[(1 —a)% +(1- Xl)}
a

a
da

+(1=mU" (x, +(1-x)b)(1 =b)* =+ =0

dx, | TU'(x, +(1=x,)a) =1 —a)(1 = x)U" (x, + (1= x,)a)
da T (x, +(I-x,)a)1-a)’ +(1-U"(x, +(I - x,)b)(1L - b)’

as the numerator is positive and the denominator negative.

17



We would expect that an increase in the probability of the unfavorable risky asset state a, would
tend to decrease the demand for the risky asset. The “world” is becoming riskier.

Thus &1 5 0.
dn

18



Chapter 6

6.1

6.2

6.3

A high 3 does not say anything about the level of diversification. The B speaks about the co-
variations between the returns on an asset or a portfolio and the returns on the market portfolio.
But it does not say anything about the degree of diversification of a portfolio. A portfolio with a

high 3 may or may not be well diversified and it may or may not be far away from the efficient
frontier.

Let 0,= 0,=0,=0 be the total risk common to every asset. For an equally weighted portfolio:
2 SEPE 1. 1
o, = Ywio = 3(5)0 $0p = 430
i=1

The fraction of asset i’s risk that it contributes to a portfolio is given by p,; .
Without loss of generality consider asset 1.

3
cov(r;, Zwiri)
=1
0, Oy
3
5w cont, 1)
i=1

o, 0,

Pip =

1
—cov(r,, r
3 (1 1)

= — (since cov (r;, ;)= 0 if i %))
O-1 O-P

15

3

1 =\E = % = 0.57735
0'1/30' 3

31

Ly - L
;E(ﬁo) = \/50)

Thus, the fraction 0.57735 of the asset's risk is contributed to the portfolio and the fraction 1 -
0.57735 = 0.42265 is diversified away.

(check: o, :i(piPoi)Wi =
i=1

The CML describes the risk/return tradeoft for efficient portfolios, while the SML describes the
same tradeoff for arbitrary assets (that are in "M").

For arbitrary assets that have the same statistical characteristics as M (i.e. that are perfectly
positively correlated with M), the two should give identical expected return estimates - and they
do:

19



0.
SML: ET = 1 + %[E?M ~ 1,] , for any asset ].
M

If 7 is perfectly positively correlated with M,

0,0.| Er,, -1
E?J =+ MY M f
O-M c)-M

Er, —r
M—f} , which is the equation of the capital market
M

=1r + 0j|: o

line for an efficient portfolio "j".

6.4
a. No! Itis incorrect. The CAPM tells you to equate the expected return on the loan equal to ry.
Since there is some probability of default, you must set the rate higher than r¢ in order to insure
an expected return equal to ry.

b. Let rp, = rate on the loans. You want

1.1=0.95(1+11) + 0.05(1)
r = 0.105263 or 10.5263%

c. Again, let r_ = 4. rate on the loans:

1.1 =0.95(1+r.) + 0.05(0.8) (if there is a default, only 80% of
the value of the loan is recoverable).

1.1 =0.95(1+r) + 0.04

1.06 =0.95+0.95 1.
. =0.11/0.95=0.1157 or 11.57%

6.5  This problem ‘starkly’ illustrates the gains to diversification. There are two ways to solve it.
a. Method 1 : use the hint

20



20 1
P/];

10 25
Since p,; =1
0, =10% =w,0, —~(1-wy)0,
=w;5(25%) - (1-wy)(10%)
10% = w4 (25%) —10% +10%w
20 _4  _3

= =W, ==,
35% 7 7
Er,. :%(10%) +§(20%) =15.71%, a 5.71% gain.

Wg

b. Method 2 : first solve for the minimum risk portfolio.
0, =0=w,0, ~(1-w,)0y
0=w,(10%)—(1-w,)(25%)
5 2

W, =—;W, =—..
S A

Er :g(lO%) +%(20%) =12.85%

min risk portfolio
(ap=0)

% — 0

Slope of line joining B + min risk portfolio is 20/0le85%)
(V]

20% - 12.85%

Thus, Er,. =12.85% +
25%

j(w%) =15.71%, a 5.71% gain.

6.6  a. The basis for answering this question is the following :
Let C, D be two assets with 0. <0 ,. Let us consider adding some of ‘D’ to ‘C’. Under what

circumstances will the risk go down ? Let w. =1—-w,,.
O'?, =(1- WD)O% + WZDO_IZD +2w,(1=wp)cov(T, 1)
Then

21



do;
ow

D

[y =0=2ecov(E.T) -7

If cov(%.,T,) —0¢ <0, if we add ‘D’ to “C’ the portfolio’s risk will decline below that of 0.
Equivalently

cov(, %) < 07
2 Oc
PcpOcO0p <O, O Py < 0_

D
or, for the case at hand,

o

your port.

o

pyour port, Australian index

Aust. index

b. and c.
So we have to compute these data from the sample statistics that we are given.

Er,,, = l{.54 +.24—.06+.24—.06+.54} = 24
6
Er,,, = %{.50 +.10-.10+.60-.20 + ,8()} =.2833

— 1 2 2 2 2
Oyour = g{(-54 —.24)" + (24 -.24)" +(=.06 —.24)> + (.24 - .24)
(=06 - 24)" + (.54 - 24’}
= %{.09 +.09 +.09 +.09} =.072

A2

6 = %{(.50 —2833)> +(~.10 —.2833)% + (.10 —.2833)* + (.60 —.2833)>
(.20 - .2833)” + (.80 - .2833)"}
= %{.04696 +.14692 +.03360 +.10030 +.23358 +.2670}

= %{.82836}

=.165672
COV(T s Taus ) = %{(.54 — 24)(.50 —.2833) + (.24 —.24)(~.10 - .2833) + (—.06 — .24)

(.10-.2833) + (.24 - .24)(.60 - .2833) + (-.06 - .24)(.20 - .2833)
+(.54 - 24)(.80 - .2833)}

= %{.06501 +.05499 +.14499 +.15501}

=.084
now check the above inequality :

— COV(ryour’ rAusA) _ 084

= = =.77
pyour,Aus. O-youro-Aus' /072 /166
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(o)
Clearly p=.77 > 2= = 2683 _ 6592

as. 4070

So the answer are :
b. no
c. no. These are, in fact, two ways of asking the same questions.

d. Whenever you are asked a question like this, it is in reference to a regression ; in this case

rAus = GAus + BAusryour + sAus

= O-ZAus, = (BAus)2 02 + 02

Tyour €Aus

The fraction of Australian’s variation explained by variations in your portfolio’s return is

2
pAus,yourcAusoyour 0_2
o) 2 2 2 your
_ (BAus) 0-your - oyour

2 - 2
GAus c)-Aus

= (pAus,your )2
=(.77)* =.59

R2

e. No ! How could it be ? Adding Australian stocks doesn’t reduce risk. Even if it did, you don’t
know that your portfolio is identical to the true M.
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Chapter 7

7.1.

7.2.

7.3

7.4.

Write the SML equation to make the market risk premium appear, then multiply by O ,
O-M

E(rj) =r, + (E(TM)— rf)Bj =1+ (E(YM)_ rf)%

M

Rewrite the last term
GOy _ 0,0uP Oy
2

o, o2, =P
Then we get
E —_
E(rj):rf +—( (r) rf)(ojij)
O-M

and the conclusion follows since 0 < ‘p jM‘ <1.

Intuitively, the CML in the ‘more risk averse economy’ should be steeper, in view of its
risk/return trade-off interpretation. This is true in particular because one would expect the risk
free rate to be lower, as the demand for the risk free asset should be higher, and the return on the
optimal risky portfolio to be higher, as the more risk averse investors require a higher
compensation for the risk they bear. Note, however, that the Markovitz model is not framed to
answer such a question explicitly. It builds on ‘given’ expected returns that are assumed to be
‘equilibrium’. If we imagine, as in this question, a change in the primitives of the economy, we
have to turn to our intuition to guess how these given returns would differ in the alternative set
of circumstances. The model does not help us with this reasoning. For such (fundamental)
questions, a general equilibrium setting will prove superior.

The frontier of the economy where asset returns are more correlated and where diversification
opportunities are thus lower is contained inside the efficient frontier of the economy where
assets are less correlated. If the risk free rate was constant, this would guarantee that the slope of
the CML would be lower in the economy, and the reward for risk taking lower as well. This
appears counter-intuitive — with less diversification opportunities those who take risks should get
a higher reward —, an observation which suggests that the risk free rate should be lower in the
higher correlation economy. Refer to our remarks in the solution to 6.2 : the CAPM model, by
its nature, does not explicitly help us answer such a question.

If investors hold homogeneous expectations concerning asset returns, mean returns on risky
assets -per dollar invested- will be the same. Otherwise they would face different efficient
frontiers and most likely would invest different proportions in risky assets. Moreover, the
marginal rate of substitution between risk and return would depend on the level of wealth.
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Using standard notations and applying the formulas, we get
A=3.77,B=5.85,C=2.65D=131

1.529 -0.618
g=|-0.059| h=| 0.235
-0.471 0.382

E(ryyp ) =1.42

0.652
Wyp = 0.275
0.072

Elr,ep, ) =1.3028

0.725
Wep, =[0.248
0.028

a. The agent’s problem is (agent i):

max E{Ui|:(Y(; _ZXE)(I +1;) +ZX;(1 +?J)}}
(X]5X5 4eeesX]) j j

The F.O.C. wrt asset j is :
E{U,(¥)(-(+1) + 1+ T)} =0, or
B{U;(¥)(E -1} =0 (1)
b. We apply the relationship
Exy = cov(x,y) + ExEy to equation (1).
0=E{U, (V) 1)} = E{U, (V)JEGE — 1) + cov(U,(F,),T - 1,)
= B{U,(¥)JE(E — 1)+ cov(U;(¥,).F)
Thus, E{U/(Y)JEG - 1) = —covU;(¥)).T) (@)

c. We make use of the relationship

cov(g(X),¥) = E(g' (X)) cov(X, §) , where we identify g(Y,) = U (Y,).
Apply this result to the R.H.S. of equation (2) yields :

U (TG —1) = EUI @ )eovVT). )

i

d. We can rewrite equation (3) as :
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- _—HuE)
E(f -r) = m{ (Yla}J)
-ElU;(Y))

Let us denote R,
© E{U(Y)

as it is reminiscent (but not equal to) the Absolute Risk

Aversion measure.
The above equation can be rewritten as

E(T -1,) = + cov(Yl, T,), or

1{A

i

1 ~ S o~
{R_jE(rj —1;) = cov(Y;, I}) )

A;

Summing over all agents i gives

L1 ~ ! S ~
Z(R_]E(rj —r) = ECOV(Y“ L), or

i=l{ R,

i

E(T -1, )(:1[%]} = cov(éi ,?Jj

I ~
Let us identify > Y, =Y,,,(1+T1,). Then we have :
i=1

E@‘”)@(Rl D = corlYi(1+5,).)

=Yy cOV(Ty, T)

M=

Thus,
Yuo cov (?M , F) 4)

e. Let w; be the proportion of economy wide wealth invested in asset j.
Then, for all j

wE(T -1,

E(T -

WjCOV(rMs rj)

Thus,
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It follows that

E(lewj?j —rfj = ACOV(FM,ZJ:WJTJJ
SR

1
)3 [
= R,
By construction,
J
ST =T
j=1
Then
~ Y ~ ~
ET, -1, = MO cov(E,, %, )
i1
~ Y ~
ET, -1, = MO var(E, ). Q)
I
f. (4) states that
~ Y, o~
E(T -1,) = ¢cov(rM, rj)
I
Yo - E(y —1;)

From (5) ; substituting this latter expression into (4) gives :

el

~ COV(FM , 'rj) - i
E(Tf —1;) =————"E(%, —1;), the traditional CAPM.

var(t,)
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Chapter 8

8.1.

8.2

8.3.

8.4.

a.
_ 1

q, =091

q, =0.8224

q, =0.7424

These are in fact the corresponding risk-free discount bond prices.

b. The matrix is the same at each date. The n-period A-D matrix is then [A - D]n . If we are in

state 1 today, we look at line i, written [A - D]:l , and we sum the corresponding A-D prices to

obtain a sure payoff of one unit in each future state. Since it is assumed we are in state 1
[A-D], =0.28+0.33+0.30=0.91=q,

[A-DJ =0.8224=q,
[A-DJ =0.7424 = q,

The price of an A-D security is the (subjective) probability weighted MRS in the corresponding
state. It is determined by three considerations: the discount factor which is imbedded in the MU
of future consumption, the state probability and the relative scarcities reflected in the
intertemporal marginal rate of substitution, that is, in the ratio of the future MU to the present
MU. The latter is affected by the expected consumption/ endowment in the future state and by
the shape of the agents’

utility functions (their rates of risk aversion).

We determine a term structure for each initial state.

To-day’s state is 1:

I+ =L 210417
0.53+0.43

(1+52) =1.0800 1417 =1.0392
(1+5) =1.1193 1417 =1.0383
To-day’s state is 2 :

1+1 =1.0310
(1+r2) =1.0679 1+17 =1.0334
(1+£) =1.1067 141 =1.0344

We determine the price of A-D securities for each date, starting with bond 1 for date 1, q1 =
96/100 = 0.96. Then we use the method of pricing intermediate cash flows with A-D prices to
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8.5.

8.6

price bonds of longer maturity, for example the price of bond 2 is such that

900 =100xq, +1100%q, s%+%
I +r2

_900-100x%q,

which gives q, = — 1 =0.7309 . Similarl
g q, 1100 y

q, =0.5331

q, =0.3194

qs; =0.01608

a. Given preferences and endowments, it is clear that the allocation {(4, 2, 2) ,(4, 2, 2)} is PO
and feasible. In general, there is an infinity of PO allocations.

b. Yes, but only if one of the following securities is traded

-1 1
sl=1 or s, =

For example, Agent 1 would sell s1, and Agent 2 would buy it. In general one security is not
sufficient to complete the markets when there are two future states.

c. Agents will be happy to store the commodity for two reasons : consumption smoothing — they
are pleased to transfer consumption from period 1 to period 2-, and in addition by shifting to to-
morrow some of the current consumption they are able to reduce somewhat (but not fully) the
endowment risk they face. For these two reasons, storing will enable them to increase their
utility level.

d. Remember aggregate uncertainty means that the total quantity available at date 2 is not the
same for all the states. If one agent is risk-neutral, he will however be willing to bear all the
risks. Provided enough trading instruments exist, the consumption of the risk-averse agent can
thus be completely smoothed out and this constitutes a Pareto Optimum.

a.
1. Because of the variance term diminishing utility, consumption should be equated across states
for each agent.

2. There are many Pareto optima. For example, the allocations below are both Pareto optimal :

t=0 t=1
0=1 0=2

Allocation 1
Agent 1 4 3 3
Agent 2 4 3 3

Allocation 2
Agent 1 5 4 4
Agent 2 3 2 2
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The set of Pareto optima satisfies:
{chocliehrnelelied):el =l and thusel = )¢} + e} = 65} +cf =8}
3. Yes. Given E(c) in the second period, var ¢ is minimized.

1. The Pareto optima satisfy

max{cg +ilnci +%lnc‘2 +)\[8 -cy +%ln(6—ci) +%ln(6—c;)}

The F.O.C.’s are:
i) cl:1-A=0
1

. 1.
1) C :

1( 1 ~
R R

1
4
iii) c;:%(ijm(é)( ! j(—1)=0

Al
6-c,

From (ii) i=)\(6_lcl]:>c}=%.
1

6-c) 1+A

A Pareto optimum clearly requires ¢, =c5, and thus ¢; =¢
IfA>1, ¢, =0,c; =8
IfA=1, c¢y+c;=8
IfA<1, ¢;=8c;=0

The Pareto optimal allocation here and for the first part of the problem are the same. Both agents
are risk averse and we would expect them to try to standardize period 1 consumption.

From (iii) —:)\( ! j:c;:i
C

2,
29

2. Agents’ problems can be written

Agent 1: max(4-PQ, - P2Q12) + %ln(l + Q}) + %ln(S +Q))
Q.Q:

Agent 2: max(4-PQ; -P,Q;) + %ln(S +Q))+ %ln(l +QJ)
Q.
Market clearing conditions:
Q+Qi =0
Q+Q; =0

(both securities are in zero net supply).
The F.O.C.’s are:

1 1
Agent 1: Q; : P, :Z(l+Ql)
1

p 23 1
Qz'P2_4(5+Q12J

30



Agent2: Q; : P, :%(5 +1Q2j
1

s p 23 1
a3 1)

These F.O.C.’s, together with market clearing imply, as expected:

1 1 | )
= = Q] =2:Q =-2.
EIRER
1 1 | 2
= = =-2; =+2.
5+Q, 1+Q @ @

s 1= L)1) L
4\1+Q' ) 4\3) 12

T _3@_1
> 4(5+Q)) 4\3) 12

Allocations at Equilibrium:

t=0 t=1
0=1 0=2
Agent 1: 4-Ly-3 (=4l 3 3
gent 1 127 12 3
1 3 2
Agent 2: 4-— (=2)->(2)=3= 3 3
gen 12( ) 12( ) 3

This is a Pareto Optima, consumption is stabilized in t=1. However, since agent 1 had more

consumption in the more likely state, he is paid in terms of t=0 consumption for agreeing to the

exchanges. Agent 2 transfers t=0 wealth to him.

3. Now only (1,0) is traded. The C.E. will not be Pareto optimal as the market is incomplete.
The C.E. is as follows:

Agent 1: max(4-PQ,) +%ln(1 +Q)) +%ln(5)
Qi

Agent 2: max(4-PQ}) + %ln(S +Q7) +%ln(1)
Qf

The F.O.C.’s are :

Agentl:Pl=l( ! J

4(1+0
Agent 2: P, -1 %
4\5+Q,
Thus
1 T ! 2 :Q}:+2;Qf:—2. Pl:l(lJ:i_
1+Q, 5+Q A3 12
Allocation
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Agent 1: 4 -

Agent 2: 4+

Consumption is stabilized in state 6, : effectively agent 1 buys consumption insurance from
agent 2.

The Pareto optima satisfy:
max .25¢, + SB Inc; +%lnc12} +)\[6 -c, +%ln(6 -c}) +%ln(6 —clz)}

Co Cl cz

The F.O.C.’s are

cp:25-A=0

¢l 5% )(ilj ( ]( =0

) 5= )iljw )( j( =0

—( ] j:>6—c}=20})\,c}=—6 )
1+ 2\

l—:)\ = 6—c) =2c)A, cz—L
2\ ¢} 6-c) 1+2A

Thus ¢, =c}, and therefore ¢} =c3;
If there is no aggregate risk and the agents preferences are the same state by state, then a Pareto
optimum will require perfect risk sharing. This example has these features.
The Pareto optimum is clearly not unique. The set of Pareto optima can be described by:
Forall A= 0

=0 =1
8=1 8=2
6 if A <.25 6 6
Agent 1: {0 it A > .25 T+2) 142\
0 if A <.25 I 1
Agent 2: {6 ifA> 25 6(1_1+2)\j 6(1_ 1 +2)\)

A =.25, indeterminate

In the second case (state 2 endowment = 5 for agent 1, 3 for agent 2), there will be a Pareto
optimum but it will be impossible to achieve perfect risk sharing as there is aggregate risk.

b. The agents’ problems are:
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Agent 1: max.25(2-P,Q' —PRRI)+.5{lln(2+Ql)+lln(4+R1)}
Ql 1

Agent 2: max(4 P 0Q” —PyR’ )+—ln(4+Q )+—1n(2+R )

QQ

Where, in equilibrium, 5
R —

(market clearing). Both securities are in zero net supply.

The F.O.C.'s are
Agent 1:

1 1 1
Qs 25F _5( MHQJ = g

L 25P,=5|— - PRzL
2 4+Rl 4+R'

Agent 2:
_1
204+ Q2

R*: P,=

2+R2)

l\)l»—

This implies:

11 1]21 1
2+Q' 2(4+Q*) 2(4-Q'

Q'=2Q =-

11 1 _1( 1
4+R'" 2(2+R?*) 2\2-R!
2(2-RY=4+ R, R'=0, R*=0

As a result, Pp=—eg=——=—.

1 1
P,=| — |=—
R (4+le 4

The implied allocations are thus:

t=0 t=1
01 82
Agent 1: 2-1/2=1.5 4 4
Agent 2: 4+1/2=4.5 2 2

c. Let us assume the firm can introduce 1 unit of either security. Either way, the problems of the
agents and their F.O.C.’s are not affected. What is affected are the market clearing conditions:
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If 1 unit of Q is introduced

If 1 unit of R is introduced
Q1+Q2:1 Q1+Q2:0
R'+R*=0 R'+R*=1
Let’s value the securities in either case.
If one unit of Q is introduced:
The F.O.C.’s become
_ 1
Q 1
Agent 1: 2 +1Q
1 1 1 1 1
PQ - 7575 e 2
4+Q° )2 2\4+1-Q 25-Q7)
Agent 2:

P—l 1 _1( 1
R 2(2+R?*) 2\2-R'

The equation involving R are unchanged. Thus P, =1/4, R'=0, R*=0

For the security Q we need to solve:
1

2+Q) 26-Q) e T

You know the price had to go down: there is more supply of the security.
The implied allocations are thus:

t=0 t=1
0=1 6=2
1
Agent 1: 2—521.5 4 4
1
Agent 2: 4 +E =45 2 2

If one unit of R is introduced:

1
Q 1
Agent 1 2 +1Q

The first order conditions become, with market clearing conditions imposed

R

4+R'
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8.8

1 1 1
o=+ ) T 2a-q)
Agent 2

b L1 Y 1( 1
fo2(2+R?) 2(3-R
So, P, is unchanged, and P,=1/4 Q' =2,Q* =-2.
Solving for Py :

11= 1 I,Rlzg;R2=1_R1=l
4+R° 2(3-R) 3 3
P.= 112 1 =i=i<.25
B 4+4R 4+ 4 14
t=0 t=1
6=1 6=2
1 23 9
Agent 1: 2-————=2-— 4 4+2/3
2 314 14
1 1
Agent 2: 4+———i=4+i 2 2+1/3
2 314 14

The firm is indifferent as to which security it sells — either way it receives the same thing.
Either way a Pareto optimum is achieved since, with no short sales constraints, the market is
complete. Thus a C.E. is Pareto Optimal.

Agent 1 wishes to transfer income to period t=1. The introduction of more securities of either
type will reduce the cost to him of doing that. Agent 2, however, will receive lower prices —
either way — for the securities he issues. He will be hurt.

a. At a P.O. allocation there is no waste and there are no possibilities to redistribute goods and
make everyone better off. From the viewpoint of social welfare there seems to be no argument
not to search for the realization of a Pareto Optimum. Beyond considerations of efficiency,
however, considerations of social justice might suggest some non-optimal allocations are in fact
socially preferable to some Pareto optimal ones. These issues are at the heart of many political
discussions in a world where redistribution across agents is not costless. From a purely financial
perspective, we associate the failure to reach a Pareto optimal allocation with the failure to
smooth various agents’ consumptions across time or states as much as would in fact be feasible.
Again there is a loss in welfare and this is socially relevant: we should care.

b. The answer to a indicates we should care since complete markets are required to guarantee
that a Pareto optimal allocation is reached. Are markets complete? certainly not! Are we far
from complete markets? Would the world be much better with significantly more complete
markets? This is a subject of passionate debates that cannot be resolved here. You may want to
re-read the concluding comments of Chapter 1 at this stage.
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Chapter 9

9.1.

9.2.

9.3.

9.4.

a. The CCAPM is an intertemporal model whereas the CAPM is a one-period model. The
CCAPM makes a full investors homegeneity assumption but does not require specific utility
functions.

b. The key contribution of the CCAPM resides in that the portfolio problem is indeed inherently
intertemporal. The link with the real side of the economy is also more apparent in the CCAPM
which does provide a better platform to think about many important questions in asset
management.

c. The two models are equivalent in a one-period exchange economy since then aggregate
consumption and wealth is the same. More generally, the prescriptions of the two models would
be very similar in situations where consumption would be expected to be closely correlated with
variations in the value of the market portfolio.

a. max(0,St+1(6)-p*)

T 1/ t+1+T - 6
t+1() 26 S __Ct+1(e)

/e, (0) " T 1-8

C

- 4.4(0)=p(8p 5,

d. The price of the option is,

C,=3q,.(08)s(6)-p)

0TA

where A is a set of states 0' for which (Si+1(8')-p*) = 0.

a. (St+1(0)-p*)

Mo B
t+1( ) ;5 l/CH_l (e) t+1+T 1 _ 5 Ct+1 (e)

c
¢ qt+1( ) P( ) Con (9)
d. The price of the forward contract is,

F,(6)= qu( )S...(8)-p") .

o .. 0 ¢
a. After maximization, the pricing kernel from date 0 to date t takes the form —-— =m_ . Now

t

T
the value of the wealth portfolio is Py = E; > m e, . At equilibrium we have e, =c,.
t=0
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9.5.

T T
Proportionality follows immediately from E} m.e, = E> m,c, . With log utility we even have
t=0 t=0

b. Let us first define the return on the wealth portfolio as T =

SRSV S
rearranging gives T, = 1-% 1 1-0
¢,
1-90
-~ 1_
get , =—c,.
0
c.
P, =100E,[m, + m,]
= 1003E,| < + 5&}
L €1 3
= 1006E0_(C2 —ee, (1 5)0160}
L CICZ
=1003E,| {% +(1+ 5)}0_0}
L c2
Pi = qudis
1=3%q, %
= Z:qs]Kis
= stTgRis
=E(mR,)
= E(m)E(R] ) + Cov(m’ Ri)
~ER), covmr)
I+,
R; = E(Rl) + COV(m,Ri)Rf
and

R, =E(R,,)+ Cov(m,R,, R,
E(R,)-R, _ Cov(m,R,)

ER,)-R, Cov(mR,)
)R, = 2 o(e, )- v

37

P +e, -

0

. Defining consumption growth as ¢

t+1

=C

t+

C

t

il . Inserting prices and

w¢e



Note that if Cov(m,Rm) = Var(Rm) we have exactly the CAPM equation. This relation holds for
example with quadratic utility.
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Chapter 10

10.1.

10.2.

a. Markets are complete. Find the state prices from

5q, +10q, +15q; =8

1 q, =0.55151
q +q2 +q3 = ﬁ - q, = 0.02424
‘ q; =1/3

3q; =1

b. The put option has a price of 3qi. Risk neutral probabilities are derived from

n, =0.60667
n, =1.1q; wheres =1,2,3 1, =0.02667
T, = 0.36667

c. Consumption at date 0 is 1. The pricing kernel is given by

m, =1.83838
m, =2 wheres =1,2,3 m, = 0.06060
P m, =0.11111
m, =9 where s=1,2,3 Program for agent 1
Ps
n}aZX{(IO+q1 +5q, —¢,q, —ch2)+(§lnc} +§lncfj}
The FOC 1s
11
T3 c,
21
—_ + = 0
173 c
and similarly for agent 2. This yields
1 _1 1 _1

L1 2 _ 2
= € =C,,C =G,

Using the market clearing conditions we get
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2
11
c; =c’ :?

so that q, = 2/15 and q, = 4/33.

Now construct the risk neutral probabilities as follows:

= q
q, tq,
- 9
'r[z_
q, ¥q,

which satisfy the required conditions to be probabilities.
Computation of the risk-free rate is as usual: g, + ¢, = 1/(1+1)).
The market value of endowments can be computed as follows

_ 1 2\— 2
MV, = (T[lei +The; )=qlei +q,¢; .

f
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10.3.

10.4.

Options and market completeness.
The put option has payoffs [ 1,1,1,0]. The payoff matrix is then
0 1 0 1

0 1 1 1
m-=

0 0 1 1

1 1 1 0

Of course, the fourth row gives the payoffs of the put option. We have to solve the system
1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1
The matrix on the RHS is the A-D securities payoff matrix. The solution is

mw —

1 -2 1 |

0 1 -1 0
W =

-1 1 0 0

1 -1 1 0

We could also have checked the determinant condition on matrix m, which states that for a
square matrix (number of states = number of assets), if the determinant is not null, then the
system has a unique solution. Here Det(m) = -1.

a. An A-D security is an asset that pays out 1 unit of consumption in a particular state of the
world. The concept is very useful since if are able to extract A-D prices from traded assets
they enable us to price every complex security. This statement is valid even if no A-D
security is traded. To price a complex security from A-D prices, make up the portfolio of A-
D securities providing the same state-by-state payoff as the security to be priced and check
what is the cost of this portfolio.

b. Markets are not complete : Determinant of the payoff matrix = 0.
c. No: # of assets <# of states.
Completeness can be reached by adding a put on asset one with strike 12 (Det = 126).

A-D security from calls:
long call on B (strike 5), two short calls on B (strike 6), long call on B (strike 7)
0 0 0 0

-2 +

1 0 0 1
2 1 0 0
3 2 1 0

An A-D security with puts:
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long put on B (strike 8), two short puts on B (strike 7), long put on B (strike 6)

-2 +

S = N W

2 1 0
1 0 0
0 0 1
0 0 0
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Chapter 12

12.1.

a.

EU =1+.96(.5xIn1.2+.5xIn.833)+(96)’ (25%In1.44 +.5xIn1+.25%1n.6944) = 0
b.

The maximization problem of the representative agent is

max [In(co)+ O (77, In(ci1)+ 77, In(c12))+ 8 (77, In(car)+ 77, In(en)+ 77, In(c23))]

S.t. €+ 11811 T 412615 F G518 T 400 T 403 =Co ¥ 11011 F G156 T G01Co1 T dnCo FGr3C5
(take the consumption at date 0 as a numeraire, its prise is at 1;

q;j is time 0 price of AD security that pays 1 unit of consumption at date i in state )
The Lagrangian is given by

L=EU+A\ (eo 1€ 41561, 195,85 T45€y 15360 ]
—Co Tqy,Cy; Tq15Cp 7q5Cy Tq0Csy Tq23C0;
FOC's are:
a_L = L —)\ = O
oc, ¢,
oL 1
—— =T,;0——Aq,, =0
i Ci
oL 1
Y :T[2362__)\q23 =0
dc,; Cx

A-D prices, risk neutral probabilities, and the pricing kernel can be derived easily from the
FOC’s. For example, at date t = 0 we have

1 C MU
qu :7-[116_:”116_0:”11 -

11 11 0

=T4,my,

1 c MU
=T,0 —— =1, > =T =
qa; =Thy & 23 ¢ 23 MU,

where mj; is the pricing kernel. Risk neutral probabilities at date one are given by:
N = v .nd N = di2

= Th;My,

q; 49, q,, T4,
T[ZRIN - q2 ’.’.[2RZN - dx and T[ZR;\] — qy3
dy Ty T4y dy Ty T4, dy T T4y

state prices
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0.16

0.4
1 0.4608
0.576
0.331776
risk neutral probabilities
0.1679656
0.409836066
1 0.48374093
0.590163934
0.34829347
pricing kernel
0.64
0.8
1 0.9216
1.152
1.327104
c.
valuation
0.2304
0.48
1 0.4608
0.48
0.2304
value 2.8816
d.
The one period interest rate at date zero is:
1
Ly, =7 —1=2.459%.
(q11 + qu)

The two period interest rate at date zero is:
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I, =\/ ! -1=2.459%.
(q21 tq,t q23)
Even though the economy is stochastic with log utility there is no term premia.

The price of a one period bond is q, (l) = =.976 and the price of a two period

1.02459

. 1
bond is qb(Z) = m =.953

e. The valuation of the endowment stream is

2.8816 2.352 1.44
price 1.8816 1.152
space 1.63333333 1
0.8
0.694444444

At date one and two we have one value with payoffs (upper cell) and the value after the cash

flow arrived (lower cell).

The value of the option, using either state prices, pricing kernel, or risk neutral valuation, is
option value

0.152
0.0608
0

f.
The price process is as in e. Now we need to solve for u, d, R, and risk neutral probabilities.

2352 144
u=—=——=125

1.8816 1.152
q= 1.6333 _ 2631

1.8816
R =1+r=1.02459

R - 1.02459 -.8681
a4, = d: 02459 —.868 — 4098
u-—d 1.25-.8681
(Compare this value with qi1 in b))
The value of the option is
option value
0.152
0.0608
0
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g.
In part b we saw that pricing via A-D prices, risk-neutral probabilities, and pricing kernel are

essentially the same. These methods rely on the payoffs of the endowment stream. In contrast to
b, risk neutral probabilities are elicited in part f from the price process. Of course, the risk-
neutral probabilities are the same as in b. This is not surprising since prices are derived from
utility maximization of the relevant cash flows. Thus risk-neutral probabilities of the cash flow
stream coincide with the risk neutral probabilities of the price of the asset.
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Chapter 13

13.1 a.
Er A

17 4
09 L
07 T
} } } >
5 ] 1.5 b,

b. Using A, B ; we want

b, =0=w,b, +(I1-w,)by
0=w,(5)+(1-w,))

Sw,=Lw, =2,w, =-1

Using B, C :

b, =0=w,b, +w b,
0=wy()+w.(L5)
0=wy +1.5-1.5w,

Swy =15w, =3, w. =-2

c. We need to find the proportions of A and C that give the same b as asset B.
Thus, b, =1=w,b, +(1-w, )b,
I=w,(5+1-w,)(1.5)
IS S
2 2

With these proportions :

Er, = lErA +%ErC

=%(.O7) +%(.17) =.12>.09 = Er,

r, =.12+1F +e,

WA =

wl—ul—

We=

R, =.09+IF +eg, cov(ep,ez) =0.

WB
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Now we assume these assets are each well diversified portfolios so that e, =e; =0.

. . . . . : 1
An arbitrage portfolio consist of shorting B and buying the portfolio composed of w, =w_. = 5
in equal amounts, you will earn 3% riskless.

d. As a result the prices of A, C will rise and their expected returns fall. The opposite will

happen to B.
e.
Eri A

Er. = .14 =+

Er, =10 =+

Er, =.06 ==
i i i -
5 1 1.5 b,
bA bB bC

There is no longer an arbitrage opportunity : expected returns are consistent with relative
systematic risk.

13.2.  a. Since cov(ty,€;) =0,
2 — ~
0 =var(Q;) + var(B,,1,) + var(€;)
— 2 2 2
_O+BjM0M +0£j

— 2 2 2
- BjMOM + osj

b. 0; =cov(a, +Biv T +§i7aj +BjM?M +§j)
=cov(By 1y +€.BuTy +€) (constants do not affect covariances)
=cov(Biy 1y +€.BTy) +eov(By T, +E,E) (since T,,€; are independent)
= cov(Biy Ty, BTy ) +cov(E, By Ty ) +cov(Biy Ty, €) + cov(€,€;) (since T, € are

independent)
=cov(By 1y,B; 1) ; since by contruction of the regression relationship all other

covariances are zero.

= BiMBjM cov(Ty, Ty) = BiBjo-i/I
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13.3.

13.4.

13.5

The CAPM model is an equilibrium model built on structural hypotheses about investors’
preferences and expectations and on the condition that asset markets are at equilibrium. The
APT observes market prices on a large asset base and derives, under the hypothesis of no
arbitrage, the implied relationship between expected returns on individual assets and the
expected returns on a small list of fundamental factors.

Both models lead to a linear relationship explaining expected returns on individual assets and
portfolios. In the case of the CAPM, the SML depends on a single factor, the expected excess
return on the market portfolio. The APT opens up the possibility that more than one factor are
priced in the market and are thus necessary to explain returns. The return on the market portfolio
could be one of them, however. Both models would be compatible if the market portfolio were
simply another way to synthesize the several factors identified by the APT: under the conditions
spelled out in section 12.4, the two models are essentially alternative ways to reach the same
‘truth’. Empirical results tend to suggest, however, that this is not likely to be the case.

Going from expected returns to current price is straightforward but requires formulating,
alongside expectations on future returns, expectations on the future price level and on dividend
payments.

The main distinction is that the A-D theory is a full structural general equilibrium theory while
the APT is a no-arbitrage approach to pricing. The former prices all assets from assumed
primitives. The latter must start from the observations of quoted prices whose levels are not
explained.

The two theories are closer to one another, however, if one realizes that one can as well play the
‘no arbitrage’ game with A-D pricing. This is what we did in Chapter VIII. There the similarities
are great: start from given unexplained market prices for ‘complex’ securities and extract from
them the prices of the fundamental securities. Use the latter for pricing other assets or arbitrary
cash flows.

The essential differences are the following: A-D pricing focuses on the concept of states of
nature and the pricing of future payoffs conditional on the occurrence of specific future states.
The APT replaces the notion of state of nature with the ‘transversal’ concept of factor. While in
the former the key information is the price of one unit of consumption good in a specific future
date-state, in the latter the key ingredient extracted from observed prices is the expected excess
return obtained for bearing one unit of a specified risk factor.

True. The APT is agnostic about beliefs. It simply requires that the observed prices and returns,

presumably the product of a large number of agents trading on the basis of heterogeneous
beliefs, are consistent in the sense that no arbitrage opportunities are left unexploited.
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Chapter 15

15.1.

a. These utility functions are well known. Agent 1 is risk-neutral, agent 2 is risk-averse.
b. A PO allocation is one such that agent 2 gets smooth consumption.
c. Given that agent 2 is risk-averse, he buys A-D1 and sells AD2, and gets a smooth
consumption; Agent 1 is risk-neutral and is willing to buy or sell any quantity of A-D securities.
We can say agent 2 determines the quantities, and agent 1 determines the prices of the AD
securities.
Solving the program for agent 1 gives the following FOC:
q,=0n
q, = 5(1 - ﬂ)
The price of AD securities depends only on the probability of each state.
Agent 2's optimal consumption levels are ¢* =c*(0,)=c?(8,) = (28(1 - 1) +1)/(1+ 5) which is 1
if m=0.5.
d. Note: it is not possible to transfer units of consumption across states. Price of the bond is &.
Allocation will not be PO.
Available security
t=0 t=1
—_ b e1 e2
P 1 1

Let the desired holdings of this security by agents 1 and 2 be denoted by Q, and Q,

respectively.
Agent maximization problems :

Agentl:  max(1-Qp")+3m1+Q)+(1-m(1+Q,)}

Agent 2 : r%ax In(1-Q,p°) + 5{T[1n Q,+(1-min2 + Qz)}
The F.O.C.s are :

l.Agent1: —-p®"+38=0 or p®=39.
1-Q,p Q, 2+Q,

2. We know also that Q, + Q, =1 in competitive equilibrium in addition to these equations
being satisfied. Substituting p® = & into the 2™ equation yields, after simplification,
(1+8)(Q,)* +(1+2m)Q, ~21=0
— (1+2T0) £ /(1 + 2T0)* — 4(1 + 3)(=21)
? 2(1+0)
—(1+2T0) £ /1 + 4705 + 4T + 81T+ 8D
2(1+9)

50



= (1+210) £ /(1 +2T®)* + 87T+ 8T
2(1+3)

Q,
with Q, =1-Q,

3. Suppose TT=.5and & = %

AL AR Tax
’ 2(4))

38
ig(g)

N | —

1 .. . . .
Q,= 5 (We want the positive root. Otherwise agent 2 will have no consumption

inthe 6 =1 state)

1
Q1 :E-

15.2 When markets are incomplete :

15.3

1) MM does not hold: the value of the firm may be affected by the financial structure of the
firm.
ii) It may not be optimal for the firm’s manager to issue the socially preferable set of

financial instruments

a. Write the problem of a risk neutral agent :

Max 30 —p? Q*+1/3 % (15+ Q%) +2/3 % 15

FOC: -p? + 1/6 = 0 thus p? = 1/6 necessarily!
This is generic: risk neutrality implies no curvature in the utility function. If the equilibrium
price differs from 1/6, the agent will want to take infinite positive or negative positions!
At that price, check that the demand for asset Q by agent 1 is zero:

Max 20 — 1/6 Q' + 15 1/3 In(1 + Q") + ¥4 2/3 In(5)
FOC: -1/6 + 1/6 1/(1 + Q") =0
Q'=0

Thus there is no risk sharing. The initial allocation is not Pareto — optimal. The risk averse agent
is exposed to significant risk at date 1. If the state probabilities were 'z, nothing would change,

except that the equilibrium price becomes:

P=1,
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15.4

b. p%=1/6, Q' = 0 (the former FOC is not affected), p~ = 1/3
FOC of agent 1 wrt R:
13+ (%23 1/(5+RY =0

1=5+R!

So agent 1 sells 4 units of asset R. He reduces his t = 1 risk. At date 1, he consumes 1 unit in
either state. He is compensated by increasing his date 0 consumption by p® R' =1/3(4) = 4/3.
The allocation is Pareto optimal, as expected from the fact that markets are now complete.

Post trade allocation:

=0 t=1 t=2
Agent 1 20 4/3 1 1
Agent 2 28213 15 19
t=0 t=1
0=1 0=2
Agent 1 4 6 1
Agent 2 6 3 4

U'(c,, €(0))= %lncg +Elnc!(6)

Ule,. 5(6)= Y +Etncc(6)
Prob(6,)=.4 Prob(8,)=.6

a. Initial utilities —

Agent]1: U'(c,, ¢ (0) = % In(4)+.41n(6)+.61n(1)
= 1/(1.386)+.4(1.79)
=.693+.716 =1.409

Agent2: U3(c,, ¢ (08)) = %(6)+.41n(3)+.61n(4)
=3+.439+.832
=4.271
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c. Firm’s output

t=1

0=1 0

= 2
-p 2

3

Agent 1’s Problem (presuming only this security is issued).
erllxéln(4 -pQ,)+.4In(6+2Q,)+.61n(1 +3Q,)

Agent 2’s Problem
H$X%(6—pQ2)h4hﬁ3+2Q2yh6hﬂ4+3Q2)

The F.O.C.’s are:

_ 1 p 1 1
Agent 1: 2(4_lej '4(6+2Q1](2)+'6(1+3Q1J(3)

o |
rgem2 L .4(3+2Q2j(2)+.6(4+3Q2j(3)

Qz :1_Q1

These can be simplified to

. p _ 16 3.6
(1) = +
4-pQ, 6+2Q, 1+3Q,
) pe_lb 4 36
5-2Q, 7-3Q,

The solution to this set equations via matlab is

p=1.74
Q, =1.245

Thus Q, =1-1.245 = —.245 (short sale).

Thus V, =1.74.
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The post-trade allocations are
t=0 t=1
0=1 6=2
Agent 1:  4-(1.74)(1.245) =1.834 6 +2(1.245) =8.49 1+3(1.245) =4.735
Agent2: 6—(1.74)(—.245) = 6.426 3-2(.245)=2.51 4 -3(.245) =3.265

Post-trade (ex ante) utilities:

Agent]1: %m(l .834)+.41n(8.49) +.61n(4.735)

=.3032 +.4(2.14)+.6(1.555)
= 3032 +.856 +.933
=2.0922

Agent2: %(6.426) +41n(2.51)+.61n(3.265)

=3.213+.368 +.70996
=4.291

Nearly all the benefit goes to agent 1. This is not entirely surprising as the security payoffs are
more useful to him for consumption smoothing.

For agent 2, the marginal utility of a unit of consumption in period 1 is less than the marginal
utility of a unit in period 0. His consumption pattern across states in t=1 is also relatively
smooth, and the security available for sale is not particularly useful in correcting the existing
imbalance. Taken together, he is willing to “sell short” the security or, equivalently, to borrow
against the future.

The reverse is true for agent 1 especially on the issue of consumption smoothing across t=1
states: he has very little endowment in the more likely state. Furthermore the security pays
relatively more in this particular state. Agent 1 thus wishes to save and acquires “most” of the
security.

If the two states were of equal probability agent 1 would have a bit less need to smooth, and thus
his demand would be relatively smaller. We would expect p to be smaller in this case.

c. The Arrow-Debreu securities would offer greater opportunity for risk sharing among the
agents without the presence of the firm. (We would expect V. to be less than in b).
However, each agent would most likely have a higher utility ex ante (post-trade).

d. Let the foreign government issue 1 unit of the bond paying (2.2); let its price be p.
Agent Problems:

Agent 1: ngax%ln@ -pQ,)+.41n(6+2Q,)+.6In(1+2Q,)
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Agent 2: n?x%@—pQ)+vﬂn@+2QJ+6hﬂ4+2QJ

Where, in equilibrium Q, +Q, =1

F.O.C’s:

Agent 1: l( P jz '4(2) + '6(2)
2{4-pQ, ) 6+2Q, 1+2Q,

Agent 2: lp— '4(2) + '6(2)

27 3+2Q, 4+2Q,

Substituting Q, =1-Q,, these equations become:

p _ 16 2.4
= +
4-pQ, 6+2Q, 1+2Q,

1.6 24
p= +
5-2Q, 6-2Q,

Solving these equations using matlab yields

p =1.502
Q, =1.4215
and thus Q, =-.4215

The bond issue will generate p =1.502.

Post Trade allocations:

=0 t=1
6=1 0=2

Agent I:  4—-(1.502)(1.4215) =1.865 6+2(1.425)=8.843  1+2(1.4215) =3.843

Agent2: 6-(1.502)(—.4215) =6.633 3+2(-4215)=2.157 4+2(-.4215)=3.157
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15.5

The utilities are:

Agent]1: %111(1.865) +.41n(8.843) +.61n(3.843)
=3116+.8719+.8078
=1.9913

Agent2: %(6.633)+.41n(2.157)+.61n(3.157)

=3.3165+.3075 +.690
=4314.

Once again; both agents are better off after trade. Most of the benefits still go to agent 1;
however, the incremental benefit to him is less than in the prior situation because the security is
less well situated to his consumption smoothing needs.

e. When the bond is issued by the local government, one should specify i) where the proceeds
from the bond issue go, and ii) how the t=1 payments in the bond contracts will be financed. In a
simple closed economy, the most natural assumption is that the proceeds from the issue are
redistributed to the agents in the economy and similarly that the payments are financed from
taxes levied on the same agents. If these redistributive payments and taxes are lump-sum
transfers, they will not affect the decisions of individuals, nor the pricing of the security. But the
final allocation will be modified and closer (equal ?) to the initial endowments. In more general
contexts, these payments may have distortionary effects.

a.
. 1 ! 11
Agent 1 : max 5x, +3X,
s.t.
1+ 1 < 1+ 1
q:X; Tq,X, 5,6, 7,6,
. 1 2 1 2
Agent 2 : max Inx; +ZInx;
s.t.

2 2 2 2
q,X; Tq,X; =q,€; tq,¢;

Substituting the budget constraint into the objective function :

Agent 1 : mgxl(

2
X3

1 1 1
q,€, +q,€, —q,X, Lol
+-X
q 2 X2
1

2 4 2 2
Agent 2 : mgx%ln(qlel 4% qzxzj+%lnx§
q
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FOC’s

Agent 1 : %(_qzj+%:0:>ql =q,

q,

Agent 2 : %( 5 Q12 5 J(q—ZJ = %(%J which, taking into account that the two prices
q:€1 ¥q,€; —q,X; \ 49, X

2
are equal, solves for

2 2
e, te
x;=x; =1
2

agent 2’s consumption is fully stabilized.

,1.e.,

b. Each agent owns one half of the firm, which can employ simultaneously two technologies :

t=0 t=1
=1 6=2
Technology 1 -y y y
Technology 2 -y 3y 0

Let x be the portion of input invested in technology 2. Since there are 2 units invested in total, 2-
x is invested in technology 1. In total we have :

t=0 =1
0=1 0=2
Invested in tech. 1 2-X 2-x 2-X
Invested in tech. 2 X 3x 0
Each firm owner 1+x 1-1x
receives

Considering that the two Arrow-Debreu prices necessarily remain equal, agent 2 solves

1 1 2 2 _ 2 1 2
max;In(2+5x+e; +e; —x5)+5Inx;

It is clear that he wants x to be as high as possible, that is, x =2.

The FOC wrt x3 solves for

1 2 2
2 _ a2 _2tyxtel te,
X5 =x; = .
2

Again there is perfect consumption insurance for the risk averse agent (subject to feasibility, that
is, an interior solution).

Agent 1 solves

1 1 1 11 Lol
mftx;(2+5x+el+2ez X,) + 73X,
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Clearly he also wants x to be as high as possible. So there is agreement between the two firm
owners to invest everything (x = 2) in the second more productive but riskier technology. For
agent 1, this is because he is risk neutral. Agent 2 , on the other hand, is fully insured, thanks to
complete markets. Given that fact, he also prefers the more productive technology even though it
is risky.

c. There cannot be any trade in the second period ; agents will consume their endowments at that
time.

Agent 1 solves
maxt(l+x+e)+1i(1-1x+e))=

1 1
e, te
maxl+ix+—1—2

X

; clearly he still wants to invest as much as possible in technology 2.

Agent 2 solves
maxtin(l+x+e)+1In(l-1x +e)

which, after derivation, yields
_1+2e -e}

5 .
That is, the (risk averse) agent 2 in general wants to invest in the risk-free technology. There is
thus disagreement among firm owners as to the investment policy of the firm. This is a
consequence of the incomplete market situation.

X

d. The two securities are now

t=1
0=1 6=2
A bond 1 1
Technology 2 1+x 1-1x

These two securities can replicate (1,0) and (0,1). To replicate (1,0), for instance, invest a in the
bond and b in the firm where a and b are such that

at(l+x)b=1

a+t(l-1x)b=0

This system impliesb = £x and a=1-Zx(1+x).

Given that the markets are complete, both agents will agree to invest x=2. Thus b= 1 and a=0
replicate (1,0).
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Chapter 16

16.1.

16.2.

16.3

16.4

The maximization problem for the speculator's is:

max EUlc™ + (pf —p)fJ
Let us rewrite the program in the spirit of Chapter IV:
W(f) = E{U(c* + (pf - p)f)} The FOC can then be written

w'(f) = E{U' (c* + (pf - p}f)(pf - p)} =0. From (U"<0) we find

w''(f)= E{ " (c* + (pf —p)f)(pf —p)2}< 0. This means that £>0 iff

w (0) = {U' (c*)}E(pf - p) >0. From U>0 we have >0 iff E(pf - p) > 0. The two other cases
follow immediately.

Let us reason with the help of an example. Suppose the current futures price p' is $100. The
marginal cost of producing the corresponding commodity is $110. The producer’s expectation as
to the t=1 spot price for her output is $120.

The producer could speculate in the sense of deciding to produce an extra unit of output since
she expects to be able to sell it tomorrow at a price that covers her marginal cost with a margin
($10) that we can even assume sufficient to compensate for the risk being taken.

The rule we have derived in this chapter would, however, suggest that this is the wrong decision.
Under the spelled out hypotheses, the futures price is the definite signal of production (Equation
16.3).

It is easy to see, indeed, that if the producer wants to take a position on the basis of her
expectations on the t=1 spot price, she will make a larger unit profit by speculating on the
futures market rather than on the spot market. This is because the cost of establishing a ‘spot’
speculative position is the cost of producing the commodity, that is, $110 while the cost of
establishing a speculative position on the futures market is $100 only. If the producers’
expectations turn out to be right, she will make $20 on a unit speculative futures position while
she will make only $10 by speculating on the spot market, that is, by producing the commodity.
Note that this reasoning is generic as long as the futures price is below the cost of production. If
this was not the case, producing would not involve any speculation in the sense that the output
could be sold profitably on the futures market at the known futures price.

When the object exchanged is a financial asset and investors have heterogeneous information, a
price increase may reveal some privately held information leading some buyers and sellers to
reevaluate their positions. As a consequence, the increase in price may well lead to a fully
rational increase in demand. In that sense the law of demand does not apply in such a context.

When investors share the same information, the only source of trading are liquidity needs of one
or another group of investors. In the CCAPM with homogeneous investors, there simply is no
trading. Prices support the endowment allocations. In a world of heterogeneous information, the
liquidity-based trades are supplemented by exchanges between investors who disagree (and in
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16.5

some sense agree to disagree) about the fundamental valuation of the object being exchanged: I
sell because I believe at the current price the stock of company A is overvalued knowing that the
investor who buys from me is motivated by the opposite assessment. Obviously trading volume
is necessarily higher in the second world, which appears to be closer to the one we live in than
the former.

N
ETt=pye——
Py 2y
varTi=p’ y* vare +z° varq—2zpycov(e,q)
FOC:

y: pE—y—y[p2 yvarE—zpcov(E,?l)JZO
This is a maginal product = marginal cost condition where the latter includes a risk premium.

z: zvarq—pycov(e,q)=0

,=Pycov(e,q)
varq

p y = value placed at risk by fluctuations of exchange rates.

Optimal position in hedging instrument 2 is the product of py by a coefficient that we may call
B, which is the sensitivity of ¢ to changes in the price of the hedging instrument as in

e=a +Bq+E€.

If the coefficient (3 is 1, the optimal position in the hedging instrument is exactly equal to the
value placed at risk py. Given the value of the optimal z, the FOC wrt y can be written as:

pE-y-szyvarE{ =
Varqvare

pe-y-yp’ yvarE[l—RZJ =0

where R? is the correlation coefficient in the above regression of Gon ¢ .
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Chapter 1

1.6.  Assume a 2 goods-2 agents economy and well-behaved utility functions. Explain why the competitive
equilibrium should be on the contract curve.

1.7.  What is unusual in Figure 1 below? Is there a PO allocation ? Can it be obtained as a competitive
equilibrium ? What is the corresponding assumption of the 2™ theorem of welfare, and why is it important?

Figure 1.2 : The Edgeworth-Bowley Box: An Unusual Configuration

Good 2
Agent2

I

>

Agent 1 Good 1



Chapter 4

4.9.

4.10.

4.11.

4.12.

4.13.

If you are exposed to a 50/50 probability of gaining or losing CHF 1'000 and an insurance that removes the
risk costs CHF 500, at what level of wealth will you be indifferent between taking the gamble or paying the
insurance? That is, what is your certainty equivalent wealth for this gamble? Assume that your utility
function is U(Y) =-1/Y.

What would the solution be if the utility function were logarithmic?

Assume that you have a logarithmic utility function on wealth U(Y)=InY and that you are faced with a
50/50 probability of winning or losing CHF 1'000. How much will you pay to avoid this risk if your current
level of wealth is CHF 10'000? How much would you pay if your level of wealth is CHF 1'000'000? Did
you expect that the premium you were willing to pay would increase/decrease? Why?

Assume that security returns are normally distributed. Compare portfolios A and B, using both first and
second-order stochastic dominance :

Case 1 Case 2 Case 3
o,>0, 0,=0, 0,<0,
E,=E, E,>E, E,6 <E,

An agent faces a risky situation in which he can lose some amount of money with probabilities given in the
following table:

Loss Probability
1000 10%
2000 20%
3000 35%
5000 20%
6000 15%

This agent has a utility function of wealth of the form
Y'Y
1-y

U(Y) = +2

His initial wealth level is 10000 and his Yy is equal to 1.2.

a. Calculate the certainty equivalent of this prospect for this agent. Calculate the risk premium.
What would be the certainty equivalent of this agent if he would be risk neutral?

b. Describe the risk premium of an agent whose utility function of wealth has the form implied by the
following properties: U'(Y)>0 and U’ (Y)>0

An agent with a logarithmic utility function of wealth tries to maximize his expected utility. He faces a
situation in which he will incur a loss of L with probability Tt He has the possibility to insure against this
loss. The insurance premium depends on the extent of the coverage. The amount covered is denoted by h
and the price of the insurance per unit of coverage is p (hence the amount he has to spend on the insurance
will be hp).



4.14.

4.15.

a. Calculate the amount of coverage h demanded by agent as a function of his wealth level Y, the loss L, the
probability Ttand the price of the insurance p.

b. What is the expected gain of an insurance company offering such a contract ?

c. If there is perfect competition in the insurance market ( zero profit), what price p will the insurance
company set?

d. What amount of insurance will the agent buy at the price calculated under c. What is the influence of the
form of the utility function ?

Given the following probability distributions for risky payoffs X and 7 :

X  Probability (x) z Probability (z)
-10 Aq 2 2
5 4 3 5
10 3 4 2
12 2 30 1

a. If the only available choice is 100 % of your wealth in X or 100 % in Z and you choose on the basis of
mean and variance, which asset is preferred ?
b. According to the second-order stochastic dominance criterion, how would you compare them ?

There is an individual with a well-behaved utility function, and initial wealth Y. Let a lottery offer a payoff
of G with probability Ttand a payoff of B with probability 1-Tt

a. If the individual already owns this lottery denote the minimum price he would sell it for by P. Write
down the expression P has to satisfy.

b. If he does not own it, write down the expression Py, (the maximum price he would be willing to pay for it)
has to satisfy.

c. Assume now that T=1/2, Y=10, G=6, B=26, and the utility function is U(Y)=Y1/ 2. Find buying and
selling prices. Are they equal? Explain why not. Generally, can they ever be equal?



4.16. Consider the following investments:

Investment 1 Investment 2
Payoff Prob. Payoff Prob.
1 0.25 3 0.33
7 0.50 5 0.33
12 0.25 8 0.34

Check that neither investment dominates the other on the basis of
The Mean-Variance criterion
First Order Stochastic Dominance
Second Order Stochastic Dominance

How could you rank these investments ?



Chapter 5

5.6.

5.7.

5.8.

An individual with a utility function U(c) = -exp (-Ac) (where A=(1/30)In 4) and an initial wealth of $50
must choose a portfolio of two assets. Each asset has a price of $50. The first asset is riskless and pays off
$50 next period in each of the two possible states. The risky asset pays off z; in state s=1,2. Suppose also
that the individual cares only about next period consumption (denoted by c; or ¢; depending on the state).
The probability of state 1 is denoted by TU

a. If the individual splits his wealth equally between the two assets, fill in the following table assuming that
each of three scenarios is considered.

Scenario (z1,22) T (c1,c¢2) E(c) Var(c)
1 (20, 80) 1/5
2 (38, 98) 1/2
3 (30, 90) 1/3

b. How would this individual rank these three scenarios? Explain and give reasons to support your
argument.

c. Show that under each scenario the individual's optimal decision is to invest an equal amount on each of
the two assets.

Consider an agent with a well-behaved utility function who must balance his portfolio between a riskless
asset and a risky asset. The first asset, with price p; has the certain payoff z; while the second asset, with
price p; pays off Z, which is a random variable. The agent has an initial wealth Y, and he only cares about

next period. Assuming that he holds x; units of the riskless asset and x units of the risky asset;

a. Write down his expected utility function in terms of Yy, X1, X2, 1, and Z,. Write down his budget
constraint as well. Find the equation (the FOC) that the optimal demand for the risky asset has to satisfy.

b. Assume now that his utility function is of the form: U(Y)=a-be™" with a, b>0. Show that the demand for
the risky asset is independent of the initial wealth. Explain intuitively why this is so.

Consider the savings problem of Section 4.4 :
max EU{(y, —s) + 8U(sX)}

2
c

Assume U(c) = Ec —%xo

Show that if X, SSD X, (w/EX, = EX;),then s, >s;.



Chapter 7

7.7.

7.8.

7.9.

7.10.

7.11.

7.12.

7.13.

o . EB(r)-r
Show that maximizing the Sharpe ratio, —>——

p
yields the same tangency portfolio that was obtained in the text.

Hint: Formulate the Lagrangian and solve the problem.

Think of a typical investor selecting his preferred portfolio along the Capital Market Line.

Imagine:

1. A 1% increase in both the risk free rate and the expected rate of return on the market, so that the CML
shifts in a parallel fashion

2. An increase in the expected rate of return on the market without any change in the risk free rate, so that
the CML tilts upward.

In these two situations, describe how the optimal portfolio of the typical investor is modified.
Questions about the Markowitz model and the CAPM.

a. Explain why the efficient frontier must be concave.

b. Suppose that there are N risky assets in an economy, each being the single claim to a different firm
(hence, there are N firms). Then suppose that some firms go bankrupt, i.e. their single stock disappears;
how is the efficient frontier altered?

c. How is the efficient frontier altered if the borrowing (risk-free) rate is higher than the lending rate? Draw
a picture.

d. Suppose you believe that the CAPM holds and you notice that an asset (call it asset A) is above the
Security Market Line. How can you take advantage of this situation ? What will happen to stock A in the
long run?

Consider the case without a riskless asset. Take any portfolio p. Show that the covariance vector of
individual asset returns with portfolio p is linear in the vector of mean returns if and only if p is a frontier
portfolio.

Hint: To show the "if" part is straightforward. To show the converse begin by assuming that Vw=ae+bl
where V is the variance-covariance matrix of returns, e is the vector of mean returns, and 1 is the vector of
ones.

Show that the covariance of the return on the minimum variance portfolio and that on any portfolio (not
only those on the frontier) is always equal to the variance of the rate of return on the MVP.

Hint: consider a 2-assets portfolio made of an arbitrary portfolio p and the MVP, with weights a and 1-a.
Show that a=0 satisfies the variance minimizing program; the conclusion follows.

Find the frontier portfolio that has an identical variance as that of its zero-covariance portfolio. (That is,
determine its weights.)

Let there be two risky securities, a and b. Security a has expected return of 13% and volatility of 30%.
Security b has expected return of 26% and volatility of 60%.The two securities are uncorrelated.

a. Compute the portfolio on the efficient frontier that is tangent to a line from zero, the zero beta portfolio
associated with that portfolio, and the minimum-variance portfolio.



7.14

b. Assume a risk-free rate of 5%. Compute the portfolio of risky assets that investors hold. Does this
portfolio differ from the tangency portfolio computed under a) ? If yes, why?

a. Given risk-free borrowing and lending, efficient portfolios have no unsystematic risk. True or false?
b. If the agents in the economy have different utility functions the market portfolio is not efficient. True or
false?

c. The CAPM makes no provision for investor preference for skewness. True or false?



Chapter 8

8.9.

Consider an exchange economy with two states. There are two agents with the same utility function U(c)\In
(c). State 1 has a probability of TL The agents are endowed with the units of the consumption good at each

state. Their endowments across themselves and across states are not necessarily equal. Total endowment of
this consumption good is e1 in state 1 and e2 in state 2. Arrow-Debreu state prices are denoted by qi and q2.

a. Write down agents' optimization problems and show that

q _ T [Y_J
q, 1-my,
c_a+tc

Assuming that qi+ q2 = 1 solve for the state prices. Hint: Recall the simple algebraic fact that 2 1 5rd’

b. Suppose there are two types of asset in the economy. A riskless asset (asset 1) pays off 1 (unit of the
consumption good) in each state and has market price of Pi=1. The risky asset (asset 2) pays off 0.5 in state
1 and 2 in state 2. Aggregate supplies of the two assets are Q1 and Q2. If the two states are equally likely,
show that the price of the risky asset is

p = 3Q +4Q,
*4Q,+5Q,

Hint: Note that in this case state-contingent consumption of the agents are assured, in equilibrium, through
their holdings of the two assets. To solve the problem you will need to use the results of section a). There is
no need to set up another optimization problem.




Chapter 10

10.5. A-D pricing

Consider two 5-year coupon bonds with different coupon rates which are simultaneously traded.

Price Coupon Maturity Value
Bond 1 1300 8 % 1000
Bond 2 1200 6.5 % 1000

For simplicity, assume that interest payments are made once per year. What is the price of a 5-year A-D
security when we assume the only state is the date.
10.6. You anticipate receiving the following cash flow which you would like to invest risk free.
t=0 1 2 3
$1m $1,25m

The period denotes one year. Risk free discount bonds of various maturities are actively traded, and the
following price data is reported:

t=0 1 2 3
-950 1000

-880 1000

-780 1000

a. Compute the term structure implied by these bond prices.

b. How much money can you create, risk free, at t =3 from the above cash flow using the three mentioned
instruments?

c. Show the transactions whereby you guarantee (lock in) its creation at t = 3.

10.7. Consider a world with two states of nature. You have the following term structure of interest rates over two
periods:

r' =11.1111, ! =25.0000, > =13.2277, r} =21.2678

where the subscript denotes the state at the beginning of period 1, and the superscript denotes the period.

For instance W is the price at state j at the beginning of period 1 of a riskless asset paying 1 two

1+rj2

periods later. Construct the stationary (same every period) Arrow-Debreu state price matrix.

10



Chapter 13

13.6.

13.7.

13.8

Assume that the following two-factor model describes returns
r, =a; +byF +b,F, +e,

Assume that the following three portfolios are observed.

Portfolio  Expected returns b, b,
A 12.0 1 05
B 13.4 3 02
D 12.0 3 -05

a. Find the equation of the plane that must describe equilibrium returns.

b. If T, —r, =4, find the values for the following variables that would make the expected returns consistent
with equilibrium determined by the CAPM.

1) 1,

ii) B,; , the market beta of the pure portfolio associated with factor i

Based on a single factor APT model, the risk premium on a portfolio with unit sensitivity is 8% (A, =8%).

The risk free rate is 4%. You have uncovered three well-diversified portfolios with the following
characteristics:

Portfolio Factor Sensitivity Expected Return
A .80 10.4%
B 1.00 10.0%
C 1.20 13.6%

Which of these three portfolios is not in line with the APT?

A main lesson of the CAPM is that “diversifiable risk is not priced”. Is this important result supported by
the various asset pricing theories reviewed in this book? Discuss.

As a provision of supplementary material we describe below how the APT could be used to construct an arbitrage
portfolio to profit of security mispricing. The context is that of equity portfolios. The usefulness of such an
approach will, of course, depend upon “getting the right set of factors” so that the attendant regressions have high

R

11



13.9 An APT Exercise in Practice

a. Step 1: select the factors; suppose there are J of them.

b. Step 2: For a large number of firms N (big enough so that when combined in an approximately equally
weighted portfolio of them the unique risks diversify away to approx. zero) undertake the following
time series regressions on historical data:

Flrm 1: IBM I‘lBM = GIBM +blBM,1F1 t.. +bIBM,JFJ + eIBM
Firm 2: BP Tgp = Opp +bpgp F +.+by, F e,
Firm N: GE e =0 ¥ b +..+bg  F +eg

The return to each stock are regressed on the same J factors; what differs is the factor sensitivities

A

{bIBM1 ey BGE,J}. Remember that:

O _ COV('ITBP ° F‘jHIST )
BP,J T 2HIST
oy,
(want highR?)

c. Step 3: first assemble the following data set:

Firm 1: IBM AR 5y Digars Pisyia s Diguus
Firm 2: BP AR 45, byp 1, Dp s b

»Uppy

A A A

FirmN: GE AR, D515 D s Dops

The AR 5, AR, ,... etc. represent the average returns on the N stocks over the historical period
chosen for the regression.

Then, regress the average returns on the factor sensitivities (we have N data points corresponding to the
N firms)

(these vary across the N firms)

S

AT =1, +A,b, +A,b,.A b,

we obtain estimates {)A\l,...,)A\J}

In the regression sense this determines the “best” linear relationship among the factor sensitivities and
the past average returns for this sample of N stocks.

This is a “cross sectional” regression. (Want a high R*)

d. Step 4: Compare, for the N assets, their actually observed returns with what should have been observed
given their factor sensitivities; compute o;'s:

12



Apy = ARIBM _lrf +)\1bIBM,1 t.. +)\JbIBM,JJ

IBM'sactually predicted return given its factors intensities
observed historical by, 15Dy according to the
return P

regression in step 3

Oge = ARgp = |_rf +)\1bGE,1 t.. +)\JbGE,JJ
Note that
a, >0 implies the average returns exceeded what would be justified by the factor intensities =>
undervalued;
o, <0 implies the average returns fell short of what would be justified by the factor intensities =>
overvalued.

e. Step 5: Form an arbitrage portfolio of the N stocks:

if o, >0 - assume a long position
if o, <0 - assume a short position

since N is large e, =0, so ignore “unique” risks.

Remarks:
1.: In step 4 we could substitute independent (otherwise obtained) estimates of AR.'s, and not use the
historical averages.

2.: Notice that nowhere do we have to forecast future values of the factors.

3.: In forming the arbitrage portfolio we are implicitly assuming that the over and under pricing we believe
exists will be eliminated in the future — to our advantage!

13



Chapter 15

15.6  Consider two agents in the context of a pure exchange economy in which there are two
dates (t =0,1) and two states at t = 1. The endowments of the two agents are different
(e, # e,). Both agents have the same utility function :

U(c,,c,(0) =Inc, +Elnc,(0),

but they differ in their beliefs. In particular, agent 1 assigns probability % to state 1,
while agent 2 assigns state 1 a probability 4. The agents trade Arrow-Debreu claims
and the supply of each claim is 1. Neither agent receives any endowment at t=1.

a. Derive the equilibrium state claim prices. How are they related to the relative
endowments of the agents ? How are the relative demands of each security related to
the agents’ subjective beliefs ?

b. Suppose rather than trading state claims, each agent is given a; units of a riskless
security paying one unit in each future state. Their t=0 endowments are otherwise
unaffected. Will there be trade ? Can you think of circumstances where no trade will
occur ?

c. Now suppose that a risky asset is also introduced into this economy. What will be
the effects ?

d. Rather than introducing a risky asset, suppose an entrepreneur invents a technology
that is able to convert x units of the riskless asset into x units each of (1,0) and (0,1).
How is x and the value of these newly created securities related ? Could the
entrepreneur extract a payment for the technology ? What considerations would
influence the magnitude of this payment ?

14
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Chapter 1

1.6.

1.7.

Consider a two agent —two good economy. Assume well-behaved utility functions (in particular,
indifference curves don't exhibit flat spots). At a competitive equilibrium, both agents maximize their utility
given their budget constraints. This leads each of them to select a bundle of goods corresponding to a point
of tangency between one of his or her indifference curves and the price line. Tangency signifies that the
slope of the IC and the slope of the budget line (the price ratio) are the same. But both agents face the same
market prices. The slope of their indifference curves are thus identical at their respective optimal point.

Now consider the second requirement of a competitive equilibrium: that market clear. This means that the
respective optimal choices of each of the two agents correspond to the same point of the Edgeworth-Bowley
box.

Putting the two elements of this discussion together, we have that a competitive equilibrium is a point in
the box corresponding to a feasible allocation where both agents’ indifference curves are tangent to the
same price line, have the same slope, and, consequently, are tangent to one another. Since the contract curve
is the locus of all such points in the box at which the two agents’ indifference curves are tangent, the
competitive equilibrium is on the contract curve.

Of course, we could have obtained this result simply by invoking the First Welfare Theorem.

Indifference curves of agent 2 are non-convex.

Point A is a PO : the indifference curves of the two agents are tangent. This PO cannot be obtained as a
Competitive Equilibrium, however. Let a price line tangent to I; at point A. It is also tangent to I, but “in
the wrong direction”: it corresponds to a local minimum for agent 2 who, at those prices, can reach higher
utility levels. The difficulty is generic when indifference curves have such a shape. The geometry is
inescapable, underlining the importance of the assumption that preferences should be convex.



Chapter 4
4.9  Certainty equivalent.
The problem to be solved is: find Y such that

%U(Y +1000) +%U(Y ~1000) = U(Y - 500)

1 1 2
(Y +1000) * (Y -1000) (Y -500)
(Y +1000) + (Y -1000) _ 2
(Y +1000)(Y —1000) ~ (Y -500)
2Y 2

(Y -1000?) ~ (¥ -500)
Y2 -1000* = Y* - 500Y
Y =2000

The logarithmic utility function is solved in the same way; the answer is Y = 1250.
4.10. Risk premium.

The problem to be solved is: find P such that
%(ln(Y +1000) +In(Y —=1000)) = In(Y - P)

Y-P= expG (In(Y +1000)+In(Y - 1000)))

P=Y- exp(.)
where P is the insurance premium.
P(Y =10000)=50.13

P(Y =100000) = 0.50
The utility function is DARA, so the outcome (smaller premium associated with higher wealth) was
expected.

4.11. Casel Case 2 Case 3
o,>0, 0,=0, 0,<0,
E,=E, E,>E, E,<E,

Case 1: cannot conclude with FSD, but B SSD A
Case 2: AFSDB, ASSDB
Case 3: cannot conclude (general case)

4.12. a. U(Y -CE) = EU(Y - L(9))
+ -2 _ -2 — -2
(10,000 2CE) - 10 (10,000 ;,000) + 20 (10,000 2,000)




_ -2 _ -2 _ -2
+'35(10,OOO 3,000) +'20(10,000 5,000) +'15(10,000 6,000)

(10,000 + CE) ™ =.173846
1

(10,000 + CE)? = =5.752
173846
CE =-3702.2
EL = —{.1(1000) +.2(2000) +.35(3000) +.2(5000) +.15(6000)}
= -3450
CE(Z,y) = E(z) - (y,2)
M(y,Z)=252.2

If the agent were risk neutral the CE = - 3450

b. If U'(y) >0,U'"(y) >0, the agent loves risk. The premium would be negative here.

Current Wealth :
L
m
Y+
1-n 0
Insurance Policy :
h
m
- ph
1-n 0

Certainly p<1
a. Agent solves
max Tln(y —ph =L +h) + (1 -m)In(y - ph)
The F.O.C. is
ni-p)  _p(-T)
y-L+h(l-p) y-ph

(2 o
p 1-p

Note:ifp=0,h=o ;if nT=1,ph =Y.

, which solves for

b. expected gain is ph — ML

A

=p=n

d h= Y(Ej—(l;"j(y -1)
p I-p



h :Y(Ej—(l;”](Y—L):L.
L 1-1

The agent will perfectly insure. None ; this is true for all risk averse individuals.

X, T(X) Z,M(Z)
a. EX=-10(.1)+5(.4)+10(3)+12(2)=-1+2+3+2.4=6.4
EZ =.2(2)+3(.5)+4(.2)+30(.1)=.4+1.5+ 8+3=5.7
02 =.1(-10-6.4)> + 4(5-6.4)> + 3(10 - 6.4)> + .2(12 - 6.4)°
=26.9+.78 +3.9+6.27

=37.85

o, =6.15

0. =.2(12-57)7+.53-5.7) +.2(4-5.7)" +.1(30 -5.7)
=2.74 +3.65 + .58 + 59.04
=66.01

o, =8.12

There is mean variance dominance in favor of X :
EX > EZ and 0, < 0, . The latter is due to the large outlying payment of 30.

d . .
b. 2" order stochastic dominance :

r F.(r) [E(dt F() [E(tdt [[E(t)-F,(t))dt
0 0 0
-10 1 1 0 0 1
9 1 2 0 0 2
-8 1 3 0 0 3
-7 1 4 0 0 4
-6 1 5 0 0 5
-5 1 6 0 0 6
-4 1 7 0 0 7
3 1 8 0 0 8
2 1 9 0 0 9
1 1 1.0 0 0 1.0
0 1 1.1 0 0 1.1
1 1 1.2 0 0 12
2 1 1.3 2 2 1.1
3 1 1.4 7 9 5
4 1 1.5 9 1.8 -3

Since the final column is not of uniform sign, we cannot make any claim about relative 2™ order SD.

lottery G

initial wealth n

Y

B

a. Ifhe already owns the lottery, P, must satisfy



U(Y +P,) =nU(Y +G) + (1 -M)U(Y +B)
or P, =U(MU(Y +G) +(1-mMU(Y +B))- Y.

b. If he does not own the lottery, the maximum he would be willing to pay, P, , must satisfy :
UlY)=nu(Y -P, +G)+(1-mU(Y - P, +B)

c. Assume now that m=),G =26,B=6,Y =10. Find P,,P, .
P, satisfies :
u(10) = 4U(10-P, +26)+ 4, U(10-P, +6)
10% = %36 =P,)" + /(16 - P,)"
6.32=(36-P,)" +(16-P,)"
P, =13.5
P, satisfies :
(10+P,)* = %410 +26)* + 14 (10 +6)”
=(0)+)5(4)=5
10+ P,=25
P =15
Clearly, P, <P, . If the agent already owned the asset his minimum wealth is 10 + 6 =16. If he is considering

buying, its wealth is 10. In the former case, he is less risk averse and the lottery is worth more.
If the agent is risk neutral, P, =P, = G + (1 —)B. To check it out, assume U(x) =x :

P.: U(Y+P)=nU(Y+G)+(1-nmU(Y +B)
Y+P =n(Y+G)+(1-n)(Y+B)=Y+nG+(-m)B
P.=nG+(1-mB

P, : U(Y)=nuU(Y-P,+G)+(1-mU(Y -P, +B)

Y =n(Y-P, +G)+(1-n)Y -P, +B)

P, =nG+(1-Mn)B

Mean-variance: Ex; = 6.75, (0,)* =15.22; Ex, = 5.37, (0,)* =4.25; no dominance.

FSD: No dominance as the following graph shows:



) 1 and 2

3/4 ———
2/3
12
173 1
/4 1 St .
1 M >
1 2 3 4 5 6 7 8 9 10 11 12
SSD:
x J£, (t)dt JF, (1t £, (e JE(dt R0 -Fy ()t
0 0 0 0 0
0 0 0 0 0 0
1 25 25 0 0 25
2 25 .50 0 0 .50
3 25 75 0 0 75
4 25 1 33 33 .67
5 25 1.25 33 .66 .67
6 25 1.50 .66 1.32 18
7 .50 2 .66 1.98 .02
8 .50 2.50 1 2.98 -48

There is no SSD as the sign of T[F1 (t)-F, (t)]dt 1s not monotone.
0

Using Expected utility. Generally speaking, one would expect the more risk averse individuals to prefer
investment 2 while less risk averse agents would tend to favor investment 1.



Chapter 5

5.6.

5.7.

a.

Scenario (z1,22) T (c1,c¢2) E(c) Var(c)
1 (20, 80) 1/5 (35, 65) 59 144

2 (38, 98) 1/2 (44,74) 59 225

3 (30, 90) 1/3 (40, 70) 60 200
b.

* Mean-Variance analysis:

1 is preferred to 2 (same mean, but lower variance)

3 is preferred to 2 (higher mean and lower variance)

1 and 3 can not be ranked with standard mean-variance analysis
* Stochastic Dominance:

No investment opportunity FSD one of the other investments.
Investment 1 SSD Scenario 2 (mean preserving spread).

* Expected Utility (with assumed U)

3>1>2

C.

Scenario 1
EU(a) = %[— exp(- A[50 - .6a50])] + % [~ exp(= A[50 +.6a50])]

OEU@) _ 1
da

~ (124a50)
The scenarios 2 and 3 can be solved along the same lines.

a. max EU(x,z, +X,Z,)

s.]‘;.z piX, tp,X, <Y,
Since we assume (maintained assumption) U’( )>0, p,x, +p,x, = Y,, and X,
The problem may thus be written :

max EUKMJZ1 + X2§2i|
*2 P

The necessary and sufficient F.O.C. (under the customary assumption) is :

EU' (—YO ~Po%s ]zl +X,7, (22 —p—zzlj =0
P P:

b. Suppose U(y) =a —be ™" ; the above equation becomes :

AbEqexp (M}l +X,7, (Ez —p—zzlj =0
P P

equivalently,

: 6A50)[- exp(~ A[50 - .6a50])] - % (.6A50)[~ exp(~ A[50 +.6a50])] = 0

_ Y, T PyX,
P



AbE{exp[YOZ1 }exp{_pzxz z, + xﬁz}(iz —&zlj} =0
P P P

The first term which contains Y, can be eliminated from the equation. The intuition for this result is in the

fact that the stated utility is CARA, that is, the rate of absolute risk aversion is constant and independent of
the initial wealth.

5.8. The problem with linear mean variance utility is
max(y, —s) + 6|_sEi - A xszoil
FOC -1+03EX-sx0. =0
_O0E(X) -1
S=—5—
X0,

Clearly s is inversely related with 02 . For a given EX (x, is a mean-preserving spread of x , ),

or

Sy, = Sp



Chapter 7

7.7.

7.8.

7.9.

7.10.

A ray in R’ is defined by y —y, =n(x —x,). Rewrite this in the following way
y =n(x —x,) +y, and apply it to the problem:
E —_
E(rP) :M(OP _O)+rf'
O-P
This can be maximized with respect to the Sharpe ratio. Of course, we get 0, = 0; i.e. the slope is infinite.

2
Now we constrain X to be x =0, = \/%(E(rp ) - %} +é . Inserting this back leads to

2
E(rP) = 9\/ %[E(rp ) - %) +% +1, where 0 is the Sharpe ratio. From this it is easy to solve for 03 and the
Sharpe ratio. (A, B, C, and D are the notorious letters defined in Chapter 6.)

1) Not possible to say without further knowledge of preferences. The reason is that with both risk-free and
risky returns higher, there is what is called a ‘wealth effect’: with given amount of initial wealth to invest,
the end-of-period is unambiguously expected to be higher: the investor is ‘richer’. But we have not made
any assumption as to whether at higher wealth level he/she will be more or less risk averse. The CAPM
does not require to specify JARA or CARA or DARA utility functions (although we know that we could
build the model on a quadratic (IARA) utility function, this is not the only route.)

2) Here it is even more complicated; the efficient frontier is higher: there is a wealth effect, but it is also
steeper: there is also a substitution effect. Everything else equal, the risky portfolio is more attractive. It is
more likely that an investor will select a riskier optimal portfolio in this situation, but one cannot rule out
that the wealth effect dominates and at the higher expected end-of-period wealth the investor decides to
invest more conservatively.

Questions about the Markowitz model and the CAPM.

a. If it were not, one could build a portfolio composed of two efficient portfolios that would not be itself
efficient. Yet, the new portfolio’s expected return would be higher than the frontier portfolio with the same
standard deviation, in violation of the efficiency property of frontier portfolios.

b. With a lower number of risky assets, one expects that the new frontier will be contained inside the
previous one as diversification opportunities are reduced.

c. The efficient frontier is made of three parts, including a portion of the frontier. Note that borrowers and
lenders do not take positions in the same "market portfolio".

d. Asset A is a good buy: it pays on average a return that exceeds the average return justified by its beta. If
the past is a good indication of the pattern of future returns, buying asset A offers the promise of an extra
return compared to what would be fair according to the CAPM. What could expect that in the longer run
many investors will try to exploit such an opportunity and that, as a consequence, the price of asset A will
increase with the expected return decreasing back to the SML level.

"If" part has been shown in Chapter 6.

"Only if" : start with Vw=ae+b1; premultiply by V'

10



7.11.

7.12.

7.13.

-1
L=aVile+bV = aA(V ¢
A

-1 -1 -1
+bC AL where Ve , and v are frontier portfolios with means B ,
C A C A
and % respectively. Since aA+bC=1 (Why?) the result follows.

We build a portfolio with P and the MVP, with minimum variance. Then, the weights a and (1-a) must
satisfy the condition

glig{az Xop +2><a><(1—a)xcov(rp,}’l\,ﬂ,P)+(l—a)2 XUZ%,,VP}.

The FOC is
2xaxop +2><(1 —2><a)xcov(rp,rM,,P)—2X(l —a)XUiIVP =0.
Since MVP is the minimum variance porfolio, a=0 must satisfy the condition, which simplifies to

coV{rp, Typp) = Ty
For any portfolio on the frontier we have

5)=< e 2] + L.

where A, B, C, and D are our notorious numbers. Additionally, we know that

(72 ) _DIc® . Since the zero covariance portfolio is also a frontier portfolio we have
v/~ c B, )-4/C

o )= <[ pe 1
=)= DB, )-4ic| T

Now, we need to have o? (7,,) (ch) This leads to

Sloer ] LSl

Qe EQ, ) 4/C
Vb
o
&
E(rp :A+TD

Given E(r,), we can use (6.15) from chapter 6 to find the portfolio weights.

a. As shown in Chapter 5, we find the slope of the mean-variance frontier and utilize it in the equation of

the line passing through the origin. If we call the portfolio we are seeking "p", then it follows that
D+A’C

Bl )= =

such that E(rzp) = 0.

where A, B, C, and D are our notorious numbers. The zero-covariance portfolio of p is

(ch)_A D/C?

"¢ Ef)-asc -

- E(rp)=c%+% =0.1733

11



7.14.

V_l(e—rfl)

b. We need to compare the weights of the portfolio p with w, = Ao C
~1,

. The two portfolios should

differ because we are comparing the tangency points of two different lines on the same mean-variance
frontier. Note also that the intercepts are different:

Elt,,)=0.05

zep
2

Blr)=r 2 201815

[A/C-0.05] C
a. True
b. False: the CAPM holds even with investors have different rates of risk aversion. It however requires that
they are all mean-variance maximizers.
c. True. Only the mean and variance of a portfolio matters. They have no preference for the third moment of
the return distribution. Portfolio including derivative instruments may exhibit highly skewed return
distribution. For non-quadratic utility investors the prescriptions of the CAPM should, in that context, be
severely questioned.
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Chapter 8

8.9.

a.
The optimization problem of the first agent is
MaxEU(c) st. o, +dac, = Qe + 50, -

The FOC's are,
ﬂi = /]ql
11
1
(1 - 77)_ =Aq,
12

qicy ¥z = qiepy Hqae

where A is the Lagrange multiplier of the problem. Clearly, if we define
¢ = y1,¢10 =y, We have

DN

9 zl__”;)’l .

A-D can be derived as follows

4 _ 71 ¢y T cp n_¢p N cp_ 7T &g

¢ (-nea, (-mey (-mey (-mey (-n)e’
Using 1=¢, +¢, and after some manipulation we get
— e,
= il —ITjel +7e,
_ (=
7= il —ITiel +7e,
b.
If n=(1-7) A-D prices are

)

q, =
e te,

€

q, =
e te,

The price of the risky asset is
1
B =2a+24;.
Now we insert A-D prices and since endowments are
1
e =0 +EQ2

e, =0 +20,
the pricing formula
P, = SQI + 4Q2
2
40, +50,
follows.
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Chapter 10

10.5.

10.6.

The dividends (computed on the face value, 1000) are di =80, d2 =65. The ratio is di/d2; buying 1 unit of
bond 1 and selling di/d2 units of bond 2, we can build a 5-yr zero-coupon bond with following payoffs:

Price Maturity Value
Bond 1 -1300 +1080
Bond 2 +1200d1/d2  1065d1/d2
176.92 -230.77
The price of the 5-yr A-D security is then 176.92/230.77 = 23/30.
a. 1, : 950 = 1000 ;(1+71) Z@m =.05263
(1+r1) 950
%
L, 880 :&02;(1.”2):(@) ;1, =.0660
(1+r,) 880
%
E 780:&03;(1“3):(@) 1, =.0863
(1+r,) 780

b. We need the forward rates f, and ,f,.
@ A+ £) =(1+r)°

1

(1+ £,) :{MT =1.1035
(1.05263)

(1+5,)°(1+, ) =(1+1,)’

(1.0863)°

(1.0660)*

So f, =.1035, and ,f,=.1281.

The CF,_, = (1.25M)(1 +, f,) +1IM(1 +, f,)’
= (1.25M)(1.1281) + 1M(1.1035)*

=1410M+1.2177M
=2.6277 M.

(1+,f)= =1.1281

c. To lock in the , f; applied to the 1.25M, consider the following transactions :
We want to replicate

t=0 1 2 3
-1.25M 1.410M
Short : 1250 2 yr bond
Long : 1410 3 yr bond

Consider the corresponding cash flows :

t=0 1 2 3

Short : (1250)(880)= +1,100,000 ~1,250,000

Long : -(1410)(780)= - 1,100,000 1,410,000
Total 0 -1,250,000 1,410,000

14



10.7.

To lock in the | f, (compounded for two periods) applied to the 1M ; consider the following transactions :
t=0 1 2 3
-1IM 1.2177M
Short : 1000 1 yr bonds.
Long : 1217.7 3 yr bonds.

Consider the corresponding cash flows :

t=0 1 2 3

Short : (1000)(950)= 950,000 -1,000,000

Long : -(1217.7)(780)= - 950,000 +1,217,700
Total 0 ~1,000,000 +1,217,700

The portfolio that will allow us to invest the indicated cash flows at the implied forward rates is :
Short : 1000, 1 yr bond
Short : 1000, 2 yr bond
Long : 1410 + 1217.7 =2627.7, 3 yr bond

If today’s state is state 1, to get $1.- for sure tomorrow using Arrow-Debreu prices, I need to pay
qi1 t qi2; thus

1 .
qu +qi2 = e =9 (i)
Similarly, if today’s state is state 2:
1 .
+qn = =8 1
21+ 422 = o (i)

Given the matrix of Arrow-Debreu prices
_(QU qlzJ, 2 _(qn q12j(q11 q12j
q - B q - .
diz d2 di2 922 N\ Y12 d2
To get $1.- for sure two periods from today, I need to pay

1
qudin + qi2q21 + quiqiz + qi2qa2 = (1 2)2 =.78  (ii1)

+ I
If state 2 today

1 )
Q2iq11 T Qa1 + Q1qi2 T q2qe2 = Wz 68 (iv)
+ I,

The 4 equations (i) to (iv) can be solved for the 4 unknown Arrow-Debreu prices as per
qi1 = 0.6
J22 = 0.3
qo1 = 04
J22 = 04

15



Chapter 13

13.6.
a. From the main APT equation and the problem data, one obtains the following system :
12.0=Era = )\0 +A1+A,0.5 (l)
134 = EI‘B = )\0 + )\1 3+ )\2 0.2 (11)
120=Erc=Ao+ A; 3 -, 0.5 (iii)
This system can easily be solved for
)\()= 10;)\121 ) )\222
Thus, the APT tells us that
Er;=10+ 1 bj;+2bp
b. (i) If there is a risk free asset one must have
)\0 =TIr= 10
(i) Let P; be the pure factor portfolio associated with factor i. One has A, =T, —r; . Furthermore if the
CAPM holds one should have
A =1 1 =By (T, ).
Thus
)‘1 :1:BP14 - BPI :%’ and
)‘2 :2:BP24 - sz =%'
13.7.
Expected APT Return Expected Returns
r, = 4%+.8(8%) = 10.4% 10.4%
15 =4%+1(8%) = 12.0% 12.0%
.= 4%+1.2(8%) = 13.6% 13.6%

The Expected return of B is less than what is consistent with the APT.

This provides an arbitrage opportunity. Consider a combination of A and C that gives the same factor
sensitivity as B.
w,(.8)+w.(1.2)=1.00
ey

>w, =w.=1/2
What is the expected return on this portfolio:
E(r%A,%Cj = % E(T,) + % E(T)

= 17(10.4%) + 1/ (13.6%)
=12%
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13.8.

This clearly provides an arbitrage opportunity: short portfolio B, buy a portfolio of /2 A and 72 C.

That diversifiable risk is not priced has long been considered as the main lesson of the CAPM. While
defining systematic risk differently (in terms of the consumption portfolio rather than the market portfolio),
the CCAPM leads to the same conclusion. So does the APT with possibly yet another definition for
systematic risk, at least in the case where the market portfolio risk does not encompass the various risk
factors identified by the APT. The Value additivity theorem seen in Chapter 7 proves that Arrow-Debreu
pricing also leads to the same implication. The equivalence between risk neutral prices and Arrow-Debreu
prices in complete markets guarantees that the same conclusion follows from the martingale pricing theory.
When markets are incomplete, some risks that we would understand as being diversifiable may no longer be
so0. In those situations a reward from holding these risks may be forthcoming.
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Chapter 15

15.6. a. Agent problems :
Agent 1 :maxIn(e, =p,Q =p,Q3) +5InQ; +41nQ;

Agent 2 :g}mz(ln(ez _p1Q12 _szi) +%an12 +%an§

1°X2

FOCs :
Agent 1 :
) P, _ 3
(1) Q: =
1 € _plQ} _szlz 4Q}
.. 1
i) Q.: -

€ _plQ} _szlz 4Q12

(1) and (ii) together imply p,Q} =1p,Q;. This is not surprising ; agent 1 places a higher subjective

probability on the first state. Taking this into account, (i) implies p,Q; =3¢, and thus p,Q} =1e,.
The calculations thus far are symmetric and (iii) and (iv) solve for p,Q; =1e, while p,Q; =3e,.
Now suppose there is 1 unit of each security available for purchase.

a) Q +Q; =1

b) Q;+Q; =1

Substituting the above demand function into these equations gives :

2) (ij (LJ .
8p1 8p1

P, =X%e, ke,

b) (LJ (L] -
8p2 8p2

P, = Jse, tJie,
If e, >e,, then p, >p, ;
If e, <e,, then p, >p,

b. There is now only one security
t=1 t=2

_pb e1 92

Agent Endowments

=1 t=2
6, 0,
Agent 1 e a, a,
Agent 2 e, a, a,

Now, there can be trade here even with this one asset, if, say ¢, =0, a,> 0, e,> 0, a,=0 to take an
extreme case.
18



If e, =e, =0, then there will be no trade as the security payoff do not allow the agents to tailor their
consumption plans to their subjective probabilities.

c. Suppose we introduce a risky asset

t=0 t=1
5, 0,
p Z Z,
where z, #2,,2,,z, >0.
Combinations of this security and the riskless one can be used to construct the state claims. This will be
welfare improving relative to the case where only the riskless asset is traded. The final equilibrium outcome

and the extent to which each agents welfare is improved will depend upon the relative endowments of the
risky security assigned to each agent ; and the absolute total quantity bestowed on the economy.

d. The firm can convert x units of (1,1) into x units of {(1,0), (0,1)}. These agents (relative to having only
the riskless asset) would avail themselves of this technology, and then trade the resultant claims to attain a
more preferred consumption state.

Furthermore, the agents would be willing to pay for such a service in the following sense :

inputs outputs

(x-2){(1,0), (0,1)}

x(1,1)

firm
(inventor)

a{(1,0), (0,1)}

Clearly, if a = x, the agents would ignore the inventor. However, each agent would be willing to pay
something. Assuming the inventor charges the same a to each agent, the most he could charge would be that
a at which one of the agents were no better off ex ante than if he did not trade.

Suppose the inventor could choose to convert x, 2x, 3x, ..., nx securities (x understood to be small). The
additional increment he could charge would decline as n increased.
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